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IIPEQUCIIOBUE

B cHopHuKe nofoOpaHEl 3aJ1a4H U IPUMeDh! 10 MaTEeMATUYECKOMY aHa-
JIN3Y IIPHMEHHTEJILHO K NporpamMme obIIeTo Kypea Buiciled MaTeMaTHKH
BRICIINX TeXHH4YecKHX yueOHhIx 3aBegeHUU, COOPHHUK COAEDIKHUT CBEIIHE
3000 sazau, cucTeMaTHUYeCcKH pachojyioxeHHbIX B rjaBax {I—X), u ox-
BATBLIBAET BCE PA3AEIbI BTY30BCKOr0 KYpCa BEICIIEH MATEMATHKHY (34 MCK-
J0UeHNeM aHaNUTHYeckol reomerpun}. Ocofoe BEMMaHMe o0pamneHo Ha
BaKHeIIMe pasaennl Kypca, Tpefyiollle NpoYHbIX HABBIKOB (Haxoje-
HUe MpeAesoB, TeXHUKa Au(ddepeHIUPOBAHMA, DOCTpoeHHE IpPaPHKOoR
HYHKIWH, TEXHIKA HHTeIPHPOBARNA, IPHIICHKEHHS] ONpedeleHHhIX HH-
TerpasoB, pdfbl, pemnenne auddepeHIUANBHBIX ypaBHeHUIl), Briro-
YeHEl, KpOMe TOT'0, 3aAaYH HA TEOPMIO nojid, MeToX Pypbe u npubau-
sKeHHuie spidnciienua, IIpuBeieHHOE KOJHYECTBO 3a8a4, KaK IIOKa3bIBA-
eT NPAKTHKA IIPENOAABAHM, He TOABKO ¢ H3OBITKOM yAOBAETBOPAET IIO-
TPeOHOCTH CTYACHTOB N0 NPAKTHYECKOMY 3aKDENJIEHHIO COOTBETCTEYIO-
[UX PpasfAefoR Kypca, HO ¥ J8€T BO3MOMKHOCTE IIDEHOAABATENID
pasHoofpasuTh BLIOOP 3aflay B IpefeNax AAHHOTO pazjena H IroadupaTs
3a7auy NI ATOTOBLIX 3A4AHMI M KOHTPOJbLHBIX padoT.

B Hauasie KaXKI0OH rIaBEl JaeTCs KPAaTKOE TEOPeTHYECKOe BBeAEHNE U
IIPHBOAATCHA OCHOBHBIE OOpeAeeHHA U (HOPMYJIbl, OTHOCAIIHECH K COOT-
BETCTBYIOLLIEMY Da3feNlV Kypca. 3Aech 3Ke NOKa3aHbl 00pasiibl peleHui
0c00C BAKHEIX TUIIOBEIX 387a4. IT0O 00CTOATEILCTEO B 3HAYHTEILHOH Me-
pe ofiler4uT CTYIEHTY NOJh30BAHUE 3AJATHHKOM B CAMOCTOATENLHONI Da-
GoTe. Ha Bce BRIUMCHHMTENLHLIE 38JaYA JAHLI OTBETH]; B 3afjavaX, OTME-
YeHHBIX 3Be3JOUKOH (¥) uiam ABYMSA 3Be3foUKAMM (¥¥*), B OTBeTAX IIpH-
BEJCHEL COOTBETCTBEHHO KPATKHE YKASAHUA K PeHIeHMAM MK DeIlleHu.
IIna HarAAJHOCTH Ya4CTh 3afa¥ UANIOCTPUDYETCA YepTerKaMu,

COOpHHK CHOKHJICA B Pe3yJbTATE MHOTOMNETHETO NPElCAABAHHA AB-
TOPAME BbICIIIEH MATEMATUKH B BEICIIIUX TEXHMYESCKUX yIeJHLIX 3aBEAEHUAX
r. Mockerl. B HeM Kpome opHrHHaNBHLIX 337349 B HPUMEpOB IOMEILeHbl
oDIMeH3BeCTHEIC 38189,

T'mana I

BBEJIEHUE B AHAJIN3

§ 1. Ilomarue byHRUMN

1°, JecTBUTeNbEB € UM cJa Yucaa panoHAaNbHbIE ¥ HpPAUM-
oHANILHBIE HOCAT HajBadue Felicmaumenbibty UK S2LeCMEEHHbLX YHCEN. Haod
abconomHuoll euHol AeHCTREUTEILHOTO YHCAA & NOHHMAaeTCH ReOTPHRIATENb-
woe aucio |a|, onpenenaemoe yenopusMy: |al = a, ecam ¢ > 0, u |of = —a, ecom
a < 0. JIns no6bIX BemeCTBEeHHLIX YHCeN & ¥ & CupaBeANUBO HEPABEHCTBO

la + b} < |g| + |B].
*

2°. OQnpeaejgenue GyHKNOKH ECau KAKAOMY 3HAYEHHIO ! epeMet-
HOH BETMUMHE X, IPHHALIEKAIEMY HEKOTODOH COBOKYIEOCTH (MHOMXECTRY) E,
COOTBETCTEYET OJHO M TOXBKO OJHO KOHEYHOe 3HAY€HHe BEIHYUNHBI Y, TC ¥ HA-
apIBAETCA PyRKYUel (OAHOZHAYHOM) OT X WIH 3a8UCUMOU nepemennoll, onpege-
JIeHHON HA MHOMecTRe K X HAZHIBACTCHA (PZYMEHTOM HIH HE3Q6UCUMOU Repe-
Mmennoit. To o6CTOATENLCTRO, 9TO ¥ ecTh GYHKLHAA OT X, KPATKO BhRIDAYKAIOT 3&-
nuchiol ¥ = flx) wm y = F{x}u r. o,

Eciu RAOMKAOMY 3HAYEHHID X, NIDRHAJNEXKAIIEMY HEKOTOPOMY MHOMXECTEY E,
COOTBETCTBYET OLHO MM HeCKOJIBKO 3HauYeHMM NepeMeHHOH BeJHMYHHH Y, TO Y
HAZLIBAETCA MHOZOIHAYHOL QYHKYUel or X, onpemenenHoil A mEOoXecTBe E.
B panpHeHIIeM DOJ CEOBOM «DYHKIHAs MBI OyleM DOHMMATE TOABKC O A E O-
3H 4 YHB e MYHKIHH, eclld ABHO He OrOBODEHO OPOTHRHOE.

3°. Q6nacTercynlecTBoBaHua DYHKI YA COBIKYIHOCTE 3Ha-
YeHHH ¥, J1A4 KOTODHIX ASHHAN QYHKUMS OIpeleieHa, HAIbBIBACTCA 061acmbio
cyuiecmaosanus AN obaacmsio onpedenenua 3Tol HyHKIMM.

B npocreiimux caygasx o61acTh CyILIECTROBAHNA QYHKIHHN NIPEACTABIABT CO-
Doit: unu ompesox (ceemenm)} [a; b], T. e. MHOMECTEBO BeMIECTBEHHBIX IUCEN X,
YAOBJIETBOPAIOIIMX HepaseHcTBaM a < x < b; unm npomexymor (unmepsanr)
(a, b), 7. e. MHOECTBO BEIIECTREHHBIX YMCEN X, YAOBNETBODAIOINX HePABCHCT-
BaM a < x < b. Ho BosmoskEA H Golee COKHAA CTPYKTypa 06JaCTH CYIIECTBO-
BAHUA GYHKLMM (CM., Hanpumep, sagady 21).

IIprmep 1. Oopepennts 061aCTh CYIICCTROBAENA DYHKIINH

Y=
x?-1

Pemesnue. DyHKIHS ONpejesiesa, ecay
x%--1>0,

e

*)
B nansuefiimem Bee paceMATpHBaEMEIE JHAMEHHA RenMuvH OYAYT PEANONAraThCH Be-
HECTEEHERIMY, €CAKR SBHO e OrOBOPeHs NPOTHBHOS.
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T. e. ecxu lx] = 1. Takum obpazoM, o61acThL CYIIECTBOBABMA PDYHKIHMU MTPEACTAB-
nAaer coH0il COBOKYIHOCTL ABYX MHTEDBAJNIOB: —O0 < x < -1 u 1 < x < +09,

4°, OQ6parHble hyHEIOUU Ecau ypapHenue y = f(x) MmoxeT OBITE OA-
HOZHAYHO PA3PEIUEHO OTHOCHTENBHO NePEMEHHOIC X, T. €. CYIIeCTBYeT hyHKIIEA
x = g(y) raraa, yro ¥ = flg(y)], To GyHEIUA x = g(y), HIK B CTAHJADTHHIX 000-
3HaYeHMAX i = g(x), HA3RIE&eTCA QOPAMHOIL IO OTHOIIEHHIO K i = f(x). OveBuaHO,
gro g[f(x}] = x, T. e. dyHEEUHE f(x) ¥ 2(x) ARMANTCA 8IQUMHO oOpamHLIMU.

B ofmem caydae ypaseeHre iy = f(x) onpeaender MHOTO3HAUHYIO 00pPaTHYIO

PYHKLHD X = | l(y) TAKYIO, UTQ I} = f{f_l{y)) AN BCEX ¥, ABAAKOUIHXCA 3HAUYE-
HuaMp dbyernun f(x).
IIpumep 2. A1 GyHEKIIHH

y=1-2" (1)

OnpesenuT: 00paTHVIO.
Peutenue. Pemus ypasHeune (1) OTHOCHTEABHO X, ByfeM HMETH

_lg (- 9
rra (2)

Ofnacte onpepenenna ¢pyHrnuEHA (2), OYEBHARO, CAeAYVIOIGaA: —00 < y < 1,

5°. CraoxMHDBIe M HeABHLIe PYHKI KN PYHKINA Y OT X, 3aJaHHAA
HeNL PABEHCTB i = f(u), rae u = @(x) ¥ T. II., HABLIBAETCA CAONCHOL HIH DYyHK-
yuei om QUHRYUL.

(PYHKIIMA, 3a5AHHAA YPABHEHHEM, He PA3PEHICeHHBIM OTHOCHTEIBHO 33BHCH-

2% =1-yux-=

MOl nepeMeHEOH, HadsiBaeTcA Hersroi. Hanpumep, ypasnenue x3 + y3 = 1 on-
pedenseT ¥ KaK HeABHYH PYHKIHIQ OT X.

6°. 'padbrueckoe naolbpaenue GyHru N, MuoxecTBo TO-
yex (x, ¥) naockoct XOY, KoopaAuMHATE KOTOPBIX CBA3AHEI YpaBHeEHNeM y = f(x),
HA3BIBAETCHA MPAPUKOM ZAHHOW (DYHKIIHH.

1%%* JlokaszaTb, YTO €CJIH d U b — HeHCTERHTEALHBIE YUCHA, TO

lal - |B] < la = b] < |a| -+ 1].

2. NokazaTe ciaenyiolllne pABEHCTBA:
alabl=lal - |3 =12 @20
6 laf* = r) J_ .

3. Pemure HepaseHcTBa:
a)fx — 1] < 3; 8) [2x + 1] < 1;
6)lx + 1| > 2; r)lx — 1] < jx + 1.

4. Haiitr f(=1), f(0), £(1), f(2), (3), f(4), ecu f(x) = x° - 6x° + 11x - 6.

5. Haitru £(0), ;f(— ] f(-x), f[ ] 1 J1+x2.

f(x)

, ecnm f(x) =

* ]
}lg x = log,, x, K&K Bceraa, obosHavaeT ZECATHYHEIL TOrapudM sUcaa x.

e SR ALt e

R I P
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6. Ilyers f(x) = arccos (lg x). Haiiru f[ll{]), #1), F(10).

7. CD‘_‘,THI{]J;HH f(x) — nmuueitnas. Haiitu sty QyHKIUIO, eCil fi-1) =
n f(2) =

8. HaﬂTn LEVIO pﬂII,HOHa.TIbHYID QVHKINIO f(x) BTOpOM CTENIEHH, €CHH
f(0) =1, f(1) = 0 u f(3) =

9. HzBecTtHO, uTo f(4) = -2 f(5) = 6. HajiTi npubnuKeHHOe 3HAYEHHE
f(4, 3), curras PpyHKIMIO f(x) HA yuacTRe 4 S X < 5 muHeHHOM (AUHeURIA
LHMEPROAAYUL PYHKYLL).

10. DyHKIHIO

0, ecan x < 0,
x, ecou x > 0,

flx) =

34IMCATH [IPH MOMOHTHA OAHOH GOPMYIILI, MOJNLIYACh SHAKOM aBCOJNKTHOHN

BEeNVMUYHHEL.
OnpenenyTs o61aCTH CYIECTROBAHNA DYHKIVH!

11.a)y = J1+x;0)y = ¥1+x. 17. y—lgz"'x
_ 1 _ x’—3x+2
12. y = - - 18. y lg_—~x+1 .
2
13.a)y = sz—-z; Gy = xqfx2—2. 19. y = arccos 1+xx.

20. arcsin (lg Tﬁ]

21.y = Jsin2x.

14%% y = af’2+x+x2.
15. v = X .
Y J_ .\,I'2+x

16. y = Jx—x°.

22, Tlyere fix) =
o(x} = %[f{x} + f(—x)] u y(x) =

2:1;:4 - 3x3 — 5x2 + 6x — 10. HauTn
LU ~ f=)

23, dyukuua f(x), onpedeNeHHas B CAMMeTPIUHOH ofaactr —I < x < [,
HABBIBAETCH Yemuoil, ecnu f{—x) = f(x), u Hewemroi, ecnn f(—x) = —f(x).

BrigcHUTH, KaKHe U3 AaHHbIX QYHKIUNA ABAAKTCA Y€THEIMI H KAKHe
HeYeTHBIMH

2) f(x) = 5 (@ +a”; r) f(x) = lg 275
6) fx) = N1t x+x> — fl=x+x"; mflx)=lg(x+ ,\/1 +x5).

Yx+1)% + Y- 1%

B) f(x) =
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24*, Ilokas3aTe, 4YT0 BCAKYIO hyuxnuw f(x), onpefereHHYI0 B HHTERD-
Base — < x < [, MOXXHO HpeCTABUTL B BUAe CYMMBbI HeTHOH 1 HeUeTHOH
DYHKIHEH.

25. lloxazaTes, 4TO NPOM3BEAEHNAE NBYX YETHBIX (DYHKIIHH UAH JIBYX
HeYeTHH X (PYHKIMIL ecTh QYHKIUA YeTHAHA, A HPOUIBEJeHHEe YeTHOH
OYHKIONE HA HEYETHYI €CTh (PYHKIIUA HEeYETHAH.

26. @yuxuns f(x) HasnBaeTCA NEPUOFUNECKOIl, €CTTH CYIIECTBYET T10-
noxurensroe uncno T (nepuod pynryuu) takoe, uro flx + T) = f(x)
JJIA BCeX 3HAYEHMH X, NpHHagJexKaluX o0aacT cymecTBoBaHuA PYHK-
nun f{x).

OnpegesnTh, KAKNE M3 NEpeuHCJeHHBIX HMXe QYyHKIHH ABIAKTCH

HePHOAHYECKHMU, B A4 OepHogHYecKuX GyHKIHHE HalTyY HaUMeHbIITHI
ux nepuon T

a) f(x) = 10 sin 3x;
6} f(x) = asin Ax + bcos Ax;
B) f(x) = Jig x;

27. BelpasuTh ITUHY OTpedKa ¥ = MN u nnomans S durypsl AMN
Kak GyHKROHE oT x =AM (puc. 1). HocTponTs rpahury 3THX QYHKIMIL.

T} f(x)} = sin” x;

1) f(x) = sin (Jx).

N D (N
L ’ |
A XA B 4,_{1'_%‘;,22““#,{3_“_‘{3
ent SR M
Pwc. 1. Puec. 2.

28, JlugeliHad IOJOTHOCTEL {T. . Macca €THUHHIB JAJHHLI) CTEDMHA
AB = (puc. 2) Ha yqacTkax AC =1, CD = uDB=[, (I, +{,+ ;= 1)
PaBHA COOTBETCTBEHHO ., ¢, (g Bripasurk Maccy m NepeMeHHOTO OT-

pesra AM = x aToro crep:kHA Kak GyHKIHW0 oT x. IlocTpouts rpadur
9TOI QYHKIMH.

29. Hairru o[y(x)] m wlo(x)], ecom @(x) = x° 1 w(x) = 2°.
30. Hattru fif [f(x)]}, ecan f(x) = 1

_x '
31. Haittu f(x + 1), ecau f(x — 1) = x°,

32. Ilycrs f(n) ects cymMMa n 4iaeHOB apH(METHYECKOH IIPOrPECCHH.
HorazaTs, 4To

f(n+3) — 3f(n + 2) + 3f(n + 1} — f(n) = Q.
33. [lorxasars, 4TO ecanu
f(x}y=Fkx + b
W THCA Xy, Xp Xg 0bpasyior apupMeTUUeCKYID TPOTPECCHI0, TO YHCIA
f{x.}, f(x;), f(xg) Takoxe 06pasyrT apudmMeTHUECKYIO NPOrPECCHIO.

§ 1. IlouATHe ByHKIUH 11

i TR s 2es,

34. Toxazsars, 4To ecnM f(x) eCcTh IOKA3ATEAbHAA GyHKDUA, T.e.
1 flx) = a” (a > 0), 1 uncaa x,, X,, Xg o0pasywT apudpMeTHYECKYI0 OpO-
rpeccnio, To unchaa f(x,), f{x,) u f(x,) 06pasywT reoMeTpUIECKYIO po-

rpeCCHIO.
35. Iycre

_ 1+x
| f{x)_lgl-:c'

IlokazaTh, 4TO

R T T L ST

o) + 1) = H{ 2L ).

L VR T A

36. IIycte @(x) = %{ax +a ) mylx) = %(ax — a 7). llorkaszaTs, 4TO
/ o(x + y) = Q)Y + W)

y(x + ) = o(x)(y) + o{y)uix).
37. Haurru f(—1), f(9), f(1), ecnn

arcsin x npu —1 € x <0,
flx) = arctg x mpur 0 < x <+,

BT T

38. OnpenenuTb KOPHY (HyJIH) 0618CTH NOJIOXKHUTELHOCTH U O0NACTH
OTPHUIIATENbHOCTU (PYHKIIMH Y, €CIH:

a)y =1+ x; rpy = x° — 8x;
6y y =2+ x— x5 my=lg 2x
Yy = ’ l+x

Bly=1-x+ x5
39. Ina pyuxnuu y HaiTa oOpaTHyo, €C/IN:

_ X,
a)y = 2x + 3; ry=lgs;

6)y =% - 1;

Bly=N1-x;

B kaxkpx obgactax GyAyT OlNpefesieHEl 3TH O0paTHBIE hyHRIIK®?
40. Tna GyERKIHY

o) y = arctg 3x.

x, ecad x < 0,

={ 2
4 x°, ecau x > 0,

HallTH 00paTHYIO.

41. Napusie PyHKOUH 3aIHCATH B BHJe HENH PABEHCTB, KAXK/0€ 3BEHO
KOTODOi COMePIKUT HPOCTEHILYIO 27IEMEHTAPHYIO PYBEKINIO (CTEIIEHHYIO,
MIOKAZATEIbHYIO, TPUTOHOMETPHUYECKYIO H T. 1n.):

a}y=(2x—5)m; B)y=1gtgg;

Lo I.

2
y=2 7 r) y = arcsin [—3% ) :
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42. CnoxxHbIe GYVHKIINH, 3aaHHbIe LIETLIO PABEHCTE, 3aITHCATE B BIj|le
OAHOI'0 PABEHCTBA:
a)y = uz, i = sin x;
6)y = arctgu, u = Jv, v =lg x;
l 2u, ecnn 4 < 0, 9
B)Y = 10, ecamu>0; u=x -1
43. 3aUCcaTh B IBHOM BHAe QOYHKIUH I, 33JaHHBIC YPABHEHUAMM!

2
a)x~ —arccosy =m; 6)10° + 10° = 10; B) x + || = 2.
HakiTu obnacTn onmpefeleHUA AAHHBIX HESABHBEIX (YHKITHII.

§ 2. Ppaduxn snenMenTapHEIX (PyHKLIHIA

IHocrpoenne rpadurop yHRIKE ¥ = f(x) B OCHOBHOM IDOHAROAWTCA HYTEM 11a-
METKH ZOCTATOYHO TYCTOH ceTKM ToYeX M(x, y). rney, = flx} (i =0, 1, 2, ...},
H COe/HHeBHHA II0CHeHMX HEKOTODOK NTMHAeH, XapaKkTep KOTOPOoH YUHTBIBAET [10-
JOMKEeHHE NDOMEKYTOUHLIX TOUEK.

ITocTpoerne rpaduKoB odJieryaeT IHAKOMCT-
BO ¢ rpaiuxamy OCHOBHEIX 3JIeMeHTAPHBIX JYHK-
nHi (cM. npurosxkedye VI). Hexoxa ua rpaguka

y = f(x), (')

€ DOMOIUKIG HOPOCTHIX TegMeTPUUecKHX IMIo-
CTPOERUHR noayyaeM rpaduky hyaruui: 1)y, =

= —f(x) — 3epranpHoe oTolpaxenue rpaduka T
oTHOCcUTRNIEHO ocu OX; 2) y, = f(—x) — 3eprann-

Hoe orobpaskenve rpabhrra I OTHOCHTENBHO OCH
OY; 3}y, = f(x — a) — rpaduk I', cMenlerHbI#
spoab ocu OX na senuvuny a; 4) y, = & + f(x) — rpadpux I', cMelleHHEI BAONE
ocu OY msa Bennuudy b (puc. 3).

Puc. 3.

Il p i M e p. IlocTpouTh rpahuk HyEKIIHH

Yy = sin {x-E).
1

Pemiexdue HcromMan THHEHHA eCTh CHHYCOMJA § = Sin X, cABMHYTAS BAOJG

ocl OX BNpaBO HA BEeNMHMYHUHY g (puc. 4).

B e A - L e

M TR R e

AR,

R

- e R T e,

oy N e

§ 2. I'padbuKn 271eMEATapHEIX DYHKONE 13

ITocrponTs IpadUKH NHHENHBIX HYHKOHH (RpAMbie AUHUL):
44.y — kx,ectu k=0, 1, 2, % -1, -2.

45. y=x+b,ecrub=20,1, 2, -1, -2.
46.y = 1,5 x + 2.

[MocTpouTh TPaUKH IeablX PAIMOHANBHBIX PyHRUMH 2-B cTemeHH
(napaboant):

47. y = axz, ecam a =1, 2, %, -1, -2, 0.

48. y = x' +e ecmmc=0,1,2 1.
49, y={x — :rﬂ]z, eciu x, = 0, 1, 2, -1.

50. y=y, +{x— 1)2, ecmn y, = 0, 1, 2, ~1.

51*.y=a:r2+bx+r:, ecJI;
Da=1,b=-2,¢=3;
2Ya—-2,b=6,c=0,

2 e A
52. y =2+ x — x°. Haitry TouKu nepecedeHs s 9Toil napabonst ¢ ocpo OX,

IlocTpOKTE rpadUKH IeblX PAIMOHANBHBIX (PYHKLUNHA CTENEHH BEIILIE
BTOPOIH:

56, y = x*
57.y = 2x° — x".

83*. y = x° (kybuveckas napabora).
54. y =2+ (x — 1)°.
55. y=x —3x + 2.

IlocTpoutTs rpaduKku ApobHO-THHEHHBIX QPYBRUUH (zunepbonbe).

oy =1L % y= m =1,y,=-1,m=6
a8%, y < 61+ y yﬂ+x'xu,ecnnxn > Yg , m=06.
1 ; 2x -3
Y= . 2% y = .
8.5 = 7> 62%y = 372
60,y = "2,
0.y x+2
MocTpouTk rpaduKky Apo0HLIX PALMOHANBHEIX (YHKUIHWIA:
63.y=x + 1. 67 . y = 210 (noKkoH AHbE3U).
x 2+ 1
2
64. y = x . 68. y = 1217 (cepranmun Hwvromona).
x+l PR |
655,y = L. 69.y = x+ .
X X
66. y = % 70.y = o+ j_c (mpesybey Hoviomona).
X
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I[ocTpouTs rpadMKH HPPANKHOHANBHBIX (DYHKIHN!
1% y = Jx.

72.y = 3x.

T3*. y = 3\/; (napatora Heilina).

74. y = tx Jx (noayrybuveckasa napabora).

75%. y = ig {25 - x° (arunc).

76.y = +x" -1 (¢unepboaa).
7.y = 1

N x°
8% y = tx /4—1; (yuccouda Huoxneca).

79,y = tx25 - x°.

HocTpouTs rpadHKH TPHIOHOMETPHUYECKHUX (DyHKIIWIH!

&0%*. y = sin x. 83%, y = ctg x.
81%. y = cos x. 84*. y = sec x.
82* y = tg x. 85*. iy = cosec x.

86.y =Asinx,eciu A =1, 10, %, —2.

