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HKusnov 3aK0HUUAGCD KAK NAEHKA,
Ho demcxuti kpur, u 6cé crhavana. . .

epynna <«/lopozu mensiom yeems

IIpogBienue

B pamkax jiaHHO# 331841 UCCJIE/YIOTCH PABHOBECHbIE KOH(MUI'ypaluu MIJIOCKUX CUCTEM C (puk-
CHPOBAHHBIM TIEPUMETPOM I0JI BAUSHHUEM CHUJI MOBEPXHOCTHOTO HaTdzKeHud. Bo BceX MyHKTax
3a/1a49U CYMTANTE BCe IJIEHKN OAHOCTOPOHHUMMU U JIETKUMU, & KO3 PUIIMEHT TOBEPXHOCTHOTO
HaTAKeHUs TJIEHKH, OKPYZKAIoleil 9eThIpEXYTOJIbHAK, PABHBIM 0. ['paBHTAITMOHHBIM B3aMMO-
JieficTBHEM MOXKHO IIpeHedpedb.

PaBHOBecue 4eThIPEXYTOJIHHUKA B MJIEHKE

Yerwipéxyroapauk ABC'D co croponamu AB = a, BC' = b, CD = ¢ u DA = d cocrour u3s
CTepyKHeH, COeIMHEHHBIX IMAPHUPHO M OKPYXKEH MBLIBHON IJIEHKOM, KOTOpas BHYTPb HETO HE
IPOTEKAET.

1. (1 6aan) Mycts a = 31, b = I, ¢ = d = 2. Haiigure mwioma p 9eTbIPEXYyroabHIKA B
HOJIOYKEHUN PaBHOBECHA ¢ TOYHOCTBIO 1%.

2. (1 6aan) YiaepxKuBas 9eTHIPEXYTOJIBHUK U3 MPEJBIAYINETO IYHKTA B TOJOKEHIH DABHOBE-
CUsl, BHYTDPb HEro J0OABUIN TIEHKY ¢ KOIPDUIMEHTOM MOBEPXHOCTHOTO HATSIZKEHUS 20.
Qurypy oTirycTHIU, IPUIAB €if MaJjoe ciydaitnoe Bo3myiienue. Haitjiure BO3MOKHbIE 3HA-
YeHus IO U (PUTYPHl B HOBOM MOJIOZKEHUHN PABHOBECHSI.

3. (8 6asna) Tpu npousBoibHBIX G, b, ¢, d u Ge3 BHyTpeHHell mwienku Haiiiure yron ABC
YeTHIPEXYTOJIHHUKA B TOJOKEHUH PABHOBECHSI.

Konebanusa 4eTbIpEXyTroIbHUKA

Hesecombre crepkan AB u BC, a tak:xke BC u C'D nocjienoBare/IbHO COeTMHEHBI IapHupaMu B
u C' CcOOTBETCTBEHHO MacChl m KaxKapli. KoHmpl A m D mapHHpHO 3aKpellieHbl Ha KOHIAX
HEIOABUKHOM cimibl. B 06/acTh MeKIy CTepXKHAMHU U CHUIelH I€HKa He mpoTekaeT. AB = 4,

BC =CD = AD = 2l.
4. (1 6aan) Haitnure yron BAD B MOTOXKEHUN PABHOBECHS CHCTEMBI.

5. (3 6aanra) Hajimure mepuom Maibix KoaeGanuil cueTeMbl BOJM3H MOJTOKEHUS PABHOBECHS.



6. (1 6a.an) BHyTpb 4eThIDEXYTOJIbHUKA, YAEPKHUBAsI €r0 B IOJOKEHUH DABHOBECHsI, BHOBb
J00aBUIN TIEHKY € KOI(PDUIIUEHTOM TOBEPXHOCTHOT'O HaTsxKeHus 20. Purypy ormycTu-
J, TPUJAB eil Majoe caydaitHoe Bo3MymeHne. HaiiiuTe BO3MOKHBIE 3HAYEHUS ILJIOTIATN

Gburypsl B HOBOM IIOJIO?KEHUN PABHOBECHUS.