87% y=sinnx,ecnmn=1, 2, 3, %

88.y = sin{x — ¢}, eciu 9 = 0, g, -S-ZE,R, —E.
89*. y = 5 sin (2x — 3).
9%, y=asinx + bcosx, ecnn g =6, b=-8.

91.y =sinx + cos x. 96. y = 1 — 2cos x.

r—l.

92%, y = cos” x. 97. y =sinx — 3 sin 3x.
93%. y = x + sin x. 98.y = cosx + % cos 2x.
94*. y = x sin x. 99%. ; = cos _.

x
95.y = th X. 100. y = +sinx.

[TocTpouTrs rpadURY MOKA3ATENIBHBIX K JOorapudMUEYecKUX QYHKIUH !

101.y =a", ecru a = 2, %, e (e = 2,718...)*}.

102%, y = log_x,ecmu a = 10, 2, %, e.

*
'O uncne e noapobHee cM. ¢, 19.

.. M N TR - ——— . o
P R T 1o Tl e SRR e e

}i»n.ﬂﬁﬂv DT
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103%.y = shx, rae shx = %(ex -8 )

104%. y = ch x, rae ch x = %(eI + e ).

sh x

105%, y = thx, rnethx = .
ch x

1
106. y = 10.

F]
107*. y = e~ (kpusas seposmuocmeil).
1

108.y=2° . 13,y = g L.
109.y = 1g P 114. y = 1g (—x).
110. y = 1g° x. 115. y = log, (1 + x).
111. y = 1g (1g x). 116. y = lg (cos x).
112,y = . 117. y = 2 " sin x.

lg x

IMocTpouts rpadrKH 06PATHEIX TPATOHOMETPHYECKMX BGYHKLMM:

118%. y = arcsin x.

119%, y = arccos x.

120*. y = arctg x.

121%, y = arectg x.

[TocTpouTes rpadpuku GyHKIUA:
125. y = |«

126. y — %(:r + lx]).

127. a)y = x|xf; G)y = log 5 |xl.
128. a) y = sin x + [sin x|; 6) ¥ = sin x — |sin x|,

3 — x° mpu |2 < 1;
129, y = 4 2

ERG x| > 0,

130. a)y = |x|, 6)y = x ~ ||, rae |x| — nmenas yacty umcna x, T. €.

HauboabIIee Hesi0e YNCH0, MeHEBIIee KIH paBHOE X.

{r = 0)
131. r = 1 (orpyxHocmy).

132% r = %} {(cnupaav Apxumeda).

122, y = arcsin Jl-c

123. y = arccos %

124. y = x + arcctg x,

IocTponTs rpadiKkd PYHKLEHEA B 1OIAPHOH cAcTEME KOODAUHAT (7, @)

R
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133%. r = e° (nozapudmuveckas cnuparv).

134%. r = g {zunepfoaudeckar CRUPARL).

135. r = 2 cos ¢ (oxpyxcrocms).
136.r = 1

npAMiaAd AUHUR).
Ein(p(p a )

137. r = sec” % (napatona).

138%, r = 10 sin 3¢ (mpexaenecmrosar po3a).
139%. r = a{l + cos ¢} (a > 0) (kapduouda).
140%. r* = a° cos 29 (a > 0) (zemuucrama).

IIocTpouTs rpaduiKy GyHKIMH, 340aHHLIX TTAPAMETPHYECKHM CIIOCO00M:

141%*. x = t3, y= £ (noayxybureckas napatona).

142* . x = 10 cos t, y = sin { (aaaunc).

143%. x = 10 cos’ ¢, y =10 sin® ¢ (acmpouda).

144* x = a(cos t + ¢t sin t), y = a(sin ¢t — ¢t cos t) (pazsepmua Kpyza}).

2

145%, x = ﬂta, y= %
1+¢ 1+t

146. x = 2 y=_2

1+ N1+

147 x = 2' + 277, y = 2' - 27 (6emeas zunepGonbi).

{Jexwapmos aucm).

3

(noayoKpyIcHOCTD).

148. x = 2 cos’ t,y=2 sin” ¢ (ompezox npamoili auHuu).
149. x =t — 5, y = t° — £
150. x = a{2 cos t — cos 2t), y = a(2 sin ¢t — sin 2t) (xapduouda}.

IlocrponTe rpadhuku QyHKIMIH, 3aJaHHEBIX HEABHO!

1517 %% + yz = 25 {oxpyxcrocms). 155. yz = xE(IOO - xz).
2 2 2
152. xy = 12 (zunepboaa). 156%. x° + y3 —q° (acmpau(?a);

153%. yE = 2x (napabtora).
2 2

154, X _ + ¥ = .
3 T - = 1 (arrunc)

157*. x +y=101gy.

158. x° = cos Y.

Arctg ¥
. f2 2
159%, Jx"+y" = e ¥ (nozapudmuveckas cnupanbs).

160%. x° + y3 — 3xy = 0 (Jexapmos nucm).

161. CocrasuTs dopMyny nepexona or mxanbl Henecus (°C) k mrane
Papenreiita (°F), ecau napectHo, uyto 0° C coorsercrayet 32 °F u 100 °C
cootrsercTyior 212 °F.

IMocrponTte rpaduiK DoAy4eHHON QYHKINH,.

_ _ ~

Cdr, b AU e,

§ 3. {Ipemens: 17

162. B TpeyroJbHUK, ocHoganme Koroporo b = 10 u Beicora A = 6,
plHCcaH NPAMOYIOALHUK (pHc. 3).

BeIpasuTh NAOLANb STOFO IPAMOYTOIbEHKA } KAK QYHKIHIO OT OC-
HOBAHHHA €ro X.

[MocTpoUTh rpaduK 3Tok HQYHKIMKE B HAWTH BHauDOIbIlee ee 3HaYEHNE.

163. B Tpeyroansauke ACB cropona BC = a, cropona AC = b u nepe-
MeHHBIH yron £ ACB = x (puc. 6).

Bripasuts y = ma. A ABC rak @yHKNIO 07 X. IlocTPOKTE Ipadik oTOH
(PYHKIINYM B HAUTH Haubolablree ee 3HaYeHHE.

i A
£

T
(] &

4‘” % 1 X
e C B

— o - a S
Puc. 5. Piuc. 6.
164. PeinuTe rpaduyeckr ypaBHEHHA!
a)2x2—5x+2=0; r)lO_x=x;

6)x3+:x:~ 1=0;
s}lg x = 0,1x;

1) x =1+ 0,5 sin x;

ejetgx = x (0 < x < m).

165, PemuTs rpadUuecKy CHCTEMBl YPaBHEHH!
ayxy=10, x + y =T, r)x2+y=10,x+y2=6;
6)xy =6, 2 +y° = 13; 1) y=sin x,y =cos x (0 < x < 2x).
B)xg—x+y=4,y2—2x=0;

§ 3. [Ipeneas:

1°, Ipegesa nocnegosaTedbHOCTH, Yucao ¢ HaspIBaeTCA npede-
A0M ROCAEG0BAMEALHOCIIU X\) Xoy cvey Xy ouul

lim x, = a,
Ao

ecsIiM anA mwdoro € > 0 cyujecrsyer uncno N = N(g) Taroce, 410
x, - al < enpu n > N,

IIpumep 1. Hokasarts, 4TO
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Pemenae CocraBEM PA3HOCTE

2n+l 4 __ 1 "
n+1 n+1l
O1neruBas 3Ty pPasHOCTE 0o A6CONIOTHOK BenlHYHHEE, OyaeM HMeTh
2n+1 1
n+1 _21=n+1 =& (2)
eCHH
1

n>=—1=N(g).
£

Taxum obpazoM, ATA KaXKAOro MOXOMEHTEIRHONO MHCAA € Halgerca YHUCHO

N = L. 1 rakoe, wro upu 12 > N GyaerT EMeTh MecTO HepaBeHCTRO (2), Crnego-
£

BATEJIBHO, YHEC/I0 2 ABAACTCA IIPEdesoM nociaeaoBaTenbHoctu X = (2n + 1)/(n + 1),
T. €. cnpagegausa gopMyaa (1).
2°. llpemgen yvHE I n. [oBopaT, uTo dyHKOHA f{ix) > A npu x — a
(A 1 @ — uHcna), Hau
lim fi(x) = A,

X
ecau i mobore £ > O cyulectsyer & = &(g) > 0 Taxoce, uTo
If(x) — Al <enpu 0 < |x —a| <8.
AHaNOrHyHo,
lim f(x) = A,
X — o
ecny [f{x) — A| < £ npu |x| > N(g).
YoorpebnaeTcH Takxe YCJAOBHAH 3allUCh
Hm f(x) = o,
xr—a
KoTopaA oboanauaer, uro |f(x)l > E npu 0 < |x — a| < 8(E), rae £ — nponssoibHoe
MIOIOAHTEILHOE YHUCI0.
3°. OgHocTOpOoOHHHEe npegenkl. Ecnn x < a M x — a, TO yCJIOBHG
OUIIyT X — @ — 0; AaHANOrMYHO, eCMU X > @ H X — &, TO 3TO 3ANNUCBEIBAETCA TaK!
x — a+ 0. Yucaa
fla— 0= lim flx)ufla+0)= lim f(x)
x—~a-0 x—a+0
HAALIBAIOTCH COOTBETCTBEHHO fpedesor caesn QYHKRuUKMK f(x) B TouKe @ # npede-
ROM cnpasa QvHruHK f(x) B TOUKe & (CMH DTH YHUCINE CYHIECTBYIOT).

IIna cymecrsoBaHuR nwpenena hyHrRIMH f{x) opu ¥ — a HeobDXOoAUMO U JO-
CTATOYHD, ‘ITDﬁLI UMEeIO MeCTO PaB2HCTBO

fla — Q)= f(a + 0).

Ecam cymectsyior lim £ (x} m lim f,(x), To umeror MecTo caeaywiniue Teo-
xX—a r-*rda

PeMBL
1) .:];u;na [fl(x} + fg{x)] = ;.l:lmu fltx} + }:i_l?la fo(x);

2) im {f(x) - f(x)] = iiina filx) iilna folx);

3) lim [£,(x)/f,x)] = lim Fy(x)/ lim fy(x) (lim f(x) % 0).

nan_—_

§ 3. llpegent: 19

YacToe NPEMeHeHHE HAXOZAT CAeYVIOIIMe IIpejcsibl:

. sinx
lim = 1;
x—0 X

1
x £
lim (1+%) = lim (1+«}® =e=2,71828....

r =90 o — 1

IIpumep 2. HaiiTu npegensl clipaBa ¥ cleBa PYyHKUMH
f(x) = arctg *
A

apu x — 0.
Penoienue Hmeem:

_ o f iy _m
f(+0) lim (arctg EJ 5

X — -

f(-0) = lim [arctg 1] = -1,
x— - X 2

Hpeaena xe pyaruuy f{x) npu x — O B 5T10M cJydae, CUEBHAHO, HE CYIIECTBYET,

166. lokazaTe, Yo IpYU n — 00 Ipefes HOCIEeA0BATEIbHOCTH

1 1 1
1, = 4 " § 4mmy T § mra
4’9 2

paBeH HyaAw0. JIN8 Kakux sHadeHUH n OyAeT BLINIOJHEHO HepPABEHCTRO

1
— <
5 < €

fl
(€ — IIPOM3BOJBHOE NOJOKHUTENEHOE YUCITO)T
[IpouseecTH UMCIEHHLIA pacuer, ecnu: a) € = 0,1; 8) € = 0,01;
B) £ = 0,001.

167. Joxasarb, UTO TIpejen MOCJAeA0BATEIBHOCTH

mn
== n=1, 2, ...
n n+1( )

npu n — o0 papex 1. IIpu xakux 3HaYeHUAX 7 > N OyaeT BHINOJHEHO
HEPABEHCTBO
e - 1] <€
(6 — IMPOH3BOJILHOE NMOJOKHUTENBHOE YHCI0)?
Haittu N, ecau: a)e = 0,1; 6) ¢ = 0,01; B) ¢ = 0,001.
168. TorasaTs, 4TO
. 2
lim x~ =4,
x—2

Kak nogoGpars Ans 3alaHHOTO NONOMUTENBHOIC YHCJA £ KAKOE-HH-
OyAb MOJOXUTENIBHOE UNCJI0 &, Y4TOObLI M3 HepaBeHCTBa

lx — 2] < §

R
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CAEAOBAJIO HEDPABEHCTEO
2
lx” — 4] < €7
Beruucauts 8, ecam: a)e = 0,1; 6) ¢ = 0,01; 8) e = 0,001.
169. BLIACHUTSL TOUHKIA CMBICJ YCIOBHBIX 3AIMCeH:

a) lim lgx =-o0; 6) lim 2° =+400; B) lim f{x) = oo.
x—+0 x—+{) X -+ ©o

170. Hajiru npegensl nocjiefOBATENLHOCTEH:

a-1
a1, -+, L -1 b
5°3° 1 -
2 4 6 2

1°3° 5’ " opo1’ "

B) V23 242, 242,02, ...;

r} 0,2; 0,23; 0,233; 0,2333; ... .

HajiTu mpepenn:

171. lim [%+%+%+...+”‘21J.
R—=San non £

172‘ }.im (n+l)(n+2](n+3} ]
3

L — X} n

173. lim [1+3+5+T+...+(2n—1)_2n+1}_
n+1l 2

n— o2

[ n+1 a+1
174. lim ~+C1 175. lim 2 3
e n-(-1)° ELINPINT
. 1 1 1 1
176. nlimm {§+1+§+...+?}.

- IR S S G ¥ i
177. nlimm {1 gtg-ggt-t e ]

2 2 2 2
178. liﬂl 1 ‘+‘2 +3 + ...+ .

3

fil— o2 n

179. lim (Jrn+1 - Jn). 180. lim 7SR

L R |

IIpn OTEICKAHHE HPE/IESia OTHOLIEH YA JBYX HeIbIX MHOTOUJIEHOE OTHOCHTE M b-
HO X OIP# X — ©0 063 UNeHa OTHOIIEHHA I0Je3H0 IIPEEADNTENbHO DA3AEIUTh Ha
x", TAe n — HAMBBICIIAA CTEIEHb BTHX MHOTOUWIEHOB.

AHANOrHUNEIE IPHeM BO MHOIHX CAVYAAX MOXHO HDHMEHSTEL H 114 Lpobei,

COAEDMAINTNY HPPAIHOHAABHOCTH.

§ 3. Tlpegennl 21
MMprmep 1.
-3 209
Hm (22 —3)(3x+5}4x-6) _ | X, X, X/ _2-3-4 _g
o 3x+x—1 X 3+i_,1_ 3
Iz I3
Hpumep 2. lim —x— = lim 1 = 1.
X
2 2

181. lim. (x;“ . - 186. lim 4% —3x-4

x—oo x2iq x—e o f4
182. lim 1000r. 187. lim 2%+3

x—oe xZ 4 x-00 g4 8fy

2 2
183, lim X -°x+1 188. lim % ...,
2 af 2

184, lim ¥ —X*3 189. lim ¥ *1.

x—= x"_8x+5 x—~oo  X+]

2

185. lim 2x+3)°(3x-2)" 190. lim Jx

T KL Oy Ay

Ecnu P(x) u Q(x) — neneie muorounenul ¥ Pla) # 0 unn Ha) = 0, To npegen
palMOoHaILRHOH gpodu
lim P(x)
¥ ra Q(.‘I-‘]
HAXOQAHUTCH HEOCPEICTREHHO.
P(x}

Eciau xe P(a) = @{a) = 0, To apobn
' Q(x)

peKOMeHZYeTCH CORPATHTE OAKHH

HIIH HeCcKOJBKO pad Ha OuHoM X — 4,

Mpumep 3.

2
im — %4 = i B2+ g X2
x—2 4% _g..9 x—2{x-2)(x-1) 2x—1

a 3
191, lim 11 195. lim X —3%*2,
r—-1 x"4+1 r—1 ¥ _d4x+ 3
& 2
192, lim ¥ —%*+10 196. lim * -(etlixta
x=+D 2 - 25 ¥ ~d xa—aS
’ 2 3 3
193. lim zx——h 197. lim &8 —x
x+-1 ¥4+ 383x+2 -0 h
2 .
194, lim X —=2% 198, lim (;1--—).
x ~2 x2~4x+4 x-+1 Al=x 48
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BripaskeHus, cogepsRalllie HDPAIKOHAALHOCTH, TIPHUBOAATCA K DANHOHAAb-
HOMY BHAY BO MHOTHX CAyYafX NYTeM BBeJEHHA HOBOM IEeDEeMeHHOI.

Mpumep 4. Hairu
lim Jitx-1 1
* =031+ x -

Pemex ne Ilonarasa

1+x=yﬁ,
HMeeM
9 _
lim 41+I 1 hm,ya—_]'. = llmm =§,
x—*{lm y—*lyz_l p—~1 y+1 2
3y
199. lim Y221 201. lim ¥x-1
-1 x-—1 x—1 %_.1
3{.2 o3
200. lim J’_“S 202, lim 4 2@“.
xt—64 8fp x—1 (x - 1)

HpyruM npueMoM HAXOMAEHHA Ipejela OT HPPAITMOHANBHOTO BBIDAXKEHHHA
ABJMAETCA NEPeBOl HPPALMOHAIBLHOCTH H3 YHCANTENA B 3HAMEHATEJbh HJIH, Ha-
o0OpoT, N3 3HAMEHATENA B YUCIHTEE.

IIpumep 5.

. ,,/E-—,Jc_x x—a 1
1 = lim = lim (a = 0).
xlina xX—-4a “*a(x a)(ﬁ+ﬁ r—a JE_:,_JE ZJE
2 2
203. lim 2-4%-3 210. lim 3% ‘2";’5‘*]"’ vex-b,
=7 x%-49 x—38 xP-4x+3
204. lim X8 211. lim (Jx+a — Jx).
x—+8 3;./_ 2 ¥ — 400
205. lim 4*-1. 212. lim [Jx{x+a) — x].
x -1 3J_—u1 x>t
206. lim 3-~3*Z%. 213. lim (Jx°-5x+6 — x).
x—4 1—J5 X X — +oa
207. lim J“I;Jl‘x. 214. lim x(Jxl+1 — x).
x—10 r +400
208. lim dXth-dx 215. lim (x + ¥i-x%).
h—D x — oo
209. lim ¥xth-¥x
B—0 h

[Ipr BEMMHCAEHMH NPEeAEoB BO MHOTHX CAYVIAAX MCHOJNbB3IYeTCHE QopMy.JIa
. sinx
Iim = 1
x—0 X

§ 3. Ipegens:

23

IIpumep 6.

216. a) li_m2

gindx

X

sindx

2x

sinmx
Sinany

(n sin -~

1-rcosx

2
x

ginx - sindga

lim
x—10

311 .1'

X—4

CORX — CO8Q

x—a
tg nx
y—-2 x+2 ]

gin{x+Ah)-sinx

™ = AH;

sinx — cosx

l1-1g x

227. a) lim x sin 1
x— 0 x’

228. Iim (1 — x)tg

Ilpy naxompedus nOpelesloB BHAL

lim [¢(x)]

ClelyeT MMeTb B BHAY, YTO!
1) ecnu cymiecTBYIOT KOHEUHLIE Ipeqenbl

lim ¢{x) = A wu lim y{x)} = B,

® DPEAIoAraeTcA M3BECTHBIM, YTO lim sinx =sinag 1 lim cosx = cos a.

x4

-5j=1-5=5.

229, lim ctg 2x ctg [E - x].
xr— X '

X
1-sin>
sin

T—x

1-2cosx
n-3x

COEMX — COBNXY

2
X

ig x —sinx

3
X

arcsin x
x

arcty 2x
sindx
2
1-x
sinmy

x-sin2x
x+s8indx

nx
Cos —

1-Jx
1- Jeosx

2
X

J1+sinx - /1 —sinx

: B) llm xsin L.
&L

x

(3)
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2)ecnn lim @(x) =A=1#n lim y{x) = $°0, To BonpoC 0 HAXOKACHHUA [DEL-

- S | xX—4a
dena {3) peniaerca BenccpelCTBEHHO;
3yecau lim @{x) =1 1 lim y(x) = 00, to ponaraioT ¢(x) = 1 + o{x), rae
x—d

X —da

o{x) — 0 npn x — @ H, cAEAOBATEIBHO,
' 1, e{x)w(x)

) Lin ce{z}yr(x) im [@(x)—11y(x)
C = lim 4[1+E¢.(I)] } =g " = g" " .
X —ia
rae e = 2,718... — HenepoBg YHCHO.

NDIpumep 7. HatiTi
lim

x—1

[sian)l”
S .
Penolex ne 3aeck

lim (sin2x) =2H lim (1+x) =1;
x—0 Az r—0

CJAeAOBATEILEO,

lim (sin2x}1” _9l_ g
x—0 X

ITpumeyp 8 Hairn

lim (x+1)"‘
sr—oct2x+1
Pemrenue Hmeem
1
+..._
lim x+1 _ 11:111 x_l
r—m 2x+1 x—*mz 1 2
X
H
lim x° = +oo
X = I
IToaTomy
- (x+1)‘2 _
r—omi2x+1
[Ipumep 9. Hairn
x -1y
lim (__.]
x+miy+1
Pemenne. Hmeem
1 -
Yim X~ - = lim —-—% =1
x-rm X 4 x—m1+_u
x

. § 3. lTpeasaur 25

[Ipon3BeAd YKa3aHHOe BhILIE NpeodpasoBaHue, MOTYIHM

lim (511)1 = lim [1 +(x“1—1n -
x—oo \X+1 x — oo r+1

2x
r+l 1Ty

— . —2x
- -2 Hm — _
xr—+m x+1

B zanHoM cnydae, e npHeras x ofmemy mpHeMy, MOXHO HANTH NpeJen OpoLie:
) 1 Xx 1 -xa-1
R NS
lim (x_—__l_) = lim i w o
x+1 x— 1V , 1A%
(1+-J lim [1+-)
X pram— ) "
Boobiie, DoNeisHo TIOMEHATEh, YT0

X
lim (1 +E] _—
X

xr— o

i
I

x—ea

Haiitu cneayioiiue oGHOCTOPOHHHTE JIpeAesbl;
241. lim (22)" 247. lim [1 + ?_)”.

x—0 - X -+ 0o X
242. lim (-"‘;*1)’”. 248. lim [ x ]r.
r—1 x _1 I — 0o x+1
2x
243. lim [..1.5)"”. 249. lim (I‘l']x *
x =00 \y yr—o X +3
244. lim (WJ . 250. lim [1 + E] )
*—~0 \x"—-3x+2 n— oo “
2 x 1
245. lim (’f;z] . 251. lim (1 + sinx)®.
x—~e 122" +1 x—0
1 1
] 137 L i p . E
246. lim (1— _) . 252%% a) lim (cosx)" ; 6) lim (cosx) .
700 n x— 0 x—10

H}'}H BEITHCACHHH TIPHBCACHHEBEIX HHMKEe OPEeAeNCcE D0Ae3dHD 3HATH, UTO £CHAU

CYImiecTByeT H noAoXHTeAeH lim f(x), To
X —a

lim {lnf(z)] = In [lim f(x}].

xX— o

IIpumep 10. MoxazaTs, yTo

lim In(1+x) _ 1. (*)
x—0 X
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Pemmenune Humeem

1 1
lim B+%) 4y [ln(lﬁ-x}{l = In [lim (1 +x)“] —lne=1.
x—0D X r—0 x—0

Popmyna (¥) 4ACTC HWCIONB3YETCA HPH pPeidleHHM 3afad.

X

253. lim [In(2r+1)-In(x+2)) 259% lim - I >0,

¥ — o0
254, lim £ *10x) 260%. lim n(%a — 1) (a > 0).
x -1 X x - oo
ax hx
255. lim [lln 1“‘]. 261. lim &.—¢ .
r—0 X 1-x r—0 x
256. lim xIn(x + 1) - Inx]. 262. lim 1=° .
x v +oo rx-~0 ElnlXx
257, lim n{C0SX) 263. a) lim %, 6) lim S2x -1

2 2

x—0 x x—=0 X x-x0 x

258% lim & L.
x—0 x

(c. NeNe 103 u 104).

Haitrn caeayomme oJHOCTOPOHHNE DDA
264. a) lim X 6) lim X .

o - 2
R e | LA Y |

265.a) lim thx; §) lim thx, rzethx = &€ .

x——0o X oo e’ +e”
. 1 . 1
. 1 : 6) 1 .
266. ) xim-n 1 ) x -lfl}rc: 1
1+e” 1+e”
9267, a) lim n{l+teD). 6) lim n{l+e’)
' x——oe x ’ x = o0 X
268. a) lim [sinal. 6) lim S0l
x -+~ x x-++0 x
. li x-1 ' B) li x-1
269 a}x—}lgl_-:} lx -1 )x—%liﬂm |x — 1]
270.2) lim _*_; 6) lim _*

xr—2-0 x_2 x +2+0 x'"2
IMoctpouTtsk rpadburu GyHKLLMH:

271%% y = lim (cos’” x). 274.y = lim (arctg nx).

i— oo Ao o0
272% y = lim —*_ (x>0). 275.y= lim Y1+x" (x 2 0).
R p 4 x” oo

273.y = lim Jx“+d’.
L3

-= o0

§ 3. Ilpeneam 27

276. IIpeEpaTUTE B 0OBIKHOBEHHYIO JP0OOhL JAHHYK CMEIIaHHYIO Iie-
PHOAHYECKYIO apobn
o = (,13555...,

pACCMATDHBAA €€ KaK Ipefiefl COOTBeTCTBYNIed KOHeUHOU ApodH,
277. Uro penaercAa ¢ KOPHAMU KBAIPATHOI'O YPABHEHHHA

ax2+bx+c=[],

ecny KoahPHUEMEeHT g CTPeMUTCS K HYNW, a KoaddunuenTn b u ¢ oo-
CcTOAHHEL, npHueM & # 07

278. Haiiti npegesn BHYTPEHHErO YIJIa NPAaBUJILHOIO N-yroOJbHHKA
opyu n — ©9,

279. HajiTu npenesn NepyMMeTpPOB IPABHILHEBIX 71-YI'OABLHHUKOB, BIIH-
CAHHLIX E OKPYXHOCTE pafgayca B 1 onMcaEHER X ROKDYT Hee, IPU 11 — ©O,

280. HaiiTu npefesr ¢yMMbl AMIMH OPAUHAT KPHUBOM

—X
i = e cos X,

NMpoBeAeHHEX B TouKax x =0, 1, 2, ..., n, npu n — ©°,
281. Haity nmpepen cyMMB IJIOHIa/leH KEAJPATOB, NOCTPOEHHEIX HA
OpPAHHATAX KPHUBOH

y = 21 - x’
KaK Ha QCHOBaHMAX, rae x =1, 2, 3, ..., n, IpH YCJAOBUU, YTO n — OO,
282. Haiitu npeaen npu n — ©° nepuMerpa nomanod M M, ..M ,
BOUCAHHOI B JOrapu(dpMuUeCcKyIo COHPANb
r=re",
ec/IM BepIlIAHE! 3TOH JOMAaHOH COOTEETCTBEHHO MMEKT NOJAPHBIE YIJIHL

— _ 1 __ T
%‘0"91_5*'"*%_?'

283. Otpesox AB = g (puc. 7) pas-
JeneH Ha 7 paBHBIX dacTed, M Ha A
KaaI0d TMOAVYHBLIEHCA YacTH, Kak
HAa OCHOBAHUM, IIOCTPOEH pPABHODE- Pre. 7.

PEHHBIH TPEYTOALHHK C YIJIAMH IpPH

OCHOBAHHWM, PAaBHLIMH ¢ = 45°, [lokasarThk, 4YTo Opeaen nepumMerpa obpa-
30BABILIEHCHA JOMAHOK JHHHH OTHAUYESH OT AJNHHL oTpesKa AB, HecMoTpA
Ha TO YyTO B Nipejelie JOMAHAA JAHHHSA «FeOMeTPUYECKH CAMBAETCH C OT-
pesxom AB».

284. Touka C, xenuT oTpesox AB = [ nmononam; Toyka C, fesaur or-
besox AC, nononam; rouxa C, penur orpesor C,C, nonosam, Touxa C,
ABJIHUT OTPe30K 0203 nononaM u 1. X. OnpegenuTs NpefelbHOE TONOMe-

Hue Touku C , Korga n — ©o,

AN 5

(41
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285. KaTer @ OpsAMOYIOJBHOIO TPEYroJbHHKA
pa3fesied Ha 71 PABHBIX 4YacTel, H Ha IOJMVYUBHINXCH
OTPE3KAX ITOCTPOeHBI BIIMCAHHBLIE TIPAMOYTOJEHBKHA

bl (puc. 8). Oupenennts npeaesa nA0WALH 00pa3oBaB-
HexdcAa cTyneHYaTod (DHUTYPEI, ecau i1 — 00,
286. Hatity nocrosinEsie B 1 b U3 ypaBHeHRHA

DN
1rm\\\\\\g

/f//

a

2
im |kx+b- £ 21| —o. (1)
x v oo i1
Puc. 8. x +

BrIACHHTE TeoMeTPHYECKHH cMBICH paepescTea (1).
287%, HekoTophlil XUMUUeCKHIH Npollect IPOTEKAET TAK, YTO TPHPOCT
KOJNHYECTEA BEIIeCTBA 38 KAaXKABIH NPOMEMKYTOK BpeMeHH T 13 DecKOHeY-
HOH mocIeAoBaTeALHOCTH mpoMexyTxos (it, ( - D) i =0, 1, 2, ...)
LHPONCPIHOHAJNEH HAJHYHOMY KOJIMYECTRY BellleCTRa, HMEUIeMYCA B Ha-
yaie 3TOT0 OPOMEXYTKAa, H BeluduHe npomexyTra. Ilpeanonarasa, 4ro
B HaYa/JbHBIH MOMEHT BPEMEHHM KOJMYECTBO BEIECTBa COCTABJIANO &,

m
onpefesHuTE KOJUWYECTBO BEIIeCTRA Qi ) yepes MpoMeXyTOK BpeMeHH f,

ec/iM NPUPOCT KONHMUYECTBA BEIeCTBa NPOHCXOAWT KAMAVIO 7-10 YACTh

NpOMEeXYTKA BpEMeHH T = L

n

Hajitu @, = lim QE”}.

X — oo

$ 4. beckoHeuHo Maiabie H GeCKOHeYHo OoabimHe

1°. BecxoHeuduHOo Malsle Ecax

lim oa(x} =0,
r—ada
r. e. ecau o{x) < €, upu 0 <lx ~ a| < §(g), To dysrUnA @{x) HazbIBaeTCA Occko-
He4HO MAADi npr x — a. ABQJIOrHYHO onpegendeTcd OecKOHeUHO Majad ¢lx)
npH X — 9,
CyMMa ¥ IpOu3Be/leHIe DIPAaHNYEHHOTO YHCAa OeCKOHEYHO MATRIX IIPH X — &
ECTh TaKXKe OecKoHeyHO Majble NIPH X — .
Ecnu o(x) u B(x) — GecKOoHeYHO Majbie NPH X —> 4 U

tim 2%) —

r—a B(¥)

rae C — HEKOTOpOe HHCA0, OTAHUHOE OT HYAH, TO MyHKIHM alx) u P{x) HazwI-
BAOTCA DeCHONeYHO MAABIME 0JHOZ0 U mozo ¥e nopadka; ecnu xe C = 0, To
FOBOPAT, 4TO DYHKIHA O(X) €CTh HeCHOHEYHO MAAAR 6olcWlel0 NopAdKa IO cpaB-
HeHHKO ¢ P(x). PynrnuA «(x) HaspIBaeTCH GECKOHEYHO MAA0L NopAdKa 1t I10 CPAB-
HeHHIo ¢ dvERIMel B{x), ecan

1

lim _____rl[x] =,

x - lB{xﬂ”

C

rge 0 < |C| < {0,

§ 4. Becroneunoe mansie H OecKoHeuao SONLiLHe 29

Ecan

Hm ax) 1

x—~a Blx}

ro GYHKIEM o(x) 1 B(x) HABEIBAOTCA pASHOCUAbHbLIMY (SK6UBANCHMHbIMU) Oec-
KOHEYHO MAABIMU IDH X — Qi

*

ofx) ~ B{x).
Haopumep, IpH x -3  uMeem:
sinx ~x;tgx -2 In(l+x)~x

u T. IL

CymMa ABYX 0eCKOHEYHO MAJKIX PA3THIHBEIX NOPDAJKOE PABHOCHUJALHA TOMY
13 CAATAeMBIX, NOPAJOK KOTOPOro HHMMKE,

Ilpeaes OTHOLUEHHA ABYX DeCKOHEUHO MaJbIX He M3MEHHTCHA, eCJIH YAeHBI OT-
HOIIEHHE 3AMEeHHTE PABHOCHABHLIMHE MM BedniaMit. B cuiry aTo#l TeopeMel 0pH
HAXOMICHHH Ipegena apobu

lim a(x)

r—a Bx)’

rae ¢(x) — 01 M{x) - 0 opn x —> a, B YHCAHTENEe ¥ 3HAMeHATeNe ADOOH MOMHO
OTKMABIBATEL (UJH A00aBIATH) 0eCKOHEYHO MAJLIE REICITHX OOPAAKOE, noaobpan-
HbIE TAK, YTOOLL OCTABMIMECH BelHYMHBI DLIIH PARHOCHIBLHEIMYE ITPEXKHHM.

IIpumep 1.
© lim 3»\.1'.:n:3+2.1r:‘i ~ lim EJE _1

r—0In(l+2x) -0 2x 2

2°. BecrkoHeuno 6oarwmwue. Ecar ana moboro ckoiabk vrogEo Goab-
uoro uncia N cymjecreyeT Taxoe O(N), uro upu 0 < |x — g < §(N) Beimonreno
HepABEHCTBO

if(x) > N,

TC YHKIUA f{X) HASGLIBABTCA fecKoHedno JOABLION OPH X — 4.

Avanoruuno onpegenderca beckodedHo Gonruaa f(x) npn x — oo, IlogobHo
TOMY, KAK 2TC CACAHO AJA DECKOHEUHO MAJMBIX, BROINTCA NOoHATHE BeCKOHEUHO
DONMBIXX PASMHYHLIX [IOPAAKOE,

288. MoxasaTb, 4TO GYHKIUA

flxy = 202

ABJIAeTCA DeCKOHEYHO MAaJIOH IIpH x — ©0. JInd KAKHX 3HAYEHHH X BHI-
IIOJIHEHO HEePABEHCTBO

f(x) <,
€CJIH € — APOM3BOJIBHOE YHCIO?
IIpouaeectn pacuer ans: a)e = 0,1; 6) € = 0,01; B) ¢ = 0,001,
289. Dokazars, YTo PYHKOUA

filx)=1-— x*

R
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sABJfeTca GecKOHeUHo Masoi npe x — 1. JInA Kakux 3Ha4YeHHli X Bbi-
IMOJIHEHC HEPABEHCTEBO

f(x)| <&,

eCAM € — IPOM3BONBHOE IOJOMKUTENbHOe YMcino? IIpoM3BecTH YHCIeH-
Hulil pacuer gaa: a)& = 0,1; 6} £ = 0,01; B) &£ = 0,001,
290. [loxkasaTb, 4T0 PyHKIMNA
1
x e
fx) =

ABaAeTea 6eckoHedyHo Oonpinoil npu x — 2. B KaKMX OKpeCTHOCTAX
| — 2] < & BRIMONIHEHO HEPABEHCTEQ

f(x) = N,

ecit N — DpPOHM3BOJILHOE MOJOKHTEIbHOE YHMCIO0?
Hasitu 8, ecan: a) N = 10; 6) N = 100; s} N = 1000.
291 . OnpefeUTH IIOPAAOK MAJIOCTH ! a) IOBEPXHOCTH mapa; 0) obbema
Iapa, ecJu Paguyc IIapa r ecTh OECKOHEYHO Masad
1 DI . 1-ro mopaara. KaxoBe: OyAYT NOPAAKH MaJIOCTH pa-
auyca mapa ¥ 00BbEMA IIAPA 10 OTHOIEHWIO K TOBEePX-
HOCTH 3TOro wapa?

R 292, ITycTh I{@HTPAJBLHEBIH YTOX ¢ KPYroBOTC CeK-

topa ABO (puc. 9) paguyca R cTpemuTes K By . On-

/o pelesuTh NOpANKHA GeCKOHEYHO MAJEIX OTHOCHTERHO
Puc. 9. fecKoHeuHO MaJsIoi 0 a) xopasl AB; 6) «cTpenxu» CD;

B) nowaau A ABD.,
293. OnpeaenuTs pu x — 0 NOPAAKHA MaJOCTH OTHOCUTENBHO X (DYHK-
LML
a) 2x
1+ x

6) Wx+ Jx;
B)*?'«/E SRS

294, NoxaaaTh, 4TO ANMHA DeCKOHEUHO MaJoM JYT'M OKPYKHOCTH II0-
CTOAHHOrO pafuyca PaBHOCHJILHA JJIMHE CTATUBAKIIEH €€ XOpAbl.

995, flpngoTcs 1M PABHOCHIILHLEIMHE DeCKOHEYHO MAJIBLIH OTPe3OK U
OECKOHEYHO Majafg NOJYOXDYKHOCTbH, NOCTDOEHHAA HA 3TOM OTPe3Ke,
Kax Ha guamerpe?

; r) 1 — cos x;

1) tg x — sin x.

[Toneavach TeopeMoit 06 OTHOLIEHUM BYX 0eCKOHeUHO MAJIBIX, HANTH!

296. lim Si“3x'Si“25x. 298. lim 11“-'" .
x—10 (x_xa} r—0 - X
arcsin
2
297. lim 1-x 299, lim COS¥ —€os2x

x =0 In(l-x) * =0 1 -cosx

& 5, HenpepwBHOCTE (PYHKI A 31

—

300. Jlokasats, uro npu x — 0 BeaHdUHHEI % u ./1+x - 1 pasHo-

cribEBL MEsAY coboit. [Tonsayack aTUM Pe3YyNLTATOM, IOKA3ATS, UTO IPH
x| MAJIOM HMeeT MecTO npudanxeHHoe PABEHCTEO
,\/1+x=1+§. (1)
ITpumenan dopmyay (1), npubiu>KeHHO HANTH!

a) J1,06; 6)/0,97; 3)J10; r1)./120

4 CPABHHUTH NOJYYeHHBIE 3HAUCHNA C TaGIHYHEIMHA JAHHBIMHA,

2
301. ToxasaTh, 4re IpH X — 0 ¢ TOUHOCTHIO A0 YJIEHOE IMOPAAKA X
MMeIOT MecTo nNpuOIM:KeHHEIe PABEHCTRAL

1
1+x

6) Nai+x ~a+ E’% (a > 0}

B} (1 + x)" = 1 + nx (n — HaTypanbHoe);
g (1 + x)= Mx, rae M = lge = 0,43429...
HCXDI{H 13 2THX (POopMYJ, TPHOIMIKEHHO BRIYHCIHTS.
1 . . . 3, 4,
1) —— o3 02 ; 2) 557 3) o3 4) J15; 5)1,04°%; 6)0,93; Tylg 1,1,
CpaBHHThL NONy4eHHEIE 3HAUEHHA ¢ TAONMIHBIMM J8HHBIMU.
302. [Tora3aTh, 4TO NPH ¥ — ©C IIeJad PalCHANbHAS PYHKIHA

-1
+ ..t a, (g,#0)

4) =1 — x;

P(x) = ayx” + a.x"
eCTh DECKOHeUHO DOJMBITAA BEJMUYMHA, DABHOCUJIBHASA CTApIIeMYy YNeHY
anxn.

303. IycTes x — 00, IlpuauMasn x 2a BeckoHeuHO BQIBILYIC BeIWYHRY
1-ro mopsiaka, onpeAe UTE OPAZOK pocTa QYHKIUK!

a) x> — 100x — 1000 B) Wx + 7}
5
&) X T) 3,\}3:—2:.\:2.

x+2

§ 5. HenpeppIBEOCTh GyHKIIHH

1. OnpeneneHue HenpepPpH BHOCTH. PyHKNuUA f(x} HA3BIBAETCA
Henpeputanol npu x = £ (Han «B Touke £»), ecnm: 1) aTa QyHKIuUA onpejeseHa
BTouxeE, 1. e, cyiecTsyer yncno f(£); 2) cyIecTRYeT KOHeYHRIH pegen 11m flxy;
3) 3T0T mpegen paBen 3HaueHHID GyHKIKEM B Touke C, T. €.

llmi_’f x) = f&). (1)
puplsh

Monaran

x=£&+ AE,
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rae AE — 0, moxuo [epenHcars yeaosue (1) Tasx:

Jmy AfE) = Lim [AE+ AE) - e = o, )|

Manoe npupalnespe dyvERIMNH.
Ecav gyurumsa HeTIDEePLIBHA B KAaAA0H TOYyke HEKOTOpoH ofnactny (HTepRA.
Ja, CErMEeHTa W T. I.), T0 oxa HAZBIBARTCH HEMPEPpui8HOll 6 3moil obxacmit,
IMpumep 1. Hokazars, yro byHKIINS
¥ =sin x
HEIIpepLIBHA AMA Mo6oro apPryMeHTa x.
Pemenne, WUmeenm

. Ax
8in—=
ﬂy=sin(x+ﬂx)hsinx=2sin%f cﬂs[:c+9'—x)= 2 cus(x+—ﬂ-fJ Ax
2 2 Ax ‘
2
Tak xaw
sin‘éf. Ay
lim =1%co (x+——) < 1,
ax—0  Ax S 2
2
TC OPpH NI0GOM X UMeeM
lim Ay =o0.
Axr —0

CJIE,LIDBE[TEJILHD, DYHRIEA sin x HEIPEPBIBHA NIPH —00 < x < 400,

2°. TouKwu pas PEBa O yuKnuu Tosopar, ure PyHK1IMA f(x) mepnum
DAa3pbie Henpeprierocmu npy anavenuy x — Xo (MK B Touke ¥o), IDMHAA TS KAIIEM

objacTH onpeaesenus dYEKIHYN UK ABJAAOWMMCA TPAHHYHLIM JUTA 5TOH ofmacrH,
CCJIH B 3TOM TOYKEe HApYIIaeTcs YCJIOBHE HeNPePBIBHOCTH (PYHKUMH,

MIpumep 2. Dyurnua f(x) =

s (puc. 10, a) pasprsna mpa x = 1,
{(1-x)

3ra GYyHKUMA He CIIDEJCTICHA B TOUKe X = 1, W kak fi; MBI HH BRIODAnH yucno

f(1}), nononueunas OyrrUMA f(x) HE Gyaer HEIIPEPHLIBHOH Ipu x = 1,
Ecnn ana GyYHEIME f(x) CYMIECTBYIOT KOHEe Y H bl e Npeaennl

_Iim_[Jh ) =fx, - 0)u lim f(x) = f(x, + 0),

x x—'x¢+{|

IpHUYeM He BCE TDH YHcJa fx,), f{xﬂ - 0), f{xﬂ + 0) paBHEI Mex Ay coboii, To Xg
HAILIBACTCA MOYKOL paspuiea ]-zo poda. B gactHOCTH, ecap

f(:l’.-'ﬂ - 0} = f(l'ﬂ + 0}9
o HA3BIRAaeTCH Yempauunmol mouwoii Paapsien,

Ans BeupepbiBHOCTY GQYHKIMH f(x) B Touke X, meobxogumo u AOCTATOYHO,

f(xn) = f{x[} - 0) = f{xﬂ + {]}

§ 5. HenpeprBHOCTE BYEKITHEA 33
‘” =E (x)
Y} o ! Y Y
A
| !
: =
: SR
L . -op r 23X

- sinx a3pblB 1-ro poxa nmpu x = 0,
Hpuwmep 3. Pyuxnua f(x) = Tl HMeeT pasp
B camom gene, 35ech
sinx

= lim /I =41,
ﬂ+0} x— 8 X

s sinx _ 1
f(-0) xli-n}a x

IIpumep 4. Pyurnua y = E(x), rae E(x) o6o3HavaeT nenyx 9acTh 4YHCAA

. = + ¢, rae
" x {T. e. E(x} ecTp UENOC YHCNO, VAOBISTBOPAINEE PABSHCTBY X = E{x} + ¢, ra

M ¥ rx =10, 1
0 < ¢ < 1), paspsteHa (puc. 10, 6) B KaxI0H HENOUYHCACHHOH TOYKE ; s
]
a 1-ro poza.
12, ..., IpHYEM BCE TOYKH PA3DLIB p_ 0 = n - 14 B(n 4 0) = n. Bo ncex
B camom pene, ecnu n — nenoce, to E(n ) 4]
OCTANMBHEIX TOYKAX 3TA (PYHKIIHA, OYEBHEHO, HEIPEPLIBHA. 2 1.ro poxa, ma-
Touxky paspeiba GYHKUHH, He SRIAIONIHECH TOUKAMH DA3DBIR ,
2-z0 poda. _
SBIBAIOTCA MOYKAMU PAIpvi6a Y o
K rouxkam paspeiBa 2-ro po/ja OTHOCATCH TAKME MOYKL 66(::::0&91:&:1;}{ l}:pe
H -
bbigr, T. €. TAKHE TOUKH X, AJA KOTOPSIX X0TA Obl OZHH H3 OXHOCTOPO
[] L] L]

Renos f{x, — 0) unu f(x, + 0) paper °© (cM. IpuMep 2).
n x = () HMeeT PaA3pPLIB
MIpumep 5. PysKUNA ¥ = COS o {puc. 10, 8) B TouKe

efqema:
2-T0 popa, TAK KAaK 3/1eCh He CYIIECTBYIOT 004 0HOCTOPOHHUX LIpej

1': : n
lim cos— »u lim cos-.
x— _0 x x - +ﬂ x

2 3ageuy g YOpamUeHHA

R
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2) yacTHOe OT AeJeHHA ABYX HelIPDePLIBHHIX B HEeKOTOPOI 00aacTH QYHKIHMEA
eCTh HelpephlBHad (YHKIINA IIPU BCEeX 3HAHEHHAX apryMeHTa M3 aToil obnactH,

He o0paulaoiuy AeTHTeN: B HYAB;

3) ecoin dyHKLUA f(x) HeopepsiBHA B MHTepBaie (a, b), OpuyeM MHOMECTEO
pe AHAMEHHH CcogepKHTCH B HuTeprane (A, B), u thyEKOHA O(X) HEOPEePRIBHA B
unrepraie (4, B), To caoxuan dhyrrnua @[f(x)] nenpeprisHa B METEpBAne (4, b). &
byrrnud f(x), HenpepblBHas Ha 0Tpeske [a, b}, 00aaA2eT CASAYIOIKMH cBOi- H

CTEAM3H.

1) f(x) orpanudera Ha [@, b], T. e. cyllecTByeT HEKOTODOE HHCIO M rakoe, f:

uro [f(x)] € M opu a < x < b;
2) f(x) umeer Ha [a, b] HauMeERIIee U HAUDOTBINEE 3HAYCHIA;

3) f(x) IpHEMMAaET BCe MPOMEXKYTOUHEIE 3HAYEHHA MEAAY ABYMA AAHHBIMHE, L
T. e, ecnu fl) =An f(B) = B{a< a <P <b)uA= B, 10, KakoBo G5l HH Gol10
ypeno C, 3aKA0YeHnoe Mex Ay YucaaMy A 1 B, HaligeTcs 1o MeHbBOIeH Mepe OAHG

suayerne x = ¥ (o < ¥ < B) raroe, wro f(y) = C.
B uactHocTH, ecaun f()f(P) < 0, To ypasHeHHEe

flx)=0

nMeeT B MHTepBane (¢, §) 110 MesLUIel Mepe OAHH BEIeCTREHHEIM KODEHDb.

2

304. [ToxazaTs, 9To GYHKIHMA ¥ — X HENpepEEBHa NPH J1000M 3HA-
YyeHUHW apryMenTa Xx.

305. NokazaTs, 4TO Lelasd PalMOHANBHAA PYHKIHUA

-1

P(x)=ax" +ax"  +..+a,

HellpepblBHA TIpH J000M 3HAYEHKH X.
306. Moxasars, ur0o ApofHas PanMOHAIbHAA PYHKINA

] r—1
dgX +a1x -1—..."?1.‘.',ﬂ

R(x} =

-1
box" +byx” 4. tby

HenpephsIBHA AJIA BCeX 3HAYCHMH X, 32 MCKJIIOYEHHEM TeX, KOTOPEIE 06-
palaT 3HAMEHATENb €€ B HYJb.

307*. Hoxaszats, YTo PyHKIUA ¥ = Jx Hempepripma npu x 2 0,
308. Moxasarh, aro ecxu GyHKNUA f(x) HeTPEPLIBHA ¥ HEOTPHRIATENb-
Ha B udTepranae (a, b}, To hyuKuuA

F(x} = Jf(x)

TakKe HenpepLIBHA B 9TOM HHTEDBAJE.

309+, Hokaszars, yTo PyHKLIUA [/ = COS X HENPEPEIBHA ITPH JrodoMm x.

310. [Ins xKakux 3HAYEHMH X HEIPEeDPBIBHEl (QYHRIMH: a)tgx u
a) ctg x?

311%, [loxasaTh, 4T0 GyHKOUA ¥ = |v| Henpepripra. IlocTpouTs rpa-
duK 2Toi QYHKIIHAK.

312, MoxasaTk, YTO MOAY/E HENIPEPHIBHOH (YHKIHU €CTh hyBKIIMA
HetpepPLIBHAM,

§ 5. HenpeprigsgocTs QyHEII AL 35

e

313. Pyrxuud 3agasa GopMyaaMu

A npy x = 2.