Aemop sadavu: A. Vimun, H. I'pudnes



Pemenune ocHOBHOIT 3aga49n

1. B nosioxkennu paBHOBeCHd IIOTEHIHUAJIbHAaA SHEPTUA CUCTEMbI
JKCTPeMaJibHa. B JaHHOM CJIy4dae C y‘IéTOM TOro, 41O ILJIEHKa
OJIHOCTOPOHHAA, ITIOTEHIUAJIbHAA SHEPI'UAd paBHAa:

II=0S, =const — oS,

rie S, — IJIOMAb IIEHKH, S — IIOMA/Ib YeTHIPEXYTOIbHIKA.
[TosToMy, 4T06BI HAWTH TOJIOKEHUST PABHOBECHUS, HYZKHO Haii-
TH TIOJIOXKEHUSI, B KOTOPBIX ILIOIA/b IKCTpeMaibHa. Bbipazum
AC' ¢ moMOITBI0 TeopeMbl KOCHHYCOB B Tpeyroabankax ADC n

ABC:

AC? = a®> + b* — 2abcos p = d* + ¢ — 2cd cos ).
[Toacrasus a = 3, b =1, ¢ = d = 2l, nosyqaem:

1+ 4cosy

cos p = 5

HJ’IOHI&,ZLB YeTbIPpEXYyI'OJIbHUKA PaBHaA:

2

1 l
Szi(cdsinw—i—absingp):E 4siny + 3 1—(

1+4cosz/1)2
3

[TocTpoum rpaduk moaydeHHoil 3aBUCHMOCTH:

Y192 (171,3.46)
3,,
277 .
|G
| (G
1 2 3

N3 rpacduka mosydaemM, 4TO €CTh O/IHO IOJIOZKEeHNE paBHOBecUsd. B HEM ILJIOIA/ b MAKCUMAJIbHA,
U paBHA!

Smax = 3,46.

2. Ecin BHYTpPDb 100aBUTDH ILJIEHKY € KOI(MDMUIIMEHTOM MOBEPXHOCTHOIO HATIKEHUS 20, MOTEH-
nuajabHasg dHeprusd Oy/leT paBHa:

I[I=0S5,+20S = const + ¢8.

[Io cpaBHEHUIO ¢ TEPBBIM MYHKTOM, TepeJ, TLIOMAIbI0 U3MEHUICS 3HaK, TOITOMY Temephb Mo-
JIOZKeHHE ¢ MaKCHUMaJIbHOI IO /1bi0 HeycToiiunBo. V3 rpaduka BUAHO, YTO MOCTE TOIO KaK
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YeTBHIPEXYIOJbHUK BBITOJKHY/IM M3 MOJIOXKEHUS PABHOBECHS, OH IepeiijeT Jiubo B MOJIOXKEHue
Y = 7, 6o B nosoxkenne ¥ = /3 (cm. puc). CoOTBETCTBEHHO BO3MOXKHBIE 3HAYEHHUS TIOIIA-

mu paBabl S = 0 win S = V3.

D
20 D 2l 21 21
AO —_——0———————0
3l Bl
4 Cl
3l B

3. Criocob 1. Kak u B mepBOM IIyHKTE, B OJIOKEHNN PABHOBECHS ILJIOMIAb Y€THIPEXYTOTBHIKA
Oyer makcuMasbHa. Ha Kaxkapiil crepxKens 1efcTBYIOT 3 cubl: F,; CO CTOPOHBI IJIEHKU U JIBE
cuiibl F; co croponnl mapaupoB. Cuibl F,; TPUIOKEHBI K IMEHTPAM CTepyKHel W HaIPaBJICHBI
HepreHIuKyasapao uM. [lo Teopeme 0 Tpex CHIax JUHUU JEHCTBUS TPeX CUJI, TeHCTBYIOMINX HA
KK/l CTePZKEeHb, JOJIZKHBI HePeceKaTbes B oiHOi Touke. Obo3Havum 3tu Touku A, By, Cf,
D, (em. puc.).

W3 tpernero 3akona Hpiorona ciemyer, 94To JUHUE AeHCTBUS CUJ, JeHCTBYIONIUX Ha COCEIHUE
CTEPXKHHU CO CTOPOHBI OIHOTO IMapHupa, coBmagaior. [lostomy AA,BB;CCi DD, — 310 4eThH-
PEXYTOJbHUK. B 3TOM 4eThIpeXyrojibHUKEe CYMMbI 11ap HPOTUBOIIO/I0KHBIX CTOPOH OJMHAKOBI:

AlBl + ClDl = A1D1 + BlCl.

Buauut B Ay B1C] D1 MOXKXHO BIUCATH OKPYKHOCTH. LleHTp BOUCAHHON OKPYKHOCTH HAXOIUTCS B
TOYKE Iepecedernsi ONCCEKTPUC YIVIOB 3TOr0 derbipéxyroibuuka. Ho duccexrpucst Ay B1Cy D,
SIBJITIOTCSI CePeIMHHBIME TePIeHIUKYIApaMu K cTopoHaMm derbipéxyronbuaunka ABC D, xoto-
phie, KaK CJIeJICTBHE, TOXKE MePecekaroTcsa B 0nHOM Touke. 3uaunt BOKpyr ABC D MoxKHO omnu-
caTh OKPYXKHOCTH. Torma

LABC + LADC = .

C yderom 3Toro BHOBB BhipazuM AC' ¢ MOMOIIBIO TeOPeMbl KOCHHYCOB B Tpeyroabaukax ADC
nu ABC"
AC? = a* 4+ b* — 2abcos p = d* + ¢ + 2cd cos .
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Torpa ucKoMBbIi yroJi paBeH:

= arccos a2 + b2 _ 02 _ d2
T 2(ab + cd)

Cmocob 2. Ilo ¢popmyste bpermuaiiiepa miomaib 9eTHIPEXyroabHIKA paBHA

S=+(p—a)(p—b)p—c)p—d) — abedcos® A,

r71e p — noJynepuMerp, A — mosrycyMMa mpoTHBOIOIOKHBIX YITIOB 4eThIpEXyToabHuKa. OTciona
BUJIIM, 9TO ILUIOMA/(b OyIeT MaKCUMAaJIbHOM, ecin A = /2. BHAYUT B MOJOKEHHH PABHOBECHS
YeTBIPEXYTOJBHUK BIUCAHHBIN H

LABC + ZADC = 7.

C yuerom 31010 BHOBB BbipazuMm AC' ¢ mOMOIIBIO TeopeMbl KOCHHYCOB B Tpeyrojbaukax ADC

u ABC"
AC?* = a®> + b* — 2abcos p = d* + ¢* + 2cd cos .

Torma mCKOMBIN yTOJI paBeH:

¥+R—&—¥)

( = arccos ( 2(ab + cd)

4. [loacrasingd B noaydennyio ¢popmyiay a = 4l, b = ¢ = d = 2l, naxoaum
oo

5. Tak Kak B 1OJOXKEHWM paBHOBecus ¢ = 7/3, a
AD = ABcos(m/3), o yron ZADB upsawmoit. O6o3na9uM yrod
/ZBCD = 1. B nonoxkennn paHoBecust ¢ = 1 — ¢ = 27/3. To-
r1a, Tak Kak TpeyroabHuk BCD paBHOOGEIPEHHBIN, HAXOTUM,
aro ZCDA = 2r/3. CnenoBarensno crepxun AB u CD mna-
paJLIeJIbHBbI.

[Ipoexmnuu ckopocreii mapuupos B, C uHa crepxkenb BC' mosKk-
HbI OBITH PABHLI. TOTIA ¢ TOYHOCTDHIO /10 EPBOTO MOPSIKA MAJIO-
CTH MOXKHO CUYUTATH, 9TO B IIpOIecce KoJieGanuii CKOPOCTH TOUYEK
B u C paBubl. 3HAYAT KUHETHYECKAs JHEPTUs CHCTEMbl DaBHA

. m(4lp)?

Ey=2
2

= 16mi*p2.