Kax cnefveT BRIOpATH 3HaueHMe hyHKIHAU A = f(2), uToObi monoTHEHHARA
rakuM 00pasoM byuknusa f(x) Oeina HenpepriBHA ipy X = 27 [locTponuTh
rpadux PyHromn y = f(x).
314. IIpaas 4acTs PAaBEHCTRA
flx) =1~ xsin L
X
repgeT cMbica opu ¥ = 0. Kak cneayer seibpars sHauenue f(0) ana toro,
yrabel GyHKUMA f(x) Obna HenpepeliRHA Tpu x = (7
315. Pyakunsa

f(x) = arctg 1
x -2

TepdeT CMbICH NpH x = 2, MOMXHO MU Tak ONpeNeNNuThH 3HaueHHE f(2),
yToHEl TTONOJHeHHAS QVHKIUA ObLIA HENpPEpPBIBHOH npu X = 27

316. Oyuxuua f(x) He onpegenena npu x = 0. Onpegerutk f(0) rak,
q1obni f{x) O6pl71a HenpepbiBHA npK ¥ = 0, ecin:

-x

.
H

a) f(x) = % (n — "arypanmHoe); T) f(x) = ¢ e
X

1-
6) flx) = ~=525%; R) f(x) = «” sin 2 ;
x x
In{1 - —
B) flxy = R0 -2, ¢) f(x) = x otg x.
HecneaopaTh Ha HENIPEPHIBHOCTE QYHKITAHN!
2
317.y=* . = X
y= 324. y 1n‘tg§.
318, y — L+ 325. y = arctg L
e .y = arctg —.
319 y=’*‘7:x_3. 326. y = (1 + x) arctg LI
x -4 1-x*
1
320.y = X 327.y=e""".
|x
1
321.a)y=sm5;6}y=xsin;_t. 328.y=+ex2
322, , = % 329, y= > .
sinx L
1+e' ™"

323. y = In (cos x).

2

330. y = X npM x < 3,
2x + 1 npu x > 3.

ITocTpouTs rpaduk 310l GYHKIMH.

R
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331. HokasaTk, 4T0 QYHKIIA Mupuxne %{x), pABHAA HYJIO IPH X UP- -
pAMOHAILHOM ¥ PaBHAas 1 Npu X panuoHalbLHOM, paspeIBHA JJIA KakK-

Iore 3HAYeHHWA X.
HccneposaTh HA HeNPEPHIBHOCTE N NOCTPOKTE rpaduky QyHKILHTIL

332. y = lim (x = 0).

R 1+x

n

333.y = lim (x arctg nx).

- ou

334.a)y=sgnx,6) y=xsgn x, B) y =sgn (sin x}, rae GyHKOKHA SEN X

onpegendaerca OpMyiaMu

+1, ecnun x >0,
0,ecnux =0,
—1, ecnn x < 0.

sgn x =

335. a) y = x — E(x), 6) y = xE(x), rne E(x) ecThb nenas 4acTs THCAA X. 1
336. IlpusecTyn npuMep, [JOKA3BIBAIGIII, YTO CYMMA JBYX PD&3DEIB- ;

HBIX GVHKIHE MOXeT ObITh dbyHKIHFel HenpephLIBHOM.

337*_ TlycTh Ot — NPABUJILHAA NOJOAHUTEIbHAA npo6b, CTPEMAMAACA

k mayaio (0 < o < 1), Moo nu B pABEHCTBO
E(l+oy=E1~0)+1,

crpaBeaiuBoe AN BCEX sHauyeHHI O, HOACTABUTH Npejes BeIHUKHBI o7

338. [TokasaTk, YTO YPABHEHHE
X -3x+1=0

pMeeT B uHTepmane (1, 2) neficTBUTENBLEBIH KODEHB, BoIYHCANTE TIPH-

OJHKEeHHO 3TOT KOPEHb.

339, TokaszaTh, 4T0 11000# MEOrOWICH P(x) BeqeTHOH CTEHeH: WMeeT |

110 MeHBLIel Mepe OOHH nefcTBUTEJNBHBIA KOPeHb.
340. TokazaTs, 4TO YPABHEHUE

tgx =x

HMeeT GeCKORETHOE MHOMKECTBO JAEHCTBUTENbHBIX KOPpHEIL,

I'naga 11

MAOPEPEHLYPOBAHUE ®VHKIUU

§ 1. HemocpeacTeeHHOE BBLIYMCAEHHE NPOHIBOAHBIX

i°, IpypanjeHHe apryMeHTa ¥ IPHpPAMeHNE Vv HEKIHH.
Eciu x W X, — SHAYeHUA apIyMeHTa X, & [ = f{x) n y, = f(x,) — cooTBeTCT-
pyfoiue sHavucHuA QYHKIHM j = f(x}, ToO

Ax = X, —Xx
¥i
HAALIBACTCA NPUPAUEHLUEM ApZYyMERMa X Ha OTPE3KE

[x, x,]), & oo,
Ay =y, — ¥ [

HIIH 1 Q‘

Ay = flxy) — fix) = [(x + Ax) — fx) (1)

— npupaugenueM QYHKULL § HA TOM 3Ke oTpeske [x, X, ] T/(g
{pue. 11, rae Ax = MA u Ay = AN). Orromenue

Pue. 11.

Ay _
A tg o

npeicTasnAer coboll yrioroil Koadduument cexymeit MN rpagmka QyHKIUHH

y = f(x) (puc. 11) u BAIKIBAETCA CPedHell CKOPOCHbI0 H3IMEHRHUA (MYHKOHU [} HA
erpeare [x, x + Ax].

HNpumep 1. Ona oyaxoan
y=x' —5x+6
BRIYMCIHTE A ¥ ¥ A Y, CCOTEETCTBYIOINHE M3MEHEHWIO APTYMEeHTA!
ajorx=1nox=1,1;
Ojor x = 3 no x = 2.
Pemwenpne Hmeem:
aJAx =1,1-1= 0,1,

Ay=(1,12~-5-1,1 +6) - (1°-5-1 + 8) = ~0,29;
N SR ) = ~0,29;

Ay=(2"-5-2+6)-(3°-5-3+6)=0.

1 " o
lipume p 2. lnxa renepbonsl y = p HANTH YIJOBOH KOJ(KPHIIHMEHT CEKY-

ek, upoxoganiei yepes TourH ¢ abcuuccamu x = 3 # X, = 10.
CBneck Ax=10-3=T,y= =, ¢y, = =} A= =— — 5 = "g=-
vEgh T YT 1w 3 30

Ax 30
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dy

2°, IlpouasBoauaa Tpousgodnoil y' = P oT (hyHKIKHHE y = f(x) 1O ap- ]

A :
FYMEHTY X HASBIRAETCA OPEAE] OTHOMIEHNA f , Koraa AX CTDEMHTCA K HYN0, T. €. |
x .
. A
y’ = llm _E )
ax —0 Ax

eCJTH 2TOT NIPeReN CYIeCTRYeT.

BeruurHa MPOM3BOAHOH faeT y2 10601 Kospduyuenm gacatensHou M T K rpa- |

bury Gyuxnuu y = f(x) B Touke x (pHC. 11):
y' =tgo.
HaxomaeHde NpousBofHuoll ¥’ naabisaiom OJugpepeHuuposaruenm GYHELUL.

Ipouspopsana y = {'(x) npeacrapnsaer cobOH CKOPOCTLL UIMEHEHULA PYHKYUU B

TOYKE X.
MIpumep 3. Haltte npou3poAnyi0 QYHKUWH

y= 2.
Pewmwenu ne. Ilo dropmyne (1) nonyuaem:
Ay=(x+Ax)—xt=2xAx+(ax)

|
Ay _ 2x + A x.
Ax
CnenoBaTeNbHQ,
y' = lim 3¢ — lim (2x+Ax) = 2x.
ar—0 Ax Ax -+ 0
3°, QAHOCTOPOHHHUE NPODHU3BOJ KB e, BopaxesEnda
#(x) = lim flx+ Ax)y - f(x)
’ Ax — =0 Ax
H

r _ . f{x+.f}.x]—f(x)
f,(x) m}l—lﬁn A

HASLIBAIOT COOTRETCTEEHHO Ae80il WK npasoli npoussodnol pysruuy f(x) B 104- |

Ke ¥. 1A cyniecTROBAHHA f'(x) HeofxomHMMO W JOCTATOUHC, YTOOBI

7 (x) = f_(x).
IIpumep 4. Haitru ' (0) u £ (0) nna byHruuu
f(x) = |l
Penienue HWmeem no oupefenelivio
0 = tim B -y oy = nm 24 =1
2 axlin—ﬂ Ax F, () r_axl—r-nm Ax

4°,. BecroHedYHAadA OPOMIBOAHAAA Ecni B HEKOTODOHK TOUKE HMeeM

lim flx+Ax)—f{x) _ oo,
Ax -+ 0 Ax

TO FOBOPAT, UTO HempepbiBHaA dMyHKIHNA f{x) UMeeT DCCKOHEUHYIO TDOUIBOAHYIO |
B TOUKe x¥. B 3ToM cavyae KacaTenbHad K rpapuky (PyHEIUNHA y = f(x) nepneH-
aMKyaAApHa ocw OX.

§ 1. HenocpeaeTBeHHOE BEIYNCIEHHE POHRBOAHEIX 39

e e

IIpumep 5 Haiira f(0) ana pynxnun

y = ¥x.

Peute H¥ e HMeem

3
F(0) = lim ¥B% = jim 1 = o0,
Ax— 0 Ax ax—03f, 2

w 2
341. HaiiTu npupamenue QYHKIIMHA ¥ = X, COOTBETCTBYIOLEe nepe-
XOAY ApTYMEHTA:
ayor x =1 a0 x =2 |
Gyor x =1 po x, = 1,1; |
sjorx=1a0x, =1+ A |

342. Haiitk Ay Ansa GyHKUHAE [ = 3fx , ecom:
a}x = 0, Ax = 0,001;
6yx =8, Ax = —0;
B) x = a, Ax = h.
343. TTouemy g GyHaKnuM ¥ = 2x + 3 MOMXKHO OUpeJeNIHTs npupa-
meHde Ay, 3Has TOJBKO, 4TO COOTBETCTBYIOIEE NMpHpalieHne Ax = 5, a

nna PyHKIHHA Y = x’ sroro cAeaaTh HeJb3dA?
344. HajiTu npupauierue Ay ¥ OTHOIIEHHE % Ana QyHKITHIH:
X
1
a)y = 7 3
(x" - 2)

6)y = J/x npu x = 0 u Ax = 0,0001;
B}y = lg x npu x = 100 000 u Ax = —-90000.

345. Hailitu Ay » %, COOTRETCTBYIOIHE U3MEHEHNIO apTYMEHTA OT X

npu x = 1 1 Ax = 0,4;

ac x + Ax gnA QVHKIAN:

a)y = ax + b; r)y = Jx;

6)y=x My =25

B)y=lz; e)y = In x.
X

346, Hajity yriaosoit kosddHIMeHT cexynied Kk mapabose
y=2x - xz,
ECJIH aGcUMCChl TOYEK IlepecedeHUA PAaBHBI!
a)x, =1, x, = 2;
6)x, =1, x, = 0,9;
B)x, =1, x,=1+h.

K Kaxomy npeneny erpemurca yriaopoi Kosdpruuyment CeKYI1HeH B I1ocC-
JeiHem cayuae, ecan i — 07

3
347, KaxoBa cpefiHAA CKOPOCTb M3MeHeHMs (QYHKIUH y = X B npPO-
Mexyrre 1 < x < 47




40 aasa II. TUOOGEPEHIVIPOBAHUE ®YHKIIAA

348. 3ak0oH ABMKEHHA TOYKH €CTb § = 21:2 + 3t + b, rae paccTosHEe 5 .

KaeTcA B CAHTHMETPaX, a BpeMs ¢ — B ceKyHAaaX. Yemy papHa cpeiHAd
CKODPOCTH TOUKHU 32 IIPOMeXXyToK Bpemenu ot t = 1 ao t = 57

349, HaiiTi cpeauyii 1o beM KPUBOH [ = 2" na orpesxe 1 € x < 5.

350. HafiTi cpeAHmii nogpeM KpUBOH y = f{x) Ha oTpeske [x, x + Ax].

351. YTo HOHUMAIOT IIOA OABEMOM KPHBOiL y = f(X) B AauHOl TouKe X7

352. laTL onpeaeleHue:; a) cpefHell CKOPOCTH BpamieHud; 6) MIHO-
BEHHOH CKOPOCTH BpallleHHUA.

353. Harperoe Teno, IoMellieHHOS B cpefy ¢ 6oree HU3KOM TeMIepa-
Typoil, OxnaxjaercH. UTo cneAyeT IOHHMATE IO/ ) CPeiHEH CKOPOCTHK
OXJAKACHH; §) CKOPOCTBIO OXJAMKJEHNA B AAHHBIN MOMEHT?

354, UTo creayeT NOHUMATL 10/l CKOPOCTBIO peardpOBaHnsA BellecTBa
B XUMHYECKON pPeaKmuu?

355. IIvcte m = f(x) — mMacca HEOZHOPOJAHOrQ CTEPXKHA HA OTpPE3Ke
[0, x]. UTo caepyeT NOHUMATH HOA: a) cpefHeH NHUHEHHOH NIOTHOCTEIO
cTep>KHA Ha oTpeske [x, x + Ax]; 6) AMHEHHOH IJIOTHOCTHIO CTEPIKHA B
TouKe x7

356. Hatitu oTHONIeHHEe %ﬂ nnd GYHKIUHEY § = 1 grouke x = 2, eCHH;
X x

a) Ax = 1; 6) Ax = 0,1; B} Ax = 0,01. Yemy paBHa OPOU3BOJAHAA § IPH
x =27
357+**. HailiTh IpOM3BOSHYIO OT (PYHKUUH y = tg x.

358. Haidita i’ = lim Ay ana GyYHKEHN:

Ax—0 Ax
a)y=x% Gy=5; By=dJr; Detgx.
X

359, Brrymemurs F(8), ecrm f(x) = ¥/x.
360. Haiiru £(0), F(1), 7(2), ecmu f(x) = x(x — 1¥(x — 2)°.

3
361. B KakuX TOYKAX NPpoM3BoaHAaA 0T GYyHKIHNH f(xX) = ¥ YHCIEHHO
COBHAZAET cO 3HAVYEHHEM caMoi QyHKUuH, T.e. f(x) = f(x)?

2

362. 3aKoH JBHMKEHHUA TOUKH €CTh § = 5f , I/ie paccTodAHKe § JaHO B
MeTpax, a BpemMfa { — B ceKyHaaX. HaiiTu cKOpOCTb ABHXKEHUA B MOMEHT
BpeMeHH t = 3.

363. Haiite yrioRoil xosdhuuHeHT KacaTeibHol K Kpuso# y = 0, lxa.
IIpOBeleHHOI B TOUKe ¢ abcmuccod x = 2.

364. Haitru yri0B80i Koo PUIIHEHT KacaTeIbHOKH K KPHBOH ¥ = sin x
B TouKe (7; 0).

365. HatiT sHAaueHHe OPOUSBOAHON or dyHKIMM f(x) = 1 5 rouke
x

x = xg (x, # 0).

§ 2, TabnuyuHoe ZRbJepeHLHPOBABHE 41

e

366*, UeMy paBHEL YIJIOBEIE KO3OPMIITHEHTEL KACATENBHBIX K KPHERIM

2 .
=1 u y = x_ B TOYKe HX nepecevenusn? HalTu yron mexay STHMH
¥~ %
racaTeILHBIMH.

.....

367+%%, [lokazaTeb, 4TO CAEAYIOMINE (PYHKIHHE HEe HMET KOHeYHLIX
IpON3BOAHLIX B YKA3AHHEIX TOUKAX:

[ 2
a)y = ¥x° B Toure x = 0;

6)y = 3/x -1 B Toure x = 1;

2kR+1

B) y = |cos x| B Toukax x = n(k=0, 1, +2, ...}

§ 2. Tabnuunoe gudpdepeHHPORAHHE

1°. OcHOBHbBle IPABHIA HAXOXKAEHHA NPONIBOAHOK Ecan e — mocro-
aEHag ¥ 4 = @(x), ¥ = y(x} — GYHROMYE, ¥MelINe IPOH3BOAHBIE, TO

DeY =0 5y (uv) = u'v+ v'u;

;1. uY _u'v-vu i
2) (x) = 1; 6) [5) " B (02 0
Y tv) =u +ov; 7) (5) = —“;’ (v # 0).

U
4) (cu) = cu’;

2° Taflr®Hua NPOM3BOAHBX OCHOBHBI X PYHKIHK

I- {In},ﬂ — nxﬂ . 1- XIII, {ln IJ:‘ = % (x :} D}.
1
IL (J%) = —— (x> 0). XIV. (log, x)’ = 1 O8.°
2./x xlna x

ITI. (sin x)" = cos x. (x >0, a > 0).
IV. {cos x)" = — sin x. XV. (sh x)’ = ch .

V. (tg x)' = XVI. {chx)" =shx.
cas X
VI, (ctg x)’ = ——b . XVIL (thx) = ——.
sin" x ch™ x
VIL (arcsin x)’ = (d<1). XVIL (cthx) = ~—.
1—x* sh™x
VI (arccosx) = —— L (d<1). XIX. (Arshx) = —1 .
1- xz 1+ xz
IX. (arctgx)’ = ——. XX. (Arch x) = ——c (4> 1).
| 1+x -1
X, (arctg x)’ = — L XXI. (Arthx)' = ] - (|xf < 1).
x“+1 1-x
XI. (a%) = a‘lna. XXIL. (Arcth x) = ——2— (4> 1).
x -1

XII. &'y =e".




42 Txasa II. TUMOEPEHIIMPOBAHUE OYHKITHH

3°, Mpaguao AuvddepernupoBanusa caoxuol dpynxunu. BEean j

y =fluymu=qg(x), 7. e. ¥ = flp(x)], rAe GYHKUHE Y ¥ ¥ HMEIOT OUPOHIBOSHELE, TO

y’I = yrﬂ-u’x {1) ._
HIH B Apyrex ofozHaveHHMAX
dy _ dy . du
dx du dx’

ST0 NPaBIIO PACOPOCTPAHACTCA HA IENOUKY U3 J060ro KOHEYHOro Yucaa Aud-

epeHIHPYEMBIX (DYHKIIHH,
NDpumep 1. HailTn opou3BogEyI0 HYHKIMH

y=(x2~2x+3}5.

Pemenne, Ilonaraa y = u,ﬁ, rje u = x° - 2x + 3, cornacuo Hopmyne (1) '-:

OyZeM uMeThb
y' = @) (- 20 + 3) = 5u’(2x - 2) = 10(x - 1)(x® - 2x + B)".
IMpumep 2. HaliTy DpoM3BOFHYIO DYHKIHH
y= sin® 4x.
Pemenmwne. IHonaraa
y=u3; u=sinv; v =4x,
HAXOOUM
y' = 3u? - cos v - 4 = 12sin® 4x cos 4x.

HaliTu nponssomubie caeayloomux dyarouit (8 NeNe 368 —408 npa-
B0 AutdbepeHIMPOBANKSA CHAOKHON DPYHKIAY He HCIOIb3YyeTcA)!

A, AITEBPAUYECKHUE OYHEKIIVH

2 5
. -3
‘875.y = 3x° - 2x° +x "

. 376%, y = 22322,

368. y = x° — 4x° + 2x — 3.
_ -1 _1 2 4
369. y 1 3x+x 0,5x".

- 870.y = ax” + bx + c. Vgt = 2 - 2.
3fx2  xix
5:1:3 . a+bx
. 71‘ = Y+ y . — ,
© 3 Y a 378y c+dx
372.y = at" + bt" ", 379.y = 2X¥3
xr -Dbx+5H
6
373.y = aX b 380.y=—2i—1.
fﬂz+bz 2x— X
374.y =" + In 2. 381,y — LT

§ 2. TabanuHoe suddepeRIHpORAHTE 43

———

8. ®YHKIIUH TPUTOHOMETPHHYECKHE U OBPATHBLIE KPYI'OBBIE

382.y = 5sinx + 3 cos x.
383.y = tg x — clg x.

__ sinx+cosx
384. ¢ = SihX — COSX

386. y = arctg x + arcctg x.
387.y = x cig x.

388. y = x arcsin x.

arctgx — x

2
985, y = 2tsint — (t° - 2)cost. 389.y = (1+x%) 2

B. PYHKLWH IIOKABATEJNBHBIE H JOTAPHOMHWYECKHE

390.y = x'e". 396. y = ¢" arcsin x.
2

= — 1" = X
391.y = (x — 1)e". 397. vy -

_ e” 8 _ x*
392. y = =. 398.y = x'Inx - —.

x° 3
393.y=x—ﬂ. 399.y=1+2]nx-1_n-f.
* x x

394. f(x) = e" cos x.
395. y = (x° — 2x + 2)e”.

400.y = Inxlgx —Inalog, x.

I, TUTRPEBOMHYECKHAE H OBPATHEIE THIIEPBOJIUYECKHE @YHKITHH
401. y = x sh x. 405. y = arctg x — Arth x.

2
402. y = X
C

hx

406. y = arcsin x Arsh x.

403.y = th x — x. 407. y = Arfchx.

104, y = Bcthx 408. y — ‘”‘;’cthj.
— X

. CNOFHLIE @YVHKIITHH

Haiitu npousrognrie caeayiomux byuknui (B NelNe 409—466 Heob-
XOAKMO HCIONB3OBATE NPAaBUA0 AUGMDEpPEeHIIMPOBAHNSA CHOMHOH PYHK-

UMM ¢ OZUUM IIPOMEKYTOYHLIM APIYMEHTOM):

409+5, y = (1 + 8x — 5x°)°".

Pemeune O6osmaumm 1+ 3x - 5x2 = u; TOPRA Y = uau' Hmeem:
y’ = 30u”, u, = 8 - 10x;

y'. = 30u™ - (3 - 10x) = 3001 + 3x ~ 5x°)" - (3 - 10x).

410. y = [ax+bj3 ‘

c
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I'nana I1. TUDDEPEHIIHPOBAHHE GYHKITNH

411. f(y) = (2a + 3by)’.
412. y = (3 + 2x2)4.

48y = 56(2;3-1)“' } 24(2;—1)5 B 40{2im1)5'
414,y = N1 -x°.

415. y = Ya+bx".

416. y = (az“'r3 - 32,

417. y = (3 — 2sin x)°.

Pemennue. y = 53 — 2sin x)* - (3= 2sin x)’ = 5(3 ~ 2sin x)'(~2cos x) = |

= -10cos x {3 ~ 2sin x}'i.

1

cCos X

418. y = tg x — %tg3 x + %tg5 x. 420,y = gq.l'singx +

426. y = /1 + arcsinx.
427. y = Jarctgx — {(arcsin x)’.

_ 1
428. y arclgx

419. y = Jetgx — Jetgo.
420. y = 2x + Kcos® x.

2
421%, x = cosec2 t + sec t.

422, f(x) = — LI 429. y = Jxe"+x.
6(1 - 3cosx)
423, y= 1+ -1 430. y = 32"~ 2°+1 + In’x.

2 )
3cos" x CosX

424. y = Jﬁsinxg?cc}sx .

431.y=sin3x—|—cos§ + tg Jx.

: £ 1 ,
Pemegrwune. y’=c053x*(3x]’—sm~x_(-—) + (Jx) =
9 A5 cos’ Jx
t . x 1
= 3cos 3x — =sin= + :
5 5 2 fxcos’Jx
. 2 a 1+cos2x
= — + tEg —. Ly = R
432. y =sin(x” - bHx + 1)+ g - 435. y R

433. f(x) = cos (cx + B). 436. f(x) = aclg E

437. y = —%ms (5x%) - }{cns s

434. f{x) = sin t sin (£ + @).

§ 2. Tabanuuoe gudxhepeHIRpoBaHHe 45

s

438. y = arcsin 2x.

1 2
Pemenue. ' = {2x) = ———— .
1-(2x) J1-4x°
439. y = arcsin lz 447. y = arccos e,
X

440. f(x) = arccos Jx . 448. y = In (2x + 7).
441. y = arctg % 449. y = lg sin x.
442, y = arcctg E 450.y = In (1 - xz}.
443.y = be . 451. y = In® x - In (In x).
444.y = L. 452. y=In (" + bsin x — daresin x).

5.1:
445. y = ¥“10%, 453. y = arctg (In x} + In (arcig x).
4486. f(t) = tsin2’. 454. y = JInx+1 +In(Jx + 1).

E. PABHBIE ®YHKIIMHU
455%% y — sin® 5x cos’ g :
11 4
456, y = — - .
2(x—2)¢ X2
A57.y—-_ 18 1w 1
4e-3!  3(x-3° 2(x-3)°
&

458. y = —— X,

8(1-x7)
459 _ J2x2—2x+1

Y . .

460. y = — = .

alda’+x°

3

461, y = a

462.y = 33/x* + LBy + gx'?f;z + %x?‘ﬁﬁ.