Beipazum BD jaBywmsa criocobamu n3 TeopeM KOCHHYCOB s TpeyroibHukoB ABD u BCD:
BD? = 8[* — 81% cos ¢ = 201> — 161 cos ¢.
Orcro1a morydaeM CBs3b YIJIOB:

3
cos ) = 2cos p — 3


https://en.wikipedia.org/wiki/Bretschneider%27s_formula

[Ipoauddepennupyem ee 10 BpemeHu:

dip 2simp

dp sin

3aMeTnM, YTO B MOJOXKEHWHW DPABHOBECHS Sin @ = Sin), 3HAYUT YIJIOBBIe CKOPOCTH CTePIKHeH
AB u CD ornmmyaiorcst JBa pa3a. JTO CONIACYETCS C TeM, YTO CKOPOCTH KOHIIOB CTEPKHET
JIOJIZKHBI OBITH paBHb. Haiigem, yemy paBHa BTOpas NPOU3BOIHALA 1) 110 ©:

> 2cosgosin¢ — sinpcost) - dip/dp
de? sin? 1) '

B nonoxkenun pPaBHOBECHA IIOJIyYaeM:

lbsinw =2psiny, —

d2y
Y 2V/3.

[Tnomans ABCD pasHa
S = 21*(2sin ¢ + sin ).

Pasznoxum ee B OKPEeCTHOCTHU IOJIOZKEHHU A paBHOBECHA A0 BTOPOI'O IIOPpAIKa.

ds 1 d*S
' p=n/3 ' p=m/3
Tax kax 310 MOsNOXKenue pasuoBecus, dS/dp = 0. IlosToMy BaxKHO 31€Ch JIUIIb HOCTETHEE

cjlaraemoe:
2 2 2
% = 2[? (2(:084,0 + COS@D%) , = 3—; = 21? (—2 sin ¢ — sin vy (%) + COS@/}Z—(;ﬁ) :

[TojpcraBuB HalijeHHbIE paHee 3HAYEHUS, MOy IaeM

ds
- = 2.
102 8\/§

TOI‘,ZLa JHEeprusd CUuCTeMbl B OKPECTHOCTHU MOJIOZKEHUA PaBHOBECHUA PaBHA

E = E, — 0S + const = 16mi%¢? + 4v/31> + const.

4dm
T = 27r, [ ——.
\/30

6. [L1omanp 1eThIpEéXyroJbHIKA paBHA

S = 21*(2sin ¢ + sin ).

OTcroma HaXOauM Iepuo, KoJiebaHmii:

W3 cBsI31 yrii0B, MOJYUYEHHON B TMIPEIBIAYIIEM MIYHKTE, HAXOIUM

3\ 2
siny) = + 1—(200590—5).

Eciin 9eThlpéXyrobHEK BBIIYKJ/IBIH, HYZKHO BBIOPATh «—+», €CJIM BOCHYTHIH — «—». [TocTpoum
rpaduK 3aBHCHMOCTH ILIOIMIAIA OT . Tak KaK CTEpXKHH He MOTYT NPOXOIUTH CKBO3b APYT
npyra, rpaduk, COOTBETCTBYIONEH BOHYTOMY YeThIPeXYTOAbHIKY, HYZKHO CTPOUTD B IIPeIeIax
or ¢ = 7/3 10 ¢ = arctg \/15.




4l (arctg v/15, /15

05 1 15 2 25 3 35

W3 rpaduka BUIHO, YTO MOCJIe BHITATKUBAHWUS YeTHIPEXYTOIBHAKA U3 HEYCTOWIHUBOTO MOJIOXKE-
HHUS PABHOBECHUS, B KOTOPOM ILIONIAIb MAKCUMAaJIbHA, OH MOXKET NPUHATHA B OJHO U3 JBYX IIOJIO-
JKeHuii papHoBecust (cM. puc. ). ILioma s qeTspexyroJbHuKa B 060UX caydaax paBHa S = V312,

B
41
21 B
A 2l D
4L LC o] 9
21 C
A D
21



AnbpTepHaTUBHAS 3244

Bamaua 1. (2 6asna) OcTpbie KOHIB HOKHUIL COSTUHIIE PACTIKUMON KOPOTKO# PE3UHKOI ¢
JKECTKOCTBIO k, KOTOpas UMeeT HYJIEBYIO IJIUHY B HEPACTSIHYTOM MMOJ0:KeHuU. HOoXKHHUILI 110J1-
HOCTBIO HOI'PY3UJIM B MbLIbHBIH pacTBOp ¢ KOI(DPUIIMEHTOM [MOBEPXHOCTHOI'O HATHAZKEHUH O.
Barem ux gocrann u packpblim Ha yroa a < 90°. Kakyo mpu sToM coBepuimim paboTy, ecan
pacCTodHre OT TOYKHU Iepecedennd IMOJOBUMHOK HOXKHUIL A0 UX OCTPBIX KOHIOB PaBHO L?