46 Cnaga IL. JADDEPEHITUPOBAHHE $YHKIIUH 1 § 2. Tabnnunoe AndHEPeHIAPOBARE 47

| _ 3.2 _
465. y = X (a 2'::1 ¥ j 497. y = 3bzarctg )~x— —{3bh + 2x)Abx — x%.
466 yzfa+bx” ] b-x
' a-bx" ' 498.y = - .J2 arcctg th‘: - x, 908. y = In {axz + bx + ¢}
9 3 2 1
467.y= —° - + - ] o
/ 5(x+2)° (x+2)* (x+2) 2(x + 2)° : 499.y = e’ . 909. y=ln(x + Jat+x* ).
. 2
468.y = (a + x)Ja—x. ; 500.y = e " 510.y=x—2.Jx + 21ln(1 + Jx).
469.y = J(x+a)(x +b)(x+c). i 501. F(x) = (2ma™ + bY. 510y =1In(a+x + 200+ ) .
470.z = Yy + Jy . - A
]
471. f(x) = (2 + D3t + 2)%/3t+ 2. - 502. F(t) = e cos Pt. 512, y = =5
1 ] nxy
492. x = — — ., } . ax
"an yz : 503. y — (cesinPx — PeosPx)e . 513.y = Incos = 1 _

2 o2
| o+ 8 X
473. y ln(,«!1+e —1)—1n(n;‘1+e + 1),

504. y = 1 e *(3sin 3x — cos 3 514%, 1 = (x - 2}
41 3 3 x Ii .
474. y = -—1 CUS 1(3‘305 x — 5). 10 (381 )- y=1

15 (I+ 1)
475, y = (tE2X— 1)(tg4x+ lﬂtg2x+ 1) ) i 505. y= xﬂa—xz ‘ 515 y = In (.?C 1} (; 2}
3tg’x | x
476 y=tg2 Ky ABT. y = BICCOS Y : 506. y = Jeosx a¥ =", ol6. y = — 12 + In tg x.
| ' N1 P | 2sin’ x
- - utg‘;
477. y = %sin (). 488. y = Jlgarcsin [xﬁ) : 507.y=3"" .
| _x [ 2 2 a’ f2 2
A78. y = sin’ (ta). 489. y = mﬂ'az—xz 4+ @ arcsin g . ol17.y = g vX —4a ) In (.x + Jx —a ) .
f ; [ 2
479. y = 3sin x cos® x + sin® x. 490. y=x a’—x* + a” arcsin E . 6018. y = Inln (3 - 2::3), 524, f(x) = JzTH _qp LEAxTH1
X
f ' 2
480.y=%tg3x—tgx+x. 491. y = aresin (1 — x) + 2x—x°. 519.yﬂ51n3(ax+b). 525,y=%1nx2—2x+1_
' x"4+x+1

481,y = - % 4 lotgr, 492.y=(x—%]arcsinﬁ+%n/x—xz.

dsin” x 3

520. ,-Jx + a + x 526 arcsm dx

Nl'x +i_“1 - X

+ (1 — arccos 3;1:)2.

482, y = .\/{I sin’x + P cos’x.  493.y = In (arcsin 5x).

sinax

483. y = arcsin x® + arccos x. 494. y = arcsin (In x). 521. y="In (2 - D)+ LIn =%, 527.y = geosbx 1 sinax
484. y = %(arcsin x)* arccos x. 495. y = arctg f%' 1 2a xta 3 3cos’hx
] , tg—+ 2.3
2 5tg£+4 ] 529 et ( _ TE] 1 2
) _ 9 5 . .y=x-sin[lnx - =}, 928. y = —In .
485, y = arcsin xxz L 496. y = garctg 3 . | 4 NE tg%+ 2+./3
486. y = arcsin - 523.5y = Slntg £ - 1 ““5: 529. y = arctg In x.
1+x : 2 2 2 gin'x
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T'napa II. JUODEPEHLIUPOBAHKHE @ VHKITHNA

530. y = In arcsin x + %lnz x + arcsin In x.

531. y = arctg In % .

32,y = Zarctg X + L =1,

832. y g e 60 31

533. y = In L¥YSIDX | oaretg Jsinx.
1-.Jsinx

3. x°+1 1, x-1 , 1
534,y =2 In + =1 + = te x.
AR B S TS U Rk

535. f(x) = %ln(l +ox) - %m(xz x4+ —j—éarctg 2’%1.

536. f(x) = EJLT + In ,Jl—xﬂ.
1-x

537. y = sh” 2x. 542. y = Arch In x.
538.y = e ch fx. 543. y = Arth (g x).
539. y = th® 2x. 544, y = Arctg (sec x).

540. y = In sh 2x. 545. y = Arth -2X_.

1l+x

2
. x
541. y = Arsh 5

547. y = (%xz + Bﬁrshx — %x»./l v

548. Haiita y’, ecnm:

)y =y 6y = xixl.
HocTpours rpadbuky GyHKOMHE ¥ 1 ¥’
549. Haitru y’, ecin

546. y = %(xz — 1)Arth x + %x.

y = In ix| (x = 0).
550. Haittu f'(x), ecan

1-x npunx<0,
fx)=1e¢™* npux>0.

551, Beruucnuts (0}, ecau

f(x) = e “cos 3.

Pemenne. f{x)=e (—3sin 3x) — e “cos 3x.
(= eu(—3 sin Q) — elcos 0 = —1.

§ 2. Tabamuroe gudpPepeEnNHPORAHHE 49

S

552, f(x) = In (1 + x} + arcsin g . Haditur f'(1).

_ 3 WX " dy
5533.y = ig 6 Hafitu [ﬁ)ﬁz'

554. Hastru f'(0) u f7(0) pna pyskumii:

a) f(x) = Hsin(x?);
2 2

6) f(x) = arcsin £ —%_;
i +Xx
B} fx) = - X, x=0; f(0) = 0
+ e
r)f(x)=xzsin§,x¢0; £(0) = 0;

x) f(x) = xsin § x # 0, f(0) = 0.

555. [na dyaxnun f(x) = e mairrn f{(0) + xf'(0).
556. lxa dyaxkoun f(x) = J(1+x) nairru f(3) + (x — 3)f(3).
5537, Ianer gyaxuun f(x) = tg x 1 ¢(x) = In (1 — x), HaitTH e

¢'(0)
558. Ina dpyaxumi fix) =1 - x 1 ¢(x) =1 — sin “-2‘—’: HAWUTH %}—} .

559. JokasaTh, 4T0 IPOM3BOAHAH YeTHOH QyHKUNM — PYHKUHKA He-
YyeTHAN, a4 NPOU3BOAHAA HeueTHOH DYHKUMY — QYHKUUA YeTHAH.

560. loxasaTb, 4YTO OPOM3BOAHAA IEPHOAHYECKOH (QYHKLUU €CTh
QYHEIUA TAKXKEe [IepAoARYECKAn.

561. [TokazaTs, YTO (PYHKIHA I = Xe = YAOBJETBOPAET YDABHEHUIO
xy' = (1 - x)y.

2
X

562. IlokazaTh, 4To QYHKLIHUA [ = Xeé 2
. ;)
ry =1 - x)y.

263, IToxkaszaTk, 4TO QYHKUUA Y =

yAOBJIETBOPSET YPABHEHHIO

1

HIWO xy’ = y(ylnx — 1).
K. JOTAPHDOMHAYECKAA [TPOMSBOIHAN

Jozapupmuieckoil npousgodnoil GyBKINE y = f(X) HASEIBAETCA TPOHMIBOJHAA
OT norapudima dToH (HYHKIINH, T. €.

y  f(x)
IIpumenenne npeABAPUTENLHCrG JorapupMupopanusA QYHKIHUE HHOTAA yIpolla-
€T HAXOXJAeHHe ee [IPOHIBOJHOH.
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50 Tnapa 1. JUGOEPEHITAPOBAHHE O YHKITAHA

IIpumep. HaliTh Npou3BoJHYIO CAOMHO-IOKASATENBHOL PYHKINN
— L
y=4u,

rae u = @¢{x) 1 v = Y(x).
Penier ue. JlorappdMupya, OOIyIBM

Iny = vln u.

Hudipepernypyem obe yacTH NOCIEEHErC PABEHCTBA [0 X!
(lny)’ = v'Inu + v(ln u)’,

HIHN
1y’ =plnu + vlu’,
Y u
oTCIonAa
y = y(v’ln u+ Eu’) ,
U
6B 4

y =u (u’ln u+ Eu'] :
L

564. Haiiru ', ecnu

5 1-x . 3 2
y = Nx * sin” x cos” x.
l+x

Pemeunue, lny=glnx+ln{l—x)uln{1+x2}+3lnsinx+21ncasx;

1y’=—2~~1-+ -1 2x +3+1 msx_2sinx’
Y 3x l-x 144% sinx £os X
(}Tﬂyﬂ;ay’=y(%—lfx—lixz+3ctgx—2tgx).
x

565. Haiitu y’, ecimn y = (sin x).

Peutenue. Iny= xlnsinx; 5y’=]nsinx+xctgx;

y’ = (sin x)’(In sin x + x ctg x).

Haiiti y’, npUMeHa" OpeARAPHTEILHO JOoTapA(pMUpoBaHHe DYHKIHH

y = flxx
2
566.y = (x + 1){2x + 1)3x + 1). 569.y = :x:g/ 2’" -
X -

567,y = — (X2

. 570. y = (-2
3 4 )
{x+1)(x+3)

Jx -1 -3)"
571,y = Jx- 1

e+ 22 ix+ ) '

§ 3. [IpousBoasLie MyHKUKH, HE ABAAIMICA ABHO 3AKAHHRIMH 6l
572.y = X . 577.y = .
573.y = X . 578. y = (cos x) " ".
574,y = Yx. 579.y=(1+§]“.
575. 4 = x"* . 580. y = (arctg x)°.

x

576.y = x .

§ 3. lIponspognsie HYRKUAN, He ARIAIOHIHXCH ABHO 33/TaHHEBIMH

1®, IpouaBogHasa oBpaTHOH @ v HK 11 1 1. Eermm ana dyaxuuu y = f(x)
o -1
IPOH3BONHAA y; # 0, To mpovseoaHana o0paTHOK QYHKIIHH X = f {y) ecThb

, 1
Yx
MK
de _ 1
dy dy
dx
IMIpumep 1. HaiitTh Tpou3BOAHYID x;, eCIH
y=2x+lnx.
' 1 — I+1 . . x
Pemenune Hmeemy =1+ = = : CHeJJOBATeNbHO, X ~ .
x x X ¥ x+1

2, ipovsBoagHsie PyuEUUMHA, 3aJaHHB X HAPAMETPHUTIECKH.
Ecny 3aBHCMMOCTE (DYHKITHH & ¥ aDryMeHTa X 3aJaHa IOCPeACTBOM HapamMeTpa i

x = @(f),
y = (i),
TO
. _ Yy
.= —»
Xy
WM B pyrux o003HAYEHHAX
dy
dy _ dt
dx dx
at
IIpumep 2. Haiitn QE‘ eCIK
dx
'rx =acost,
y=asint.
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Pemexnne Haxogum g_y = —~gsint u %% = geos t. Oreona
x
% = aco.st = —ctg t.
dx —-a sint

3°. IllpouaBogHaa HeABHOK G VHKIHU KEcIH 3aBUCHMOCTL MEMXK-
oy X B i 3afaHa B HeABHOH dopme

Flx, y}=0, (1)
TO AAH HAXOKIEHHMA MPOHABOSHOM ¥ = ¥ B NPOCTEHIINX CAYUAAX JAOCTATOIHO!

1) BLIYHCIUTE MPOM3BOAHYIO HO X OT J8BOH YACTH ypaBHeHHA (1), cunTadA ¥ QVHK-
LHeH of X; 2) IIPHPABHATE 2Ty OPOU3BOAHYIO HYNK, T. €. [HOJOMKHTL

d
— Fx, y}=0, {(2)
dax

1 3) penIuT: MONAYYEHHOC YPABHEHWNE OTHOCHTEILHO Y .
NNpuwmep 3. Hality nMpoR3BOIHYIO Y, ECIH

o+ y3 — 3axy = 0. {3)

Pemen ue. Cocrapnsaf NPOM3BOAHYIC JIEBOM HaCTH PABEHCTBA (3) B OpH-
PABHUBAA €€ HYJIO, MCIYIHM

3x% + 3y°y - Ba(y + xy') = 0,

OTCHAA

xz—ay
y’= 2'
ax—y

581. HajiTH ODpoH3BOAHYIO x;, eCcyiu:

X

L B)y=0,1x+ez.

a}y:3x+x3; ﬁ)y=x—§sinx;

Onpeneants HPOU3BOAHYIO i = dy AnAa QYHKIWHA [, 33J18aHHEBIX I1a-

dx
paMeTpHUYECKH:
3at
X = 3
=2t -1, 1+t
582. 1" 3 585. 9042
y=r. y= 3
1+¢
I=—-—1 : ,\/_
t+1 Ly =t
583. | 2 a86. | ’
y =t ) , =3t
t+1
[ =201 5
1+ [I= to+1,
584.1{y=a(1_t2) 587t‘ly= i-1
1+14° [ t?+1

§ 3. Ilponzroaanie hyaxmmui, HE ARNAOIIHXCA HEHO 34 AAHHBIMH 23

A = HFCCO0S 1

If
|
588 x=da (cos { + { sin £), 592 < N1+¢E
"ly=a{sint —t cos f). ‘§y=arcsin t
L ﬁﬂl+t2
X =acos t x=e
589. ¢ 2 593. T
y=0bsin"t. y=e .
— et [x=a{lntg£ + cost —sinf)
x = cos ft, . 3
590. 4"~ 594. ¢ 2
y=osin t. 'y = a(sin ¢ + cos t).
x = cos’ ¢
2t
son{ oS
y = sin” % _
‘ ~Jeos2i
dy

595. Boruncnute &2 npm £ = =, ecau
dx 2

[x = a(t — sin 1),

1y=a(1 — ¢0s {).

Pemenne 9% — _@sinx _ sint
dx  a(l-cost) 1-cost

=t

T
S1I1 —

du} 2
H[dxhﬁ Vi

2 1 - cos-
2

In £,

596. Haiiru % npua t = 1, ecnan Int

dx ¥ =

t

{
n xX=e cost,

297, Hajitu g_y npH f = 1’ €CIH |

y=e

gin t.

598. JokasarTh, 9TO PYHKIMA Y, 3amaHHaN napaMeTpHYECKN YpaBHe-

HHUAMH

r

x =2t + 3¢°,
{ 2 3
Ly =1t + 2t
VAOBNETBOPAET YPARHEHUIO

2 ; 3
y= (d_y] +2LEL’*’ .

)

599. ITpu x = 2 cnpaBeAIUBO PABEHCTRO

2
x" = 2x.
Cﬂﬁﬂye'r By OTCl0da, 4To
(=) = 2x
opu x = 27

R
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2
600. IIvete iy = a’— x° . Moo nu nounentso zadepeHnHpoBaTE
PABEHCTRO
2 2 2
x“+y =a”?

Haittu mpoussojuyio y’ = g—i OT HeABHBIX QYHKIUH ¥:

601. 2x — 5y + 10 = 0. 610. tg y = xy.
2 2
602. % + L =1, 611. xy = arctg Z.
az B L

603. x° + y3 - a°

604. x° + xzy +y2 = 0.
605. Jx + Jy = Ja.
606. 3/x% + 3fy° = 3o,

607.y° = i_;i

608.y - 0,3siny = x.

612. arctg (x + y) = x.

613.¢" = x + v.
u

6ld. lnx + e " =c.

615.Iny + 5 = £,
616. arctg ¥ - % in (x2 + ).

617. Jx° +y2 = ¢ arctg f_c ,

609. a cos’ (x +y)=0>. 618. ¥ = 4.

619. Haiita ¢’ B Touke M(1; 1), ecnu
2y=1+ :rya.
PemeHue. Nubbdepenuupys, nmeem 2y’ = y3 + Sxyzy’. Tonaras x =1 u
y =1, nonyumm 2y’ = 1 + 3y", orxyma y’ = —1.
620, HafiTu mpousBoAHbIe ' 3aKAHHBIX (PYHKIHH J B YKA3AHHBIX TOY-
Kax:
a)(x+y}3=27(x—y)npﬂx——-2uy=1;
6)yey=ex+1npux={]ny=1;

By’ =x+mYuopux=1uy=1
X

§ 4. leomeTpuHuyecKHe W MeXaHHUECKHe MPWIOKeHHd MPOH3BOTHOH

1°. Y¥pasHeBEHNH KACATCIABHOW U HOpMaA. 3 reomerprueckoro
CMBICSIA TPOHSBOIHCH CAEAYET, UTO YPAEHEHUE KACaAMEeAbHOU K KPHEROK ¥ = f(x)
wiu F(x, y) = 0 B roure M(x,, y,) Oyzer
¥
y_y():yg{xmxu):
re i’y eCTh 3HAYeHHE IPOU3BOAHOM y' B Touke M(x,, y,). [Ipamad, npoxonanias

yepe3 TOYKY KACAHMA NEPHEHIHKYAADHO KACATENbLHON, HAZHIBACTCHA HOPMAALID
¥ kpugoit. JnA HopManu 1oaydaeM ypapHeHHe

x—xg Yy —yy) =0

§ 4. TeoMeTpPHYECKHNE H MEXAHHYECKHE APHJOMERHEA IPOAIBOAHOH 29
2 ¥roa MeXxX 1y KPpEBEH MM, Llog ¥
§ra0M MEKAY KPUBRIMM
y=fi(x)
H
¥ = fy{x)
B nx obuiedl Touke M (x, y,} (puc. 12) monu- 0

MAETCHA VIO (0 MeMJY KacarTedbHhIME M I:,A H
M,B K 3THM KDHBEIM B TOHYKe M,.

Puc. 12.

ITo u3BecTHOIH GOpPMYyJe AHATHTHYMECKON reoMeTPHE IOoJydyaeM
fé(xu) - f{(x{])
L+ fi(xg) - F3(xp)

3°. OTpesku, CEASAHHLBIE C KACATENbHOH ¥ HOPDMAJALIO, AN A
cAYYAad OPAMOYTIOJABLHEOH CHCTEME XKooopaAHEarT. Kacarenseas
¥ HODPMAaJIEL ONpeJesgIoT CIAeIYHINHe YeThIpe oTpeaka {(puc. 13):

t = TM — Taxk Ha3LIBAEMEBIH OMpE30N Ka-

CAMenLHOIL, ¥

S, = TK — nodxacamenbHas,

n=NM_— ompesox nHopmaau,
S = KN — noluopmais.

Tax xax KM = |y | u tg ¢ = y;, 10

t=TM = ‘% 1+ (ye)
Q

fgw=

0
n=NM-= \yﬂ.h +(y,;,)2\ ;
S, =TK =79 S =lyyi
)

4", OTpes3skH, CBA3AHHBEe ¢ Kaca-
TeNILHOH M HOPDMAMNbBIW, AAACHYyYaSHA
ODONAPHOH CUCTEeMb KOGPAHMHAT.
Ecau xpusas sajana B MOXAPERIX KGODAMHA-
Tax ypaBEHeHueM r = f(@), To yrox U, obpaso-
BaHIHIH KacaTeaxbHoH MT W NOoAApHBIM pafH-
yeom r = OM (puc, 14), cupegenaeTca CIefyI0-
el GopMyLoM:

tgu=rg-=£,. Puc, 14.
dr r

Kacarensnas MT u uopmans MN s Touke M BMecTe ¢ NOAADPHBIM PAAYCOM TOY-
KM KACAHMSA M MepIeHAUKYJIADPOM K [OAEPHOMY pajuycy, NDOBejeHHBIM Hepes
nonpoe ¢, onpeAendaOT CASAVIOIMKMe YETEIDE oTpe3xa (cM. pHc. 14):

t = MT — ompe3ox ROARPHOL KACAMERLHOU,

n=MN-— ompeiok noRAPHOL HOPMAAU,

S, = OT — noaaphaa nodiwacamensHas,

S, = ON — noxapudaf nodropma.is.




a6 Taasa 1. IUOOEPEHIIUPOBAHHUE G VHKIHH

OTH OTPe3XH BLIPAMAIOTCH CACAYIOOIHMH hopMYJAaMH:

2
t=MT = 4P+ (r); 8, =0T = er

Il |
n=MN=JrP+(r")°; 8, =ON =l
621. Kaxue yrnel ¢ o6pasyier ¢ ocpio OX kacaTenbHble K KPHBOH § =
= X — x° B TOYKAX C abcruccamu: a) x = 0; 6) x = %; B)x = 17

Yi Pemenue. Mmeemy’ =1 - 2x. Orcroza: a) tg ¢ =1,
p=45%6)tg p=0,9=0%8) tg o=-1, ¢ = 135° (puc. 19).

; 622. Tlog KaKHMM yIIaMy CHHYCOHARL § = Sin X
‘ﬁﬂﬂh u y = sin 2x mepeceKkaioT och abCIEMCC B HAUATIE KO-
056  INX  oppmmar?

Puc. 15. 623. Ilox xakuM yruoM TaHrenconaa ¥ = tg x ne-
pecexaeT ock afcruce B Ha4Yage KOOpPAWHAT?

0,5
624. Tlox KaxuM yIoM KpUBasi y = e ' mepece-

|

KaeT upAMyH x = 27 )
625. HajiTi TOYKH, B KOTOPRIX KACATEALHEIE K KPHBOH

y = 3x" + 4x° - 12%% + 20

napanieabHsl ocH abcupcec.
626. B xaxoil Touke KacaTeipHada K Napaboine

y = X~ Tx+ 8

mapajiiesbHa MpAMoi bx +y — 3 = 07

627. Hajita ypaBueHUe napabosel i = x% + bx + ¢, Kacaromeics TIpa-
Mol x = y B Touke {1; 1), ) 5

628. OnpegesuTs yraosod Ko3QdHUIIMeHT KacaTeNbHOM K KPHBOHU
x3+y3 — xy — 7 =0 B rouke (1; 2).

629. B xaxkoi TouKe KpHBOH y2 — 2x° kacaTenHasn IIePIEeHIUKYNAPHA
upamoi 4x — 3y + 2 =07

630. HanycaTs ypaBEeHHe KacaTeJbHOH n HopMaau K napabone

y = Jx
B TouKe ¢ abcmumccoii x = 4.

Pemeunune. UmMeemy = ; 0TCI0AA Yrionol KoahdBUMEET RacaTenbHOH

X

B=lyl,.a= -1: . Tax Kak TOYKA KACAHHH MMeeT KOOpAMHATH ¥ =4, ¥ = 2, TO

ypaBHenHe KACATENLHOH eCTh i — 2 = %(x — 4), uan x — 4y + 4 = 0.

B cuiy yCcHAOBUA NeDNEeHAMKYIAPHOCTH YIQROH KO3aguhHIIMEeHT HOPMAJIH

k= 4,

OTKVAA YDABHEHMe HopManu y —2 = —4{x — 4), nmu 4dx + y - 18 = 0.

§ 4. T'eoMeTpHYeCKHMe 0 MEXAHHYECKHE OPHAMKEHHA IPOMSBOIHOI o7

631. HanuecaTs ypaBHeHHe KacaTelAbHOH M HOPMAJH K KpHBO

2
y = x® + 2x° — 4x — 3 B Touxe {—2; 5).
632. HaifiTy ypapHeHHe KacaTeNbHOH W HOPMAJIHM K KPHBOH

y=9%x-1

B Touke (1; 9).
633. CocTaBHTEL YpaBHEHUA KACATENBHOH U HOPMAJH K KPDHBBIM B YKA-
3aHHLIX TOUKAX:
a) y = tg 2x B HavaNe KOODAHHAT,
x-1

D) y = arcsin B TOUKE [lepeceyeHus ¢ ockio OX;

B) Iy = arccos 3X B TOUKE HepeceyeHns ¢ oceio OY;

r})y = in x B TOYKe NepecedeHus ¢ ocbr OX:
2

Dy=e B TOUKAX HepecevyeHuA ¢ upaAmMoil y = 1.

634. Hanucatk ypaBHeHHA KacaTeAbHOH H HopMasd B Touke (2; 2)
K KPWUBOH

x = 1+3t,
t
3

i
— + 2L,
YT T

b

n

635. HanmcaTe ypaBHEeHHA KacaTelIbHOH K KPUMBOI
x=tcost, y=tsint

B HavaJje KOOPEHMHAT H B TOYKe [ = g .

636. Hanncars ypaBHeHNS KacaTelbHON M HOPMAaJH K KPHBOIl
3 2
xX+y +2x-6=0
B TOUKe ¢ OPAMHATOH ¥ == 3.

637. Hanmcars ypaBHeHYe KacaTeJbHOI K KPHBOI x° + y5 —2xy =20
B Toyke (1; 1).

638, Hanucars ypaBHeHHA KacaTeJbHBIX M HOpManeil K KPHBO
Y={x ~ 1}x — 2}{x — 3) B TOYKaAX ee IEPeCEYELHHU C OCHLIO abCIpice.,

639. Hanucars ypaBHEHMA KacaTelbHON H HOpMANH K KPUBO

94 =dx* + 6xy B Toure (1; 2).