Bamaua 2. (2 6assa) B HEBECOMOCTH PACTIOIOZKEHBI 1 OMHAKOBBIX MIAPUKOB pTyTH. Haiigure,
BO CKOJIBKO Pa3 U3MEHUTCS MOJTHAS SHEPTHS CHUJ TIOBEPXHOCTHOTO HATSKEeHUs PTYTH, KOTJIA ITH
IMAPUKHU CJAUNHYTCd B oaun Oosibiioit [ap.

3apgaua 3. Ha konmax nesecombix crep:xkueit OA u OB, coequ- 0

HEHHBIX IMTApPHUPHO W UMEIOTUX JJIMHBI @ U 24 COOTBETCTBEHHO O
3aKpeIieHbl TOYedHbIe TPY3bl Maccoit m. ['py3sl MoryT 6€3 Tpe-

HUs CKOJIb3UTH IO JIAUHHON mpsiMosmHeiiHo# cnuie. CTepKHI 2a
OKPYZKE€Hbl OJIHOCTOPOHHEH ILJIEHKOI C IIOBEPXHOCTHBIM HaTsyKe-
HueM 0. B obysacTth MeXKy CTepKHAMHU M CHUIEH TIJIEHKa He
nporekaet. O6o3nauuM 3a ¢ yron OAB.

B 2

1. (1 6aan) Yemy paBeH yroJ ¢ B MOJOKEHUH PABHOBECHS CHCTEMbI!

Jlastee paccMaTpuBalOTCs KOJAeOAHUsT TaKOH CHCTEMbl BOJIHM3HW JAHHOrO HoJsiokenus. Cunraiite,
4TO HEHTP MaCC I'PY30B IIPHA 3TOM IMOKOUTCH.

2. (2 6asna) Boipasure KUHETHUIECKYIO 9HEPTUIo Tpy30B Wy depes m, a u ¢.

3. (2 6asna) Ilycrs puparienue yriia ¢ pasasercs Ap < 1. Haiinure npupaiienue sHepruw
nosepxuoctaoro Harsikenus AW,. Orser Bbipasute 4epe3 o, a 1 A (Hy»KHO HalTH
NEPBbHIil HEHCUYe3aroNuil €ieH).

4. (1 6asn) Haiiaure nepuoj Masibix Kosrebanuii cuctreMbl. OTBeT BbIpa3uTe Yepe3 o u m.



Pemenue aabTepHaTuBHOI 3aaa4n

Bamaua 1. Ilocie TOro Kak HOXKHHUIBI PACKPBIIH, ILUIOMAIb
wieHkn paBaa S = (L?sina)/2. TlosTomy, ¢ yaéTOM TOrO, 9TO
IIJICHKa JABYXCTOPDOHHAA, USMCHECHUE €€ HOTeHHI/IaJIbHOﬁ dHEPIuun

pPaBHO
AIl = 20S = o L?sin a.

Jlnmuna pesuHKE B KOHeYHOM cocrosiuuu paBHa 2L sin(a/2). To-
A, YIUThIBas U3MEHEeHUe SHEePIUU Pe3WHKH, MOy YaeM:

A= oL%sina + 2kL? sin? (%) .

3amaua 2. [Iycres Macca mapuka pTyTn paBHa m, Toraa macca [llapa pasaa M = nm. 3HaqnT,
TaK Kak IJI0THOCTH ommHakosbie, o0bem [lapa pasern V = nv. Caemosarenbro paanyc Ilapa

paser R = n'/3r, rie r — pajmyc mapuKos.
CymMapHast SHeprus CUJI TOBEPXHOCTHOIO HATSXKEHUS PTYTHU s ITAPUKOB PaBHA

f =noS = dnonr’.