. ; 2

640%. IToxasaTk, YTO OTPE3OK KACATEALHOH K rumepioie xy = a’,
EERJIIUIIEHHHH MEH{,HY OCHEMH KOOpJJHHAT, JCTHTCHA B TOYKEe KACAHIA TI10-
Homan.

2/ 2/3

3 2/3
641, HokasaTs, uTo Yy ACTPOUALL X -+ Y ® = a OTPE30OK KACATEh-

HOHM, comepxcamuiica MemIy KOODAHHATHLIMHE OCAMH, UMEET MOCTORH-
HYI0 BenuukBEy, PABHYIO 4.
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642. IToxazark, YTO HOPMAJTH K Pa2BepTKe OKPYAKHOCTH

x=afcost + tsin¢), y = a (sin { — tcos t)

2 2 2
ABISIOTCH KACATENLHEIMH K OKPYXHOCTH X + Y =4a .

643. Haiiti yros, NIof KOTOPhIM IepeceKaloTes napabonst y = (x — 2}2

Hy=—4+6x—x2.

2 3
644. TIox KaKuM YIJIoM nepecekaroTcd napabonw y = x Uy = x 7

645. IlokasaTh, Y4T0 KPUBLIE § = 4x* + 2x -~ 8 u y = & - x4 10
KACAKTCA Apyr apyra B touke (3; 34). Bymer nm To Ke caMoe B TOUKe
(—2; 4)?

646. ITorasaTrs, uTo runepbOoIIb]

2 2 4 2
xy=a ux —y =b
lepeceKalnTcda o4 NPAMBIM VIVIOM.

2
647. llana napabona ¥y = 4x. Beruucauts ® Touxe (1; 2) AMHABL OT-
pPE3KOR KAacaTeJbHOH, HOPMAH, ONoAKACATENbHOH ¥ NOAHODMAIN,
w X u
648. HaiiTi mogracaTenbHyI0 KpuBoil y = 27 B moboi ee TﬂqRe

2
649. IToxasaTh, YTO ¥ PABHOCTOPOHHEH runepbonasl X — y —q NAMHA
OTpe3Ka HOpMAaJH B II000i TOUKe pagHa IONIAPHOMY panuycy 9TOH TOUKH.

2 2
650. [TokazaTe, YTO IMOAHOPMANL I'HHepOOABl X — y = g B Jobon
ee TOUKE paBHa abcuHcce 3TOH TOUKH.

p
X
651. [Tokasars, UTO HOAKACATE/IbHEIE /ITHIICA — + y_z = 1 o OKpYyX-
a b

2
HOCTH x+ y = a” B TOUKaX, MMEIOIHUX OAUHAKOBEIE a0CLICCHI, PABHBI
Mesxy coboil, Kaxoit ipueM nocTpOeHNA KacaTeabHOU K 3JIIHACY OTCIOAA

BbITEKAET?
652. HaiiTu AIMHLEI OTPE3KOB KACATeJLHOH, HOPMAIH, NOZKACATE -

Ol 1 MOAHOPMANH ¥ IMKJIOUAEI

Ix:a(t—sint),
{y=a{1—cc}st}

B IPOMBBONBHON TOUKe { = I,.

653. HaliTl yroa MexKay KacaTeanbHoH U NOAAPHEIM PAAHYCOM TOUKH

KacaHus v JoraprudMuUYecKoild CIIHpPaIH
k
r=ae "

654. HaiiTu yroa Mesy KACATEJIBHOU H ITONAPHBIM DaJHyCOM TOUKH

2 2
KACAHUA YV JIEMHUCKATH! I = a cos 2¢.

655, HaitTit fi L OTPE3KOB IOAAPHLIX KacaTeIsHOK, HOpMAaay, NoJA-
KacaTeILHON M MOZHOPMANH, d TAKIKE VIOl MEXIY KacaTeJbHOH # No-
NAPHBEIM PaJHyCcOM TOYKH KACaHHA y Cnupanu ApxuMeja

r=a
B TOUKE C IIOJAPHBIM yIVIOM (@ = 2.

§ 4. TeoMeTpuYecKue H MEXaHHUECKHE T PHAONKEHHNA TPOUSBONHOH oY

656. HaliTH AJMIMABI OTPE3KOE NONAPHBIX NOAKACATEILHOIL, MOAHOPD-
MAaJH, KAaCATENbHOH M HOPMAJIH, A TAKIKE YrOJ MeKAY KACaTeJbHOH u

MOMAPHBIM PATRYCOM ¥ THIIEPOONAYEcKOi COupany r = % g MTPOM3BOJb-
i

HOMH TOUKE Q = @y, F = r,.
657. 3AKOH JBUXKEeHUuA TOYKY 110 ocH OX ecTh
x =3t - ¢,
HaliTH CKOPOCTH ABMIMKEHHS TOYKH I MOMECHTOB BDEMCHH! t, =0, t,=1
u t, = 2 (X BHIPAXKAETCA B CAHTUMETPaX, ! — B CEKYH/aX).

658. I1o ocu OX ABMKYTCA ABE TOUKH, MMEIOIIIME 3AKOHEL ABIKEHHR
x =100 + 5t

1,2
x= -1,
2

rie t 2 0. C Kaxkol CKOPOCTRIO YAANSIOTCA 3TH TOYKHU APYT OT APYTa B
MOMEHT BCTPEYH (X BRIpAXKAETCA B CAHTHMETDAX, ¥ — B CEKYHAAX)?

659. KoHnpr otpeaka AB = 5 M CKOJIB3AT 110 NEPIEHAMKYIADHBIM TIDH-
MbIiM OX B OY (puc. 16). CxopocTh nepemeniennsa xouna A pasHa 2 M/c.
Kakosa CKOPOCTL nepeMellleHnsi KOHIA B B TOT MOMEHT, KOT4a KoHel| A
HAXOAMTCA OT HAYasaa KOODAMHAT Ha paccroanuu 04 = 3 m?

660*. 3axoH ABMKEHUSA MATEpUAJILHON TOYKHU, GPOILIEHHOH B BEepPTH-
KaabHON niockocTd XOY (puc. 17) moj yriaoM o K TOPH3OHTY ¢ HAYAb-
HOH CKOPOCTLIO vy Raerca GopMysami (0e3 yueTa CONPOTHUBICHUA BO3-

nyxa)

=vfcosa, g = Vot sin o — %t_,
FAe y — BpeMdA, £ — yCKopeHHe cBoboguoroe nafaenusa. Haiitu TpaexTo-

PHUIO IBHMEHUA U AANLHOCTE nojyieta. OnpefleiuTh TaKKe CKOPOCTh ABH-
HEHHUA ¥ ee HaOpagJeHUE.

661. Touka gBIKeTCH HO TUNepdoNe y = 10 TAK, 4TO ee afcuucea x
X

PacTeT paBHOMEPHO CO CKOPOCTRIO 1 eAvHMIa B cekyHAy. C KakoH cKopo-
CThI0 M3MEHAETCH €€ OPAUHATA, KOIIA TOYKA NPOXOAUT NoxoKeHHe (5; 2)7

Y ¥
!
B v,
5
o
ol 3 A X 0 A X
Pue. 186, Puc. 17,
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662. B raxoi TouKe napabossl y"3 = 18x opanHAaTA BO3IPACTAET BABOE
cKopee, yem abcimcca?

663. OnHa cTOpOoHA NPAMOYIOJLHUKA MMEET NOCTOAHHYIO BeJHUYUHY
a = 10 c™m, a Apyras b uaMeHseTcs, BO3PACTas C [FOCTOXHHON CKOPOCTLIO
4 cm/c. C KaKOH CKOPOCTHI0 PACTYT AMATOHANL NPAMOYIOJBHUKA K €To
ILJIOIAAL B TOT MOMeHT, Korpa b = 30 cm?

664. Panuyc mapa BO3PACTAET PABHOMEDHO CO CKOPOCTHIO D CM/C.
C xakKoil CKOPOCTHIO PACTYT IIOLAAL IOBEPXHOCTH Iapa K 00beM 1apa
B MOMEHT, KOTJa PaJUyc ero CTAHOBUTCHA PABHEIM 50 cm?

665. Touka ABMIKETCA 110 ApXMMENOBOH CIIHpANH

r=ag

(¢ = 10 cM) Tak, 4TO YIJIOEAA CKOPOCTE BPAIIEHNA €€ {IQJIADHOro paguyca
TIOCTOAHHA K pasHa 6 rpaxg/c. OnpefeaAnTh CKOPOCTh YATHHEHNA II0IAD-
HOTO paguyca r B MOMEHT, KOTJA r = 23 cM.

666. Heognoponubiit crepyxens AB umeer juuny 12 cMm, Macca ero
yacTy AM pacTeT NIPONOPHMOHANLHO KBAAPATY DACCTOAHMA TEKYILEH
roukn M oT KoHna A u pasHa 10 r mpu AM = 2 cm. Haiite Maccy Bcero
cTepyKHA AB ¥ muneliHy10o noTHOCTH B M1060ii ero rouxe M. Hemy pasHa
JUHeHAA TIJOTHOCTE CTepPHA B TouKax A 1 B?

§ 5, IIpousBOOHBIE BBICHIHX NOPATKOB

1°. OnpeJZeneHMe BHICMIMX T POK3BOAH X. [Ipoussoduei amo-
pozo nopadKa WM 8mopoii apou3sodnoi byuknuu y = f(x) Ha3bpIBaeTCA OPOMU3-
BOAHAA OT c¢ IIPOM3IBOJHOH, T. €.
i f
(¥').
{O6GoznauaeTcda BTODAA [IPOM3BOJHAA TAK!.
2
d
y’’, nru —% , w7 (x).
dx
2y
Ecum x = f(t) — 3aKoH UPAMOJHHEHHOr0 ABMKEHHA TOUKH, TO — BCTh yC-
dt
KOPEHUEe 3TOTO ABHAKEHNA,
Boobfie, npoussodnoit n-zo nopadka or hynruuu y = f(x} massiraioT 1po-
M3BOAHYIC OT TPOU3BoAHON mopaaxa (n — 1). Jing n-ii 1poUaBoOAHOK yuorpetud-
WTCA 00o3natennd

(n} d"y (#)
i, RJIH ,uau O (x).

dx"
IIpumep 1. Hailte npouseosuyw 2-ro Dopagxa OT QYHKI KM
y=In{l - x).
Pemeumne. y = ~1 ;y”=[-_—1—] = —1——
1-x 1-x [1—1}2

§ 5. IIpouzBoAiLie BRICINHX TOPSAKOHR 61

N

2, Popmyna Jedouruua EeorudyERouy u=0(x)xv=y(x)aMeior
HpOUSBOAHBIE A0 71-TO MOPAAKA BKIWYUTEALHO, TO AJIA BRIYHACACHHA n-H Opo-
M3BROAHOH MPOHM3BCACHHA 3THX (GyHKUWMH MOMKHO IOJBIORATHCA GOPMYROCIL
Jettfuya

{uu}m () (n-2y o, nn—1) (-2 .

=L 'P+ nu
1-2

3, IlpoH3BOAHLIE BRICIIMX OOPAAKOB P YHKIUMHA, 5aJaHHBLX
mgapaMeTpHYecKH. Bean

+ ...+ uum.

x = (i),
¥ =wlt),
, _ dy v dzy
TO IPOM3BOJEBIE Yy = ==, 4’ = s «». TIOCHENOBATENBHO MOTYT OhITh
dax *x dax®
BRIUHCIEHB] 00 OPMYIaM
£ y,’; r —_ LA (y;); e [ yx; );
yx_x_;'yxx_{yx}x_ x; ’yxrx:T’HT-ﬂ;-

Jna nporu3BOZHON 2-r0 OOPAAKE UMeeT MecTo GopMyia
’ o f¥ ’
y' = Xollye — Xy Wy

xx 3
(x1)

IMpumep 2. Haiitu "', ecan

X = a cost,
g =bsini.

Penrtegueo Hmeem

, (bsint),  p.cost b
= — == = —_cCcos8!
(a cosl), —a sint a
M
, b _1
(néctg t) =
o a | a Sln t — b
y - r - a - -
(a cost), —a sint a’sin’t

A. MPOU3BOAHBIE BRICHINX [IOPHIKOB ABHLIX ®YHKIIUNU

Haliru npomarogutie 2-ro nopAgKa oT CAAVIOMINX (GYEKIMIN;

671.y = In [.x + Ja%f’),

667.y = x° + 7x% - 5x + 4.

2
668.y = e .
669. y = sin” x.

670. y = In 3/1 + x°.

672. f(x) = (1 + x°) arctg x.
673. y = (arcsin x)z.

674.y =ach X,
i
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xZ+2x+2

675. IToxaszaTk, YTO PYHKIUA ¢ = >

r 2 L
peHnManLHOMy ypaBeeHuno 1 + y' " + 2yy”.

676. [loxkaszaTek, 4To PYHKOUA i = %xzex yaoBaersopsaer auddepeH- ]

nAANBHOMY ypaBHenuwo y’" — 2y° + y = e .

677. Tloxasars, uro dysknua y = Cye~ + Cze_zx npyu Mo6BIX T10CTO-
sHHEBIX C; ¥ C, YAOBJNETBOPAET YPABHEHHIO '+ 3y +2y =10,

678. Ilokazars, uTo QYHKIMA i = e’* sin 5x yIOBJIETBODAET ypaBHe-
a0 y' ' — 4y’ + 2%y = 0.

679. Haittu "', ecin y = = 5x% + Tx - 2.

680. Haitru £/"'(3), ecu f(x) = (2x - 3)°.

681. Haiitin yv or dyaruuu ¥ = In {1 + x).

682. Haiiru yVI oT PYHKIUU Yy = sin 2x.

683, ITokasaTh, UTO PYHKUHUA i = € = ¢0S X YA0oBIeTBOpsAer Aute-

peHIHAJEHOMY YPABHEHUIO yw + 4y = 0,
684. Haittu f(0), £(0), f7(0) u f7'(0), ecnn
f(x) = e sin x.
685. YpasHeHHe ABHKEHHA TOYKM 1o ocl OX ecTsb
x = 100 + 5¢ — 0,001,
) HaiiTi CKOPOCTD M YCKOPEHHE TOUKH A% MOMEHTOB BpeMeHM £, = 0,
t,=1;t,=10.

2 2 2
686. IIo okpvXkHOCTH X + Y = @ JBHMETCH |

Yi

N

Puc. 18,

rTouka M ¢ TOCTOSIHHOH YrIOBO# ckopocThio . Hait-
THA BaKOH ABMKEHUA ee NpoeKuuu M, HA OCh 00X,

ec)i B MoMeHT t = (0 ToUKA 3aHUMAaET MOJOMKEHHE
M (a, 0} (puc. 18). HaiiTid CKOpPOCTH M YCKOPEHUE |

IBHKeHHUSE TOUKH Ml.

B HAUAJHHBIA MOMEHT U B MOMEHT [DOXQAACHHIA |
HAYANa KOOPAHHAT?
KaKOBEI MAKCAMANLEEIE 3HAYEHHUA CKOPOCTH M YCKOPeHHA TouKuA M, ? |

n
687. HaiiTu npoM3BOAHYK n-To nopsaka or Gyakmuu y = (ax + by 1
{(n — HaTypanpHOE 4HCNo).
688. Hajiru n1pon3BoaHnie A-r0 MIOPAAKA 0T QYHKIUH]

_ 1 _ |
Ay =——; Oy=Jx.

yAoBIeTBOpAeT Zupde- |

YeMmy paBHBI CKOPOCT: M YCKOpeHHe TOUKH M, |

§ 5. Ilpor3BOAHEIE BRICHIN OOPASKOB 63

————

689. Haiity 71-10 IPOHIBOAHYIO OT (PYHKI[HNA:

: 1

= glNn X; = :
a)y B}y T
1+x

= ¢os 2x; ey = :

6) i )y -
—3r . 2

By =¢ )Y = sin’ x;

rjy = In (1 + x); g)y = In (ax + b).
690. Ilpumensns dopmyay Jleitbuuna, mairru 3™, ecam:

x l+x
ajy=xe; r)y = :
Y 7x
By = xfe Dy=x lnx.

BYy=1(1- xz) CoSs X}
691. Haiitu f“ﬂ([}], ecaH f(x) = In 1_1_ .

B. IPOU3BOJHEIE BRICIINX HOPANKORB OYHKITHHA, 3ATAHHLIX
TTAPAMETPHUECKH, 1 HEABHLIX &VHKLIUN

2
Haiitu d—g OT CAeRVIOUTEX PYHKIIHHA:
dx
x = in #
x=Int, x = arctg i X T arcsin g,
692, a 3 6 "2 B
){y=t; ) y=In(1+1¢t"); ){yzﬂh—tz.
xX=acost, x=a (f—sint),
693. a){y=asint; B) y=a (1l -cost);
6)4x=acns:t, P)*xZ{l{Sint—fCOSt),
y=asin" t; y=a{cost+1tsint),
x = cos 2f x=¢ "
694, a) ; L2, 6) < ai
Yy =sin ft; y=e .
x = arctg ¢, x=1Int,
695. a) .2 0) 1
=_r; = ——.
¥~ 3 T-¢
d2x x=¢'cost
696. Haitru —S ., eCHE { ¢ ’
dy y=esint.

. B 2
- x=In{l+1¢),
697, Hajitu d—% npu t = 0, ecnu 121{ )
dx y=t.
898. Toxasars, 4To ¥ KaK GYHKIHA OT X, ONPeAeAeMas YPaBHeHHAA-

: 1.2 1.2
- MH x=3gint,y=ae” + be 2 , IPH M0OBIX NOCTOAHHEIX & U b yAORB-

JeTeopser guddepeHINATLHOMY YPABHEHTIO

2
(1-xH3Y - xdv _ 5y

dx dx

R
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2

Hatitu y’'" = 51-—5; OT CHEAVIOUINX (HyHKILHIM
dx
-t —t
x=s5ect x=e cost, x=e ,
’ - 701, 3
699. y=tgt. 700'{y=e‘sint. =i,
- dny X = In t,
702. Haiitu , BCHH | _ m
dx“ ¥= t .

703. Buas GyHKIHD y = f(x), BAKTH OPOH3BOAHRIC x’’, x’"’ obpaTHOM |

bynxuum x = f _l(y).
704. Haiita y'’, ecnu X+ ‘r,.r2 = 1.

Pemen#e. HaocuopaEuy Dpasuia taddepennupoBanui CIOKHOH QPYHK- §

! ’ .
) X xy __y—-«x .
nuy umeem 2x + 2yy’ = 0; oTciona y=-=-uy’'= -—(—) = —-Lz_y .Hoacrasnaa
i Y/ s y
BMecTo y’ ero sHaUeHHe, OKOHYATEABHO NOAYINM
' _yzﬂf-;\‘:2 __1
¥ = 3 3°
14 Y

QnpeaenuTh IPOHIBOAHLIE y’’ or cresyromux QYHKIUH § = f(x), za- 4

AAHHLIX HEABHO:

705. y2 = 2px.
2 2
x ¥y =
706- E + E 1-

707.y = x + arctg y.

2 2

708. Vimes ypaBHeHHe y = X -+ ln y, Hal™H %—3’1 u
X

=
H

|

it
-

dy
709. Haitru y** 8 Touke (1; 1), ecnn
x2+5xy+y2—2x+y-—ﬁ=0.
710. Haitrx y*’ B Touke (0; 1), ecan
- xy + _1,!‘1 = ].
711. a) PyHxuus ¥ 3a7aHa HEABHO YPABHEHHEM

x2+2xy+y2—4x+2y-—2=0.
3
Hairtu d_.% B Touke (1; 1).
dx
a
6) Haitty ﬂ_!fa, eomm X0 + ¢t = a’
dx

§ 6. InddepeHnnani nepsoro ¢ BRICIIHX HOPAAKOB 65

§ 6. Inddepennuansl Nepeoro M BRICIIMX NOPIIKOB

1°. Ilupdepennunanonepsoro nopdaxa Jupdepenyuaion nep-
goze nopadwa Qyrryuu y = f(x) HasbIBaeTCS IIABHASA YACTh €6 NPUPALISHUA,
AuEeHHAS OTHOCHTEABHO IpHpameHnda Ax = dx HesaBMCHMOH HepeMeHHOH X.

HuddepeHnuan HyHKIWY paBed OPOM3BEIeHHIC ee TPON3BOAHOH Ha guddepen-
[Fa HE3ARHCHMOM NEeDeMEeHHOMH!:

dy = y'dx. v
Orcroaa N—9
y' = g—y- ;3‘
X M(x:y) oy i
Ecin MN — payra rpadura dyuruvu y = f(x) dx A
(prc. 19), MT — xacareapuaa B Toure M(x, y) u T
PQ = Ax = dx, 0 PoQ@ X
TO OPHPalleHHe OPANHATHI KACATeILHON Pne. 19.

AT =qdy
H 0TpesoKk AN = Ay,
IIpuwmep 1. Haiitu npupamenue u guddepernuan Gpyakquu y= 3x% - x.
Pemenune. 1-i cnoco6:
Ay = 3(x + Ax)* — (x + Ax) ~ 3x° + x

L5 9|

Ay = (6x — 1)Ax + 3(Ax)>.
CrenoBaTennHo,
dy = (6x ~ 1)Ax = (6x — 1)dx.
2-t enocobé:
v’ =6x —1; dy = y'dx = (6x - 1)dx.

Hpumep 2. Beruncanrs Ay u dy GyHKIuYM = 3x°—x npux=1uAx=0,01.
Pemenme Ay=(6x—1) Ax+3(Ax)’ = 5-0,01 + 3-(0,01)% = 0,0503 u
dy = (6x — 1)Ax = 5 - (0,01 = 0,0500,

2°.OcHoBHBle cROlcTBA RUddHepeHIHA OB
1)de = 0, rge ¢ = const.
2) dx = Ax, rge x — He3aBUCHMAS epeMEeHHAS.
3} d{cu) = edu.
4y d{u + v) = du + dv.
3} d(uv) = udv + vdu.

ﬁ)d(EJ_ _vdu—ude (o

2
v U

Tydf(u) = f(u)du.

]
Sesiun u YOpamuesna
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3°, IIpumenenue audpdepernnuana K Npu6TUMKEHHBIM |

REIYMCIeH 1AM, Ecri opupamieEne Ax apryMeHTa x [0 MOAYMI Mafo, TO ;

auddepernuan dy bysrouu ¥ = f(x) 1 IpHpanieHne Ay PYERIUYM OpHOIHIKEHHO |

PABHE MeXAY coloi: ]
Ay = dy,

f(x + Ax) — f(x) = f(x)Ax.

OTKYAA .
fx 4 Ax) = flx) + F(x)bx. )]

Mpumep 3. Hackonoko npuOAMIUTEABHO H3MEHHUTCH CTOPUHA KBAAPATA, }

2
ecJIM ILIOMIAAE ero yBeauduaacs or 9 1o 9,1 m ?
Pemeune Ecig x — oaellans KBaapara, ¥ — CTOpOHA ero, To

y=x.

[Io yeaoeump 3anaun, x = 9; Ax = 0,1.
[Tpupamense Ay CTOPOHBl KBAAPATa BRITHUCIAEM npuGIHKEHHO:

1
Ay =dy = y’Ax = — 0,1 = 0,016 m.
2.4/9

4°, TughepeEL ALl BRICIIKUX TODATKOB. Hugepenyuaron :

8mopozo nopAdKa HAILIBACTCA nudipeperiluan ot AudipepeHIKaNE GEePBOTO HO- i

PAAKA:
d’y = d(dy).

AHATOTHHHO OUPeAeNAIOTeH Cupdeperyuanst mpemvezo 4 T. [ JTOPALKOE.
Ecnm y = f(x) ¥ x — He3aBHCHMASR IePEeMeHHadA, TO

d%y = y"(dxy’,
d*y =y (dxy,

d"y = y"dx)".
Ecnw sxe y = f(u), rae u = @(x), T0
dzy = y”{du}z + y!dzu, day == y”!{du]a + 3y"’du . dzu _I_ yrdau

v T. A. (37eck niTpuxaMu 0003HAIEHO auhbepeHINPOBARKE 10 if.)

712. Hatitu npupaierye Ay u maddepesnuan dy GyHKIM y = 5x + x° ]

opy x = 2 u Ax = 0,001.
713. He BrIuMCIAA SIPOM3BOSHOH, HANTH

d(l - xE]

npux=1n£3x=—%.

714. Inomansk S KBaapaTa co CTOPOHOM, pPABHOIM X, BEIpaxaeTcH 110,

2 . . :
dopmyie 8§ = x°. Haiiru npupamesne 1 AuphepeHInaN TOH $yHEKOUH
H BBEIACHHTL 'eCMeTpHUECKOE sHAYeHMe II0CNIeSHERD.

§ 6. Muddepeunuantl pepBOre U BEICIINX NOPAIKOE 67

——

715. J1aTh reoMeTpHYECKYIO HHTEPOPETAL MO NphupauleHa B gucde-
peHIHMana CAeAyOIUX byHKIIMI:

2
a) 1JI0IIaAb Kpyra S = nx’; 6) obmeM KyDa v = xB.

716. Tlokasats, uTo npu Ax — O npupamenne GyHRHME § = 2°, co-
oTRETCTBYIOIIEe TTPHPANEHNIo ¥ HA BEJUUMHY AX, IIDM BCAKOM X SKBH-
pAEHTHO BBIpAsKenuio 2 Ax In 2.

717. Ilpu KaxoM 3HaveHuH x guddpepennuan GyHKOUY Y = xz HE BK-
BABAJICHTEH IIPUPAINEHNUI 370l QyHKIHKE npu Ax — 07

718. Umeer au GyHKNIUA Y =q)x| nadPepennuan npe x = (7

719. Iloaeaysace ODpousBogHOH, HauTH auddpepennman HyHKIHHA

T T
=¢osXOpU X = < U Ax = —_.
4 P 6 36
720. Haiita auddeperiinan HyVHKIIHK
v

Jx
npu ¥ = 9 u Ax =-0,0L,
721. Briuneants qudipeperumnan HyvHKITEA

Yy = tg x
i rh
OpH X = - UM Ax = —.
b 3 180
HaHTIi[ AudpepeHIUANE! CASAVIOLUINX (PYHRKIUH ANA IDOU3BOJIBHEIX
3HAYEHUH APryMeHTa U ero NPUpPALLEeHA:

1

722-9’:—,;1- 27. y=xlnx — x.
X

723.y = . 728.y = In L%
1-=% A e

724. y = arcsin ¥ .

il

729, r = ctg ¢ + cosec @.

725. y = arctg g. 730. s = arcctg e’.

726. y = e_xz )

E31. Haiitu dy, ecnnm X+ 2xy — y2 =a.

emreHd ue. [lonsaysack HHEAPHAHTHOCTEIO (hOPMEI ARbDe

: peHIHaa, Ioay-
M 2xdx + 2(ydx + xdy) — 2ydy = 0. Orcona Y

dy = XY g
X—y

Haiitn ,ﬁﬂqjdé:nepenu,naﬂh[ cIeVICIIUX QYHKIUH, 3a/JaHHBIX HEABHO:
732 (x + y)’(2x + y)° = 1.
X

33.y=e ¥,

734.1n Jx’+y® = arctg ¥ .
X
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735, Haitt dy B Touxe (1; 2), ecnu y3 -y = 6x°,
736. HaliTu npubnm:xennoe 3Hauesue sin 31°.

Penmiesue, HDJIEII‘B.H.I’=E.I'C30°=% Hax=arcl°=%,nadpupmyﬂm{l

(cm. 3°) nmeen sin 31° = sin 30° + “1‘731_0 cos 80° = 0,500 + 0,017 - g = 0,515

737. 3aMensA npupameHnde QYHKOEE Au(depeHnEanoM, IpubIn
MEeHHO BEIYHMCIHNTD: "

a) cos 61°; 6) tg 44°; B} eﬂ’z; r)lg 0,9; m)arctg 1,05. §

738. HackobK0 TPUOIH3UTENBHO YBEIUYNTCA O0BEM [1apa, eC/In ergy
paguyc R = 15 cM yanuduTes Ha 2 mm? k
739. BoipectTH NpHOIRKEEHYIO hopMyny (41a [Ax|, MATBIX N0 Cpas-i
HEHHIO C X) :

JirAx = Jx + B
2.Jx

H ¢ ee NOMOUILIO HAHTH NTPHONUIKEHHbIe 3HaYeHHA 1A JB s 175 JT70;0

4640 .

740. BeigecTH TIPUOAMKEHHYIO (hopMyay

3/ +Ax = 3/x + ‘;/iq
34 x

1 HaifTH TpubIKeHHble 3Havenus i V10, 470, %/200.
741. Haittin npubnmxeHHbIe 3HaYeHUSA QYHKIINM;

a)y=x3-—4xz+5x+3npnx= 1,03;
6) flx) = J1+x npu x = 0,2;

_ /1—2? _ :
B) f(x) = 3 175 npu x = 0,1;

2
ry=-¢e ° mpmx=1,05.
742. Haittu mpubanennoe sEadende tg 45°37207.
743. Hajitu npubamxenno arcsin 0,54.

744, Haiity npubamxenno 4/17 .,

745. [lokas3aTh, OCHOBHIBAACH Ha (popmyne 3akoHa Oma [ = %, Yy TO]

MaJIoe H3MEeHeHHe ToKa, 00yCHOBIeHHOe MAJIBIM H3MeHeHHeM CONPOTHB-
MeHHsa, MOMeT ORITh HalifeHo npudnumxeHno no Gopmyne

I
= - .
Al Z AR

§ 7. TeopemMsul o cpeHEM 69

—

746. IToxazaTk, YTO OTHOCHTEILHAA NOrPeHIHOCTE B 1% NpH onpexe-
jeHMH AJHHBI Painyca Biedyer 3a cofOH OTHOCHTENIBHYIO TIOTPEIIHOCTD
pubaIA3UTENEHO B 2% 1TpH BEIMMCIEHRH [JICLLAAN KpYyra U HOBEPXHOCTH

apa.
747. BEIYHCIUTE dzy, ecJy I} = COS HX.

PeuieHHe. dzy = y”{dx}2 = —-25cos 5x{dx}|2.

748. u = 41 _x’ , HATH d%u.

749. y = arccos x, HalTH dzy.
750. y = sin x In x, HaiTH dzy.

i

781. 2 ln_xux , HAUTH dzz.

- 2 —-X o 3
782, z=x"e , HaliTu d z.
4

X
Th3. z = 5
754. u = 3 sin (2x + 5), natitu d"u.

755. 4 = e " sin (x sin ), Haiita d' Y.

., 4
, HauTH 4 2.

§ 7. TeopeMm 0 cpegHeM

1°. Teopema Ponnxaa. Ecnu dyexkpua f(x) HenpepelBHA Ha OTpesKe
a < x < b, uMeeT DpoM3BOAEYIO f'{x) B KAXKA0H BHYTPEHHEH TOYKe 3TOrO OTPEIKA H

fla) = f(b),

TO DA apryMeHTa X CYIIEeCTEYeT 110 MeHBbOIEH MepPe OJHO 3HaYEHHE &, rge a < E_, < b,
TaK0e, YT

€ =0.
2°. Teopema Jlarpanuxa. Ecnu dyuxuua f(x) HenpepsiEHA Ha OTPE3-
Ke g x < by uMeeT NPOMIBOAHYIO B KAMACH BHYTPEHEEH TOYUKE 3TOr0 OTPE3KAa, TO
i) - fla) = (b - a)f'(5),
rae a < & < b,
3°. Teopema Komu Ecau dpyuxunu f(x) 1 F(X) HenpepuIBHBI HA 0Tpe3-

Kea < x<bnopu a < x < b 1 UMEIOT IPUKIBOAKLIE, He 0DpaANIAIOIIHECA B HYIhb
OnHOBpeMeHHO, Opuwuem F(b) # F(a), To

[5)-1@) _ [(®) :
Foy~Fla)  F(E) "0

: 3
7586. [Torasats, yTo dyHKUMA f(x) = x — x° Ha oTpeaxax ~1 S x < 0
¥ 0 < x < 1 yaoBreTBopdeT yeJAoBHAM Teopembl Posisn. HaliTn coorser-
- CTByIoluue 3uadeHud &.

. PP e nue DyYHKUHS f(x)ilenpepbIEHA N JHQPEPEHIUDYeMA NIA BCEX 3HE-
©HUH x; xpome Toro, f(—1) = f(0) = f(1) = 0. Chenoearensuo, Tecpema Porna
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npumennma ua orpeskax ~1 < x <0 u 0 < x < 1. lna naxoxperns uncaa k]

cocTaBasen ypaprenue: f'(x) = 1 — 3x° = 0. Orciona & g, = f &, = f npuuen |

-1 <§ <0,0<E, <1,

757. Dysrnus f(x) = N¥(x - 2)2 Ha KoHIlax orpeska [0, 4] npuruMaeT '

PA3HLEIE 3HAYEHHA:

7(0) = f(4) = ¥/4.

CnpaBennusa MU And 3Tol GyHKIUE TeopeMa Ponna va orpeske [0, 4]? 1

758, BLIOJHEHLL JIH YCIOBHA TeopeMbl Posnd aas QyHKIAK
flx) = tg x

Ha otpesxe [0, 7]?

759. ITycTs

f(x) = x(x + 1){(x + 2}x + 3).
IToxasatsh, 4TO YypaBHEeHME
fx}) =

UMeeT TPH AeHCTBUTENBHBIX KODHHA.

760. ¥YpapHeHUE

=1+ =z,

OueBHAHO, HMeeT KopeHpb X = 0. IToxazaTs, uTo 2TO YypaBHEHHE He MOKET j

UMETh JPYroro AeUCTBHTENBHOTO KODHA.

761. IIpoBepHTh BHIIOJHEHHE yCAOBMIL TeopeMul JlarpaHma Jid |

(PYHKIIHH

fle) = x — x°

Ha otpesxe [—2, 1] ¥ HAATH COOTBETCTBYIOIEE NPOMEKYTOTHOE 3HAYEHHE E. |

Pemesn ne. PyERKOua flx) =

NS Beex aHayeHHi x, npuueM f{x) =1 - 3x°. Orcioga o dopmyne JlarpaH:xa |
—2. CnepgoRaTennHo, |

umeem f(1) — f(-2) = 0 - 6 = [1 — (-2)]F(E), 1. e. f(E) =

2
1 - 88° = -2 u £ = *1; roautcs Tonsko 3Hadenue { = —1, axa xoropere cupa-
BeJJIMBO HepapeHcTBO —2 < & < 1.

762. IIpoBepUTEL BBIIOJHEHUE yCa0Buil TeopeMs! Jlarpanxa U HallTH ]
4/3 §

COOTEBETCTRYIOIIYIO [HPOMEMKYTOUHYIO TOUKY & Ans pyHKnuM f(x) = x
Ha orpeske [—1, 1].

2 L
763. llng orpeska napaGoanl ¥ = x°, 3AKTIOYEHHOr0 MEMXAY TOUKaMH |
A(1; 1)  B(3; 9), HaliTH TOYKY, KACATEABHAA B KOTODPOH mapanjelkHa )

xopae AB.
764. TTonesysacey Teopemoii Jlarpassxa, JoKa3aTb QOpMyny
sin {x + #) — sin x = h cos &,
rae x < £ < x + h.

765, a) IIna dbyaxiuii f(x) = ¥+ 2n F(x) = -1 NMPOBEPHUTE Bm-'

noJsHeHne ycaoBwii Teopemul Kourn Ha orpeske [1, 2] u nalith &;

6) To e aia f(x) = sin x m F(x) = cos X Ha OTPe3Ke [D, g]

x—x HEII]]E[JI:-IBH& H auddepeHIHpyeMa §

§ 8, dopmyna Teitnopa 71

§ 8. ®opmyna Teitnopa

Ecan $yHEKOUA f(X) HeIpepbIBHA ¥ MMeeT HelPepPbIBHbIE HPOUIBORHEIE A0
(n — 1)-r0 OPAAKA BKIIOUUTESJIBHO H& OTPE3Ke & Sy b(umub s x < a), apuyeM
p KAMKI0H BEYTDEHHEH TOYKE 3TOrO OTDESKA CYIMIECTBYET KOHEYHAA NPOHIBOAHAA

1(x), To Ha oTOM OTpesxe cupaseanusa popmyra Teiiropa

2 3
fx) = @) + (x ~ a)f'ta) + L2l 1) + B ey +

+ {x—a}”_lf{n - ”{a} " (x—a]“fm}{g)
(n—1) n! ”
rnef=a+0(x—-a)u0 <6 <1,
B wacrTHOoCTH, OpH @ = O umeeMm (Popruyra Mawnropena)

n—-1

fTU)+ X f““’kﬂ)+-§7f“kéh

f(x) = f(0) + xf(0) + 3 METES

roe & =0x, 0 <6 < 1.

766. Muorounen f(x) = - 2x°+8x+5 Pa3JIOMHUTE IO HEJbIM MO-
JOMUTENLHEIM CTEIIeHAM OHHOMA X ~ 2.

Pemenue. fix)= 3x° — 4x + 3; f(x} =6x — 4; F'(x) = 6; f(n}(x) = {
ona n = 4. Orcwhga

f2y=1L F@2)=T: F"(2) = 8, F"(2) =
CrnegosareJLHO,

(z-2)° g, (@-2)°

oot e B x+ 5 =11+ (x—-2) T+
o1 31

HI
2%+ 8x+5=11+ T(x - 2) + 4(x - 2¥° + (x — 2)°.
767. @yrruuo f(x) = ¢ pPaBIOKUTE Ne cTemeHAM 6uHOoMA X + 1 70

uleHna, cogepxxkaiero (x + 1)3.

Pemenwne. f(“]{x) = " gas Bcex n, f{”}{—lj -1 . CarepoBaTenkHO,
e

Er___l+{x+1)l +(x
e e

{x+1)
41 !

_l_

+1)21
21 e

(x+1)° 1
3! e
rae { = -1 +6(x+1),0<0 < 1.

768. Oyarguwo f(x) =
¢ (x ~ 1)

769, Oyuxumio f(x) = sin X PazNeXKUTh II0 CTENEHAM X A0 UJIeHa ¢ x°

In x pasJioMXHTbL IO CTENeHAM X — 1 10 4JieHa

5
M no ynena ¢ x .

x
770. Oyaxauo f(x) = ¢* pasnoXuTh 0 CTEIEHAM X JI0 HJIEHA C X
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771, Ilokaszark, 4To sin (a + k) oTnnuaercda or
sina + hcosa

2
He Bosee yeM HA %h .

7'72. BLIACHEUTL ApOoHCXOMxAeHne NpAOaMKeHHBIX GOopMyJI.

a) J1+x =1+%x—éx2, ] < 1,

6)31+x ~1+ %x“ %xz, x| < 1,

— H QIEHHTHh ¥X IMOTPEIIHOCTh.
773. OLleHHUTs TDOTPENTHOCTE POPMYJILL

~ 1 1 1
e~2+5+ﬁ+a.

774, Tayxenada HUTE 10], AelicTBHeM cOOCTBEHHOTQ Beca MPOBUCART IO

menHoM JuenA ¥y = g ch £ . ITokasars, uTo A%A Manslx |x| popMa HATH
a

NpuOIHMKeHHO BEIpakaeTcsa napaboioHn
2

y = 1 -I— x_ .
a
2
775%, Hokazatk, uto npu |x € @ ¢ TOTHOCTBIO A0 (-) HMEeT MeCTo
i
npubaKeHHOE PABEHCTEQ
x
a &+ x
e =
a-x

§ 9. IIpapuxo Jlonnraxa—DBepHynian
PACKPBITHA HeonpeaeNeHRoCTel

0 ’ 0 oo
1°. PackphriTHE HeonmpegeneHHOCTe# THOA 5 H E.Hyc'rbcm-

HO3HAUHBIE QYHKUKE f(x) 1 ¢(x) anddepennnpyems: opu 0 < lx — a} < h, opuuem
nporasofHaa ¢'(x) He ofpanjaercA B HYJb.
Ecnu f(x) 1 o(x) — obe GecxoneuHo Masnie nirn obe Beckoneuno Gonbluue

IPE X — 4, T. €. eCJ JacTHOe f-?—)} npeAcTaBRfAeT B TOYKe X = a4 HeOlpeAeNeH-
o(x

0 oo
HOCTE THOA — HIH po TG

fx) lim fx)

lim

xra@P{x)  r—a@(x)

IpM YCAOBMM, YTO NpPeAel OTHOLIEHHMSA NPOUIBOAHEIX cymiecTByeT (npasuio Jo-
numans—Bepryaau). lIpappic IppMEHUMO ¥ B CHAyMae, KOrjga @ = 0.

§ 9. Ipasunc Jonutana—Beprysan PACKPHITHA HeolpeleJeHHOCTe N 73

f{x)

r

Ecas 4acTHOe BHOBh KAeT HEONpeNefieHHOCTE B TOUKE X = @& CAHOTO M3

ABYX YIOMAHYTBIX THIIOE H f'{x) u @'(x) yrosnersopalT ecem TpeboBatuAM, pa-
Lee cHOPMYTHDOBAHHBIM [ f(x) 1 G(x), TO MOKHO TepedTH K OTHOIIEHHIO BTO-
pLIX MPOMBBOJHBIX H T. .

X
QAHAKO CHeAyeT MOMHHTE, YTO Hpedesl OTHOLIEHHA ix) E{ ]}" MOMKET CYIHgCTBO-
ol x
gaTh B TO BpeM#A, KAK OTHOINEHHA [IPOM3IBOAHLIX HE CTPEMATCA HH K KAKOMY npe-
neny (em. Ne 809),
2°, lpoywe HeonpeAeXeHHOCTH. /A pacCKpBITHA HeCupeReseH-
poeTeil Taiia 0 - 0© mpeofpasyeM cooTBeTcTBYIOIIee npouseepenune f {(x) - fz(x),

= ©0, B YACTHOE fl(lx] (THH g) HITH fz{lx}
fa(x) f1(x)

rge lim fi(x) = 0= }im fala)

r—u —r

(e ).

B cnyuae HeONpeJele¢HHOCTH THIA ©0 — OO0 chaedyeT NpeobpaszoBaTh COOTBET-

folx
cTBYIOLIYIO pasHocThb f,(x) — f,(x) B npouaBeaenne fl(x}]:1 - ;Exﬂ H PACKPHITE
1
cHava1a HeollpeseNeHHOCTh M e lim Fax) = 1, TO OpUBOAMM BEbIpaske-
f1(x) I—‘ﬂfﬂx]
HHEe K BHAY
fa{x)
RE o
I (o)
fj_(x)

oe 0 0
Heonpegeaersoctu tunok 1 , 07, 90 pacKpBIBAIOT ¢ TMOMOILbLI) OpeABADH-
TEJALHOTO JOrapH(MHUDOBAHHA M HAXMKACHMH IIpelena Jjaorapudma creneHH

[jf'l(.:":‘}]mJlrj (uTo moTpebyeT PACKDBITUA HeonpeAeseRHocTH Tha (- o),

B meroToprix cayyaax npaednao JlondranAa—DBeprynand nosesno KoMOGuHu-
POBAThL ¢ HAXOMK/EHHEM [TPEJENOB 3ME€MEHTAPHBIMH CPEACTBAMY.
Hpuwmep 1. Beruncaure

. Inx o
lim HEONDeAeIeHHOCTD THOA — | .
z—0ctg x 0O

Pewenue. lpumenan npasuac Jlonurani-—bBepHyJaIny, uMeemM

) .2
Inx _ . (Inx) _ iy D ox
r—octgx x—o0(ctg x) i+0 X

' 0
Nonyunnu neonpeeneHHOCT THIA 5’ oAHaKO MpuMeHaTs Hpasuno Jlonurana—

Bepnynnu mer magobrocTH, TaK Kak

.2 .
. 511 X s 11X .

lim = lim 2% .ginx=1-0=0.
x—=0 X x—0 X
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TakuMm obpazoM, OKOHUATENEHO HAXOAHM

lim 4P% —p.
x-0Cctg x

Mpumep 2. BrlymcauTe

. 1 1
lim — 3 (HeonpeAeTeHHOCTE THOA 90 — ©0),
r—0lgin"x x

Penren # e, [Ipusena apobu k obmieMy 3HAMEHATENIO, HOAYYHHM

2 .

: 1 1 . —-sin"x 0
lim —=| = lim 2220 * | yeonpeaenennocTs THOA = | .
0| a2 a0 2 . 2 0

x sin“x  x x“sin"x

[Ipexzae yem IpUMEHETHh npapuno Jlonurana—BepHynaM, saMeHHM SHAMe- |

HaTeNb TocaeaHell gApobH SxBHBaNeHTHOH eMy OeckoHewHo Manoi (riu. I, §4)
2 . 2 3
x'sin” x ~ x". Iloayuum

.2
1 1 1 . —sin“x 0
lim v | = iim T3 % [ zeonpeneseHHOCTL THIA — | .
x sin“x x x x

Ho npasuny Jlonurana—DBepayany,

1 1) _ lim 2X78In2x _ o, 2—2(:0:.21:‘
P70 4y x=0 19y

lim
r=0igin"x x

Hance, 3/eMEHTAPHBIM NYTeM HaXOZHM

. 2
lim 12 I lim 1—003217 = Lim 2sin"x _
x—=0isin"x x =0 By =0 gx

T =

I[Ippmep 3. BeuucianTh
3

2 [}
lim (cos2x)” (meonpenmeasensocTs Thma 1 ).
x—0
JHorapudmupya n nprMesas mpasuno Jonutans—BepHyaru, noaydaum
3

_5 . 3Incos2x tg 2x

lim In{cos2x)" = lim - = —6lim = —6.
x—0 10 x xr—0 2%
3
: e 8
Cnepgoparentro, lim (cos2x)” =e .
x— 10
HaiiTu yxasaHuble npejensl QyHKINAN:
x° - 2x2—x+ 2
776. lim .
r—=1  x"-Tx+6
xB—sz—x+2 . 3x2m4x—1 1
Pemeunune lm 3 = lim 5 =§.
r—1 " _Tx+6 x+1  3x°~T

§ 9. [Tparuno Jlonurana—BepHynny pacKPEITUA HeolpeAeTeH HOCTel

76

IRt xcosx—sinx_ 782 lim ig x _
777 ;t.‘l:'[:’nﬂ xa _m tg bx
tT3
778. lim ——% . 783. lim % .
x—=1 l—sinﬁzf T ox
779. lim h*-1 784, lim 1%
tr—0 l—rcosx x-ro 3fy
T
780. lim ‘EX_sinx 785. lim % .
r 0 X —s51nx r— 0 cth
781. lim S¢C. ¥-2tgx 786. lim nisinmx)
.2 l+cosdx ¥x—0 Insinx
4

787. lim (1 — cos x) ctig x.

x—10

Pemenue, lim (1 - cosx)etg x = lim (1 -cosx)cosx _

x—0 £-+0 sinx
) — ) . 21in
= lim I—_EE{ . lim cos x = lim 22X .1 =0,
r—0 Ssinx x—0 x—0 COSX
788. lim (1 — x)tg ¥, 791. lim =xsin 2.
r—1 2 X oroo X

789, lim arcsin x ctg x. 792. lim x"sin ¢, n > 0,

x—0 x — oo X
790. lim (x"e¢ "), n > 0. 793. lim lnxIn(x - 1).
r—0 x—1
: x 1
794. lim [—————]
r—1 \x=1 Inx
P : x _i) o xlnx—x+1 _
euenme. lim (F5- ) - hm ZOE
x*-1-+1nx-1 . 1 |
= lim x1 = lim “T = lim x1=§.
*Tllnx+2(x-1) " llnx-—-+1 x_'l—+—2
x x X .
795. lim |-lo- % | 797. lim (S5 F).
x—3\%¥-3 x*_,_§ _m \ctgx 2cosx
796, lim 1: 1 - L }
x=1 12(1-Jx) 3(1-%x)
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798. lim x .
x— 0
Pemenne. Umeem x* = y; Iny = x ln x; limﬂ Iny= limuxlnx= 1:11’11{I Inx _3
x— x— T
y x
= lim £ =0, orkyaa lim y =1, r.e. lim x" =1,
i~o 1 =0 =0
2
g i 1
799. lim x*. 804. lim x'~
X — txa x-+1
3 tg%
800. lim x'"™*. 805. lim (tg n—xj .
-0 x—1 4
801. lim x*"* 806. lim (ctg x)™".
x—90 x+0
: 0 + 1yte =
802. lim (1-x) . 807. lim |- .
x—1 x 0 AX
1
803. lim (1 +x3)". 808. lim (ctg x)*"".
x-20 x—0

809. Hoxasatk, uT0 Opelenn:

z . 1
x"sin=- .
. x . x—sinx
a) lim : = {0; 6) lim — =— -~ =1
r—-0 sinx x—oc X+sinx
— He MOTVT DBITH HaiifieHb! mo nupasuay Jlonuransa—DbBepayaan. Hadtn
9TH IIPEAeJbl HEeNOCPeICTBEHHO,

810%. IloxasaTs, YyTe ILIOHIANL KPVIOBOTO Cer-

MEHTA C MAJIBIM IEHTPAJBHBIM YIVIOM O, UMEIOIIErQ
xopny AB = b u crpenky CD = k (puc. 20), npubdau-
XKeHHO paBHa

S = Zbh

ool b

¢ThiQ OpHu ¢ — 0.