DHeprus CUJ MOBEPXHOCTHOrO HaTszKenus pryru g [1lapa pasHa
F =0S = 4n0R%.
IloncTaBuB BhlpazkKeHue s PAIUYCa, HOTYTAEM:

F=n"13f

3amgaua 3.

3.1. B nonoxkeHWN paBHOBeCUd IMOTEHNHAJIbHAS SHEPTHUS CUCTEMBI SKCTpeMaJibHA. B jmanHOM
cJiydae ¢ YI€TOM TOTO, UYTO IJIEHKA OJfHOCTOPOHHSIS:

II =05, = const — 8§,

rae S, — IJIOINAIb IJIEHKH, S — ILIONa b TPEYroJabHIKA. TaK KaK CyMMapHas CHIa OT ILJIeHKN
UMeeT TOJIOKUTELHYIO MPOEKINI Ha OCh, HAIPABIEHHYIO BEPTHUKAJIbLHO BBEPX, 3/€Ch OyIer
BO3MOKHO TOJBKO MOJIOXKeHNEe ¢ MAKCHUMAJIbHOU TLI0Ma /b0, [L1omaaps 1aHHOTO TpeyroabHUKA
MaKCHMaJIbHA, ecau yroua Mexxay croponamu OA n OB upsamoit. Torma

p = arctg2 ~ 63°.

3.2. Tak Kak MeHTP MACC IPY30B MOKOUTCS, UX CKOpOocTH paBHbl. O003HaunM ux 3a v. B cucreme
oTCUYeTa, B KOTOPOil TOYKa A HEIOJBUKHA, CKOPOCTb TOYKH B paBua 2v. C apyroii cTOpoOHbI,
HOCKOJIBKY cTepykeHb OB TBepIblii, TpoeKnuu cKopocTeil Touek O U B Ha HETO JTOJKHBI OBIThH

PaBHBI:

: : 4dv
ap =2vsinp = —.

S

OTcroma HAXOIUM:
_ a\/g
4

v Q.
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JIist KHHEeTHYECKON SHEPIUU B CUCTEME OTCUYETa MEeHTPa MACC MOy YUM

_ mv?  bma®@?

2 16

Wi

3.3. Ilpu Bpamenun crepxuaa OA ¢ yIII0BOI CKOPOCTBIO ¢ JJIsI YIJI0BO# cKOpocTHu crepKas OD
uMeeM . )
a
2aw = 2vcos p = 7(’0, == w= %

Takum obpazom, yribl MOBOPOTOB CTepzKHEl OT/IMYaoTcs B 4 pa3a, a HallpPaB/IeHHs BPaIleHHs
MPOTHBOITOJIOKHHI.

Ilycts ZAOB = «. Torja B JaHHOM HOJIOYKEHUU TP YBEJIHYEHUH YIJIA ¢ HA BeIUIHHY A
yToa o yMenbImaercst Ha Beanauny Ao = bAp/4. Iliomaas TpeyroibHIKa paBHa

S = a®sina.

Torma ee Mpon3BOIHBIE PABHBI:

s do  d?S . dov 2*_ ) d?a
— =a‘cosa—, — =—a°sina|— a”cos v—.
dgp dp™  dg? dg?
ITockoIbKY B TOJIOZKEHHH paBHOBecus « = /2, da/dp = —5/4, moayqaem:
25 25,
— = ——a".
dp? 16

PaCKﬂa,ZLBIBaH BOJIM3M MOJIOXKEHUST paBHOBeECHd IIJIOILadb TPEYTOJbHUKaA 10 YIVIYy

1d%S 2
S So"‘ 2d¢2 So 32a (Y2

Torna n3menenne MOTEHNMUATBHON SHEPTUU PABHO

25
AW, = o - 2202 A2.
N

3.4. B 0KpecTHOCTH MOJIOZKEHUS PABHOBECUS JHEPIUS UMEET BUJI:

5ma?p? 25
E=W.+W, = %690 +o0- 3—2a2Ac,02 + const.
OTcroma HAXOAUM IIePUOJI;
2
T=2m _m
519

10