C0O CKOJIb YIOAHO MANOH OTHOCHTEIBHOHN IOI'DELHO- |

I'napa III

9KCTPEMYMBI @YHKIIUN 1 TEOMETPUYECKHUE
NPUJIOKEHUSA IIPOU3BOIHOU

§ 1. IxcTpemymMal PYHKUHEH OJHOI'O APryMeHTa

1°. Boapacranse u yOomBadue pyuHKULNHE DyHRUHA ¥ = flx)
HaspiBaeTCA so3pacmarnuiel (yivieanweil) Ha HEKOTOPOM HHTEpBane (OTpe3Ke),
ecid ANA MOBBIX TOYEK X, ¥ X,, OPUHAANEKAIIUX AAHHOMY WHTEpBALy (OT-

pea3Ky), H3 HEDABEHCTBA x, < X, cleayeT HepasencTso f(x,} < flx,) (puc. 21, a)
(f(x,) = fx,) (puec. 21, 6)). Ecan pyHroua f{x) HemrpepEIBHA Ha OTpedke [d, b]
nf{x)>0({(x)<0)opu g < x < b, 70 f(x) BO3pacraer (yOBIBaAET) HA OTPE3KE

[a, &].
gl
Yi = . Y
y=f(x) y~F(x) N
f(x;) i
e 10 i) -
o x X X ol X X; X ol 1 X
a) B}
Puc. 21, Puc. 22.

B npocrefimux cayduafax obiacTs CYLIECTROBAHMA QYHEINM f(X) MOMHO pas-
OUTh Ha KOHEYHOe THCI0 DPOMEKYTKOR BO3PACTAHHA ¥ YObIRAKNE hyHKIMNK (1pO-
MEM YMKU MOROMOHHOCMUI), DTH NPOMEKYTKH OTPaHHYeHbl KPHTHYECKHMH TO-
Kamu x (rge f(x) = 0 uam xe f(x) He cyllecTBYeT).

IIpumep 1. HecnegoraTs Ha BO3PACTAHME M yORIBaAHHE DYHRUKIO

y=x2—2x+5.

Penmenue Haxonum OpoHSEOAHYIO
y'=2x - 2= 2(x - 1) (1)

Oreiona g =0npu x = 1. Ha yKucAOROH OCH IMOoAyYaeM ABA HPOMEXYTKA MOHO-

- TOHHOCTH: {(—o¢, 1) 1 (1, +oc), Ha dopmyast (1) umeem: 1) ecan —o© < x < 1, To

gy <0 H, CIeAORATeNbHO, (byHKIKA f(x) yORIBAeT B TpoMeXyTKe (—o0, 1); 2) ecoru
1<y +00, ro y’ > 0 U, cneAoRATEALHC, PYHKIRA f(x) BOBPACTAET B IPOMEAKYTKE
(1, +00) (pue. 22).
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IIprmep 2. OnpeselHTs: OPOMEHRYTKH BO3PACTAHHA H yOrIBAHNA PYHKIIHH |

_ 1
Y X+ 2
Pemenne 3iecs ¥ = —2 — TOUKA paspsiBa QPYHKLIMH, § = —-—1—2 <
(x+2) ;

opy x # —2. Cnejorarensuo, PyHKIMA ¥ yObIBAGT B MPOMEKYTKAX —0C < X < -2

H—2 < x < +00,
IIpumep 3. Hceaeposars ma sozpacTanie M yOniBaHHe QYIKIHIO

Lol
¥~ 5 37
Pemenue 3FECh :
y = x -k (2)

4 2 . . _ 0 N
Pemup yparseHue ¥ —x = 0, EaujgeM TOUKH X, = ~1,x, =1, x5 = 1, B KOTOPBIX
npousBoguas y ofpaiaerca B Hy/b. Tak Kax y’ MOMKET H3MEHATL 3HAK TOMBLKO

IpY Hepexofe Yepes TOYKH, B KOTODHIX OHa ofpainaeTcs B Hy/Jb WX TEPIUT paa-

pbIE HEOPEPHIBHOCTY (B JAHHOM CcIy4ae TOUKH paspbpiBa 1A Y’ OTCYTCTBYIOT), TO |
B KaKAOM M3 naTEepBanos (—oo, —1), (-1, 0}, (0, 1) u (1, +°°) npou3BOHAA CO- |
XpAHAET TOCTOAHHBIH BHAK, IOITOMY B KKJAOM K8 3THX HHTECPBANOB HCCAEAYe- 1
MasA PYHKINA MOHOTOHHA. UT06b! BEHIACHUTh, B KAKHX 13 YKA3AHHBIX HHTERBAIO0B |

(YHEKIMA BOJPACTaeT, a B KAKHX — yObIBaeT, Hy:HO y3HaTh, KAKOB 31aK IPO-
H3BOAHON B KAM/OM M3 2THX uHTepBance. Jna Toro 4tTe6bl BHIACHMTE, KAKOB
3Hak y B MHTEepBase (—°0, —1), JoCTATOUHO y3HATh 3HAK ¢’ B KAKOU-uuDY AL OAHOM
TOYKE ITOTO MITEPBANA, B3AB, HATIpEMeD, x = —2, nofyuum u3 (2) y' = 12 > 0,
caefoBaTeNLHo, ¢ > O B unrepeane (—°, —1) 1 GyHKIHA B 370M HHTEPBATE BO3-

pacTaeT. Anajormuno Haiigem, ure y’ < 0 B uHTepBanc (-1, 0} [;r,.rm NPOBERKH |

MOJKHO, HAIIDHMED, B3ATH X = —% ) , 4’ < 0 B uureprane (0, 1) (SﬂECL MOJKHO

UCITONB30BATE X = % j 1y > 08 wmurepsane (1, +00).

TaxuM o0paszom, HecaenyeMan (PYHKIHA BO3PACTAET B TPOMENYTKE {(—=0, —1),
yopiaeT & npomeskyrKe (—1, 1} ¥ ONATE BO3PACTaeT B IPOMEKYTHE (1, +o2).

© 2°. DrcTrpemMyMbL @yuHKIEN Ecru cymecTByeT Takaa JIBYCTODOR-

HAA OKPeCTHOCTE TOYKH X,, WTO [JIA BCHKOU TOUKH X # X, ITOH ORPECTHOCTH

Y
y=f(x) \

fx)  xmx

uMeeT MecTo nepabeHcTBo f(x} > f(xg), 10 ToUKa X, HA-

3BIBAETCA MOYKOI MuHuMyMa QYHKIMHE ¥ = f(x), a 4kCI0
flxy) — munumymon GyHKUMM Y = f(x). Auanoru4yyo, ec-

; BHIIONIHAETCA HEPABEHCTEO f(x) < f(x,), To x, Ha-

O Xo x X
Puc. 23.

MM AAA BCAKCH TOUKH X # X, HEKOTOPOH OKPECTHOCTH TOY-

apIBaeTCA MOUKOL MakcuMyma QyHELHY f(x), 8 f(x,) —

flx) Mmaxcumymorn GyHxIHH (puc. 23). Touka MUEBMYMa NITH]
MaKCHMYMa (PYUKLUKH HAZLIBACTCHA €€ MOUKOd 3IKcmpe:
MyMO, 8 MUHHMYM MJH MAKCUMYM QYHKIHHE — 3KCmpe-
mymom hywrnupn. Ecaun x, — TOYK2 OKCTpeMyMa DYHK-;

§ 1. IxcTpeMyMEl QYHKIMHE OJHOTO apryMeHTa 79

s

man f{x) TO F(xg) = 0 (cmayuonapras moxia) UIH Ke f'(x;) Be cymecTByert

(1e00X0AMMOE YCIOBHE CYLIIECTBOBAHWA 3KCTpPeMyMa). Ob6patHoe npeancxKeHne
e BEPHO: TOYKH, B KOTOPBIX f(x) = 0 unn :xe f'(x) ue cyuiecTsyer (Kpumuveckie
moukit), He 00A3aTeABHO ABRNAKTCH TOUYKAMH 3JKcTpeMyMma GQVHKIHH [(x).
HocTaTOYHEE IDHSHAKK CYMECTROBAHUA U OTCYTCTBUA SKCTPEMYMa HelPepLIB-
gofl HyHRIHEYU f(x) paroTcs CAeAYIOLIMMY ITPABHMIAME:

1. Ecn¥ cymiecTBYeT TaKkas OKPeCTHOCTD (x, — O, x, + 0) KpUTHIECKOH TOH-

anu,q’ruf’(x}}0npuxu—S{x{xﬂn,f’{x}{Onpnxn{x<x0+6,m
X, — TOYKA MAKCHMyMa bysxnun f(x); ecnu ke f(x) <0mpn x, - d<x <x
u f(x)> 0 opun Xo < X < x,+ 3, TO X, — TOYKa MuauMyma ynrnum f(x).

Ecnay, HAKOHeI, HAHAETCH TAKOe IOJOMHUTENbHOE YHUCA0 8, uTo f'{x) coxpa-
HAeT HEH3MeHHbIH 3HakK apu (0 < i:r - xﬂ| <2 3, TO TOYKA X, HE ABIABTCA TOUKOH

srcTpemMyMa GyHEIHHN f(x).
2. Bean f'(xg) = 0m f(x;) < 0, To x; — Touxa mMakcuMyMa @yxuum f(x);
ecnu ['(xy) = 01 /7(x,) > 0, T0 X, — TOuKa MHEMMyYMa GYHKIMHM f(x); eCaH xKe
flxy) =0, f(x;) =0, af"(xy) # 0, To ToUKa He ABNAETCA TOUKOM BKCTPEMYMa
dyERIEYR f{x).
B 6onee obmieM BHAe: IVCTH NEPBaA H3 He PAaBHBEIX HYJI B TOYKE X Upon3-
R0JAHEIX GyHKUMH f(x) umeer nopaaoxk k. Torma ecag A — YeTHOe, TO TOYKA X

0

0
ABIACTCH TOYKOH BKCTDEMYMA, A HMEHHO TOUKOH MaKCHMYMa, eciH f {h}{xnj < (),

" (%)}
¥ TOYKOH MUHHMYMA, e¢caud f {:rﬂ] > 0. KEcny e B — HedeTHOe, TO TOUKS X
He ARJIAETCHA TOUKOH DKCTPEMYMA.

0

Ilpumep 4. HaliTu sKeTPeMyMEl GYHKOHK

y=2x + 8%x".
Pemienne. Haxogum nmporssoadyo

y -2+ 2 - 2 3fx + 1. 3) ]

IlpupaBuuBas npousBoHYIO ¥ HYMIG, MOIYYIAEM
Puc. 24.

3/fx +1=0.

Orcoga maxonum CTALHOHADHYIO TOURY X, = —1. 13 dopmyrel (3) mmeeM: ecan
X =-1~-h, rge h — nwboe AOCTATOUHO MAJOE NOJOEHMTENALHOE YHCNO, TO ¥ > 0]
e x=~-1+ A, TOo Y < 0", CrepoBarensio, x; = —1 ecTh TOYKA MaKCHMYMa
$ymxnuw y, nprvem y, = L.

Ilpupaerueasg HYJIO 3HAMeHaTeNb BhPAMKernna ¥’ ua (3), nmonryuaem

3x =0

OTCI0Aa HAXONUM KPUTHYECKYIO TOUKY QYHKIHU x, = 0, rae npousROAHAA ¥ He
¢

yiiecreyer. Ilpu x = —h, ouesuno, uMeeM ¥’ < 0; npu x = h umeem gy~ > 0,
—_

T
)
b Ecan onpepesenue 3Haka uponsBogHoH ¢ 3ATPYAHHTCIBHO, TO MOKHO MPOHIBECTH
HPMETHYECK Ui pACYET, B3AB B Ka4ecTBe A Z0CTATOMHO MAJOE TOJIOMUTEIHHOE THEIO.

1 Sl
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Cnegorarensso, x, = 0 ecTs Touka MHHMMYyMa& GYHKUMM y, HpAIEM Y, .
{puc. 24). HcenenoBanne moBegeHuA QYHKUHHN B TOUKe X, = —1 MOMKHO Take
NPOBECTH ¢ MOMOINBK BTOPOM NPOH3ROAHOH
g = - 2 _
3x3/x
3axece y** < 0 mpu x, = -1 u, crefoBaTenbHo, X, = —1 ECTH TOYKA MAKCHMYMA
GYHKIIHH.

3°. Haumenrmee # HaHOONLOIEE 3HAYEHH A. Hammensuee |
{naufoneniee) 3HadeHMe HETPePbIBHON QYVHKIUH f(x) Ha ZaHHOM oTpeske [a, b] |
AOCTUTAETCHA HJIN B KPHTHUYECKMX TodKaX (DYHKIMY, WY Ha KOHIax orpeska [a, b]. |
Ilpnmep 5. Hairri Haumesdsbiree 1 nanbosblllee 35a4e- |

¥ HAA QYEKONH

!

Hgh-—— y=x3-3x+ 3

Ha OTpe3Ke -l% LXK 2%.

Pemeunwue Takxk Kax
y = 3x° - 3,

TG KPHTHYeCKHMMHE TOMKAMH [l]}THRU,HH I ABJIHAKYTCAH Il =-1mu

YyeEHA PYHEKIIMH HA KOHUAX 3aJaHHOIC OTPE3Ka

y1) = 5 9D = 1 y(-13] = 45 o[25) = 113,

3aKTIOYAeM (pHC. 23), 4TO HAaUMeHbINnes 3HAYeHue QVHKIIHY
m = 1 mocTuraercAa B TO4Ke ¥ = 1 (B ToUKe MHHEMYMA), 4

HauboabIiee M =11 % JOCTHIAeTCA B TOUKE X = 2% (Ha IpaBoOM KOHIE OTPe3Ka).
OnpeaeanTs NPpOMeXKYTKY yOLIRAHUSA H BO3PACTAHEA (DYHKIIWH;
: 819, y = ‘g - 8/x.

8ll.y=1-4x — x".
812.y = (x — 2)2. 820. y = x + sin x.
821.y = xIln x.

813.y = (x + 4)°.
814. y = x*(x — 3). 822. y = arcsin (1 + x).

- X _ x'—4x
815. y - 823. y = 2e .
1
816.y = -1 . 824, y = 2777,
(x~1)
817. y = x 825.y = & .
x:_6x-186 Y73

= Q]

x, = 1. CpaBHMBAA BHAYCHHA PYHKIHH B ITHX TOUKAX H 3HA- |

§ 1. OrerpeMyMbl QYHKIME O4HOIO apryMeHTa 81

—

HecIedoBaTh HA SKCTPEMYM CIEAVIOIHNE (PYHKLIMHA
826.y = x° + 4x + 6,

PemeHue. Haxoaum nporspofuy0 gansoi pyaxiun ¢’ = 2x + 4. Ilpn-
paBHAR ¥’ HyOio, TOAYYAEM KPUTHYEeCKOe 3HaueHHe apryMenTa X = —2. Tak Kak
y <0opux<-2m y' > 0 npu x > -2, ro x = —2 ABAAETCH TOUKOI MHHHMYyMAa

nepHOA QYHRIMY, nprdeM ¥, . = 2. ToT xKe pesybTAT MBI IGAYIHUM, HCOOIbIYH

spaK BETOPOH NpPOM3BOAHON B KPUTHUECKOM Touke: y' ' = 2 > 0.

827.y=2+x—-x2.
828.y=x3—3x2+3x+2.
829.y = 2x° + 3x° - 12x + 5.

Peuledne. HaxoguM DpoM3BOAHYID
y' = 6x° + 6x — 12 = 6(x° + x — 2).

[TpupaBHUBAA IPOMIBOAHYIO ¥’ HYIIO, OJIYYaeM KPHTHYECKHE TOUKHM X, = —2
u X, = 1. 14 onpeaesesus XapaxKTepa SKCTPEMyMa BbIYHCIAEM BTOPYIO IpO-
y3BoAHYIO §*' = 6(2x + 1). Tak kak y''(~2) < 0, To x; = —2 ecTb TOUKA MAKCHMYMA
= 25. Anaaoruuno umeem y’'(1) > 0; mosromMy X, = 1

= —2.

(OYHKIWH §, ODHYEM ¥

€CTh TOUKA MMHEMYMA QIYHKUUMN ¥ H ¥ _.

830. y — x’(x - 12)". 840.y = 2 cos % + 3 cos §.

3

831. y = x(x - 1)(x — 2)°. 841.y = x — In(l + x).

832.y= X, 842. y = xIn x.

2
833. y =X —2x+2 843.y = x In® x.

834.y = X 2B X) 844, y = ch x.
X
835.y= 1% . 845, x = xe".
x(4-x7)
836.y~ —1 | 846.y — x’e "
+8
837.y = = 847.y==e?.

x_._

[t ]
'\N}
.

838. y = 3(x?-1)°.

839. y = 2sin 2x + sin 4x.

848, y = x — arctg x.
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OlpeaeanTs HANMEHBIIHE M HaHOONLITHE 3HAUCHUA QYHKIMH HA YKa-
3aHHLIX OTpe3KaXx (ecJiH OTpe30K He YKAa3aH, TO CAefyeT OIpeReHTh Ha-
MMeHblIee M HaHbONbIlee 3HAYCHMA (DYHKI[HM BO BCel 00/IacTH cyILLIECT-
BOBaHUA):

849.y = 7,

a
1+x

830.y = Jx(10-x).

851.y = sin® x + cos” x.
852. y = arccos x.

853.y = x° Ha orpeske [~1, 3].

854. y = 2x° + 3% — 12x + 1;

a) Ha orpesxe [-1, 5];
6) ma orpeske [—10, 12].

855. IlokazaTe, YTO NPHU TOJOKHATEIbHBIX 3HAYEHHAKX X HMEET MECTO
HEPABEHCTRO

x+1;2.
X

856. Onopegenurs Ko3hPHIHEHTH. P U ¢ KBaAPATHOrC TPEXYA€HA

2
y=x"+ px + q Tar, 4To0bl TOT TPEX4NeH MMeJ MUHUMYM § — 3 HpH
x = 1. O0BACHUTE HOJYYEeHHBIH Pe3y/IbTaT reOMETPHIECCKH.

857. JlokazarTes HepABEHCTBO

e">1+ x opm x # 0.
Peuren e, PaccMorpum HyHEIMIOD
flxy =€ — (1 + x).

OOBIMEBIM IpHEMOM HAXO0JAHM, YTO 2Td DYHKIHA UMeeT e IVHCTRCHHEIH MUHUMYM
fl) = 0, CneposaTenbro,

f(x) > f{0) npu x # 0,

e’ > 1+ x opu x # 0,
uYTO ¥ Tpeb0BAJIOCE AOKA3ATh.

JoKazaTh HepaBeHCTBA:

3
858.;\:—% < ginx < x opu x > 0,

2
8569.cos x> 1 - ‘% npu x 2 0.

2
860.x—£2_ <In{l + x) < x opua x > 0.

861. JanHoe TONOXHUTENLHOS YUCIIO 4 PARJOXKATE HA ABA CJAATAEMEIX
TAK, YTODRI X TMPOR3BeAeHHe OLLI0 HAMDONMLILHM.

862, Kycoxk npoBosoKH JaHHOR AAWHE! { COTHYTE B BUJle IPAMOYTOIb- -

HHAKa TaK, UYTODL! NIOLAAEL TTocneNHero Obljia HANOOJBIIIEH.

§ 1. JucrpeMyMEl DYHHLHY OXHOMO ADTYMEHTA 83

e

863. Karoii M3 IIpAMOYIOALHEIX TPEVIOJBEHHKOB ¢ 3aJaHHBIM NEpH-
MeTpoM 2p MMeeT HAKOOJBLIIYIO IIOIAAKL?

864. TpebyeTcs yCTPOMTE NPAMOYTONLHYIO IIIOINAAKY TAK, UTOOBI C
rTpeX CTOPOH OHa GbLZIA OrOpOXKEeHa NPOBOJOYHOH CETKOH, a 4YeTBepTOHn
cTOPOHOH NPHMEIKAJIA K AMTHHHOM KaMeHHOH cTeHe. Kakosa HauBuIToA-
Heliada (B CMBICHe IIIONIaxK) hopMa IIIOHIAAKH, eClIlH UMeeTcA | IOToH-
HEIX METPOB CETKH?

865. 13 kepagparHOro amcra KapTroHa ¢o CTOPOHOH a4 Tpebyercs cie-
J1aTh OTKPBITYID IIRPAMOVIOIBHYI0O KOPOOKY HAaUDQIBINEHd BMEeCTHMOCTH,
BLIPE3AB [10 YIJIaM KBaapaTsl ¥ 3arHVYB BbBICTYHBI HOJYYHBIISHCA Kpec-
rooOpasHoi QHUTIyphI. :

866. OTKpLITHIH XeCcTHEHOH DAK ¢ KBRAJAPATHRIM OCHOBaHHEM IZOJIKEH
sMelnaTh V nurpor. llpn kakux pasmepax Ha H3rOoTOBJMIeHHEe 6aKa IOTpe-
ObyeTCcs HAWMMEHBIIEEe KOJIHWYECTBO KEeCTH ?

867. Kaxoit u3 IUNIUHAPOB € JaHHBIM 0OHEMOM MMeeT HANMEeHBIITY)
TOJNHYIO HOBEPXHOCTHE?

868. B maHubBIA miap BOHCATh KOHVC ¢ HAMOONBIIEM 00BeMOM.

869. B ganHbBIM IIap BOHCATh NHAMHADP ¢ Hambosibineil BOKOBOH 1o-
BePXHOCTBIO.

870. B gaHHEIA mIap BOHACATL KOHYC ¢ HAUOOHRBIIUM 00BEEMOM.

871. B naudbli ap BIOMCATE IPAMOH KPYI'OBOH KOHYC ¢ Hanboaple
OOKOBOM TTOBEPXHOCThLIO.

872. OKoR0 JaHHOTO IHJIHHAPA OIMCATD HPAMON KOHYC HAMMEHBIIIETO
o0peMa (IIJIOCKOCTH M IEHTPEI UX KPYrOBBIX OCHOBAHHMH COBHIAJAIOT ).

873. Karoi 13 KOHYCOR, OIIMCAHHEIX OKOJQ NAaHHOTQ IIAPA, HMeeT Ha-
UMeHbLIINH 0O ReM?

874, ITosoca ecT LWIMPHHOH @ AOJIMKHA OBITH CO- 0-
FHYTA B BHAE OTKPLITOI0 UMJIMHAPHYECKOro xenoba \Eﬁ)
(puc. 26). Kakos goymxed OblTb LEHTPAJBHBIH VIOJ P, ol \\\
YToOLI BMEeCTHMOCTE Kesoba Onizia Haubosnsimeir? AW’H

875. U3 Kpyrnoro nHcTa BhIpe3aTh TAKOH CEKTOD, a
4T00BI, CBEPHYB €rQ, NOJYYHTh BOPOHKY HAUOOIBIIEH
BEMECTHMOCTH,

876. OTKpBITEII COCYL COCTOMT M3 LMAMHIAPA, 3aKaHUMBAIOIIErOCH
CHH3y noaycdepoil; TOMIHEA CTEHOK TTocToSTHHEA. KaKOBHI JOMXKHEI OLITE
PagMepsl cocyaa, YTOORI MPH JaHHOH BMECTHMMOCTH HA HEro OOULIO MH-
HHMyM mMaTepuana?

877. OnpeaenuTs HaUMEHbBIIYIO BhicoTy A = OB nBe-
P BepTuranbHoH Oaminu ABCD, uTobnl uepes 3Ty
ABEDL B DALUHIO MOMHO OBIJIO BHECTHU MECTKHH CTep-
Heus MN pnuse! [, KoHell KoToporo M CKOJIB3UT BAOIE
FopuzonTanpHoii npamoid AB. Illnprua Samwnm d < 1
(puc. 27).

878. Ha =xoopAuEAaTHOH IUIOCKOCTH JaHa TOYKA
Mﬂ{xﬂ, Y,)» examasn B nepsoit uersepru. Ilposecru Puc. 27.

Pue. 26.

D
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Hepes 37y TCHKY IPAMYIO TaK, 4TOObI TPEYTroNBHUK, 00pasoBaHHLIN €10
C IMOMOMAHTENABHLIMH IIOJYOCAMH KOOPAHHAT, HMeJ HAMMEeHBINYIO ILIO-
aab.

879. B pausbIil 50/8IIC BIMCATD IPAMOYTOJbHAK HauOoMbIIeil ImIo-
IaAN CO CTOPOHAMU, NAPANIENLHEIMHA OCAM 3J1JIAICA.

2 . .
880. B cerment mapabosns: y° = Zpx, oTcexaeMblii nmpsaMoi x = 2a,
BIIMCATh NPAMOYTOJIEHUK HAaUGOJbIIEH IIONTaku.

881. Ha xpusoii y =

5 HalTH TOUKY, B KOTOPOH KacaTenbHAA CO-
1+x

CTaBAAET ¢ OChbio OX HambONBIIMK IO MOAVII YTOII.

882, I'onny Hy»xHO n06paThcs n3 OYHKTA A, HAXOAALIEr0CA HA OLHOM
Gepery pexu, B nyHKT B, naxopaimuiica Ha Apyrosm. 3HAS, 9TO CKOPOCTE
ABHXEeHHA Ha bepery B k pa3 Gonbllle CKOPOCTH ABMMEHHA MO BOJAE, OI-
PEAENTNTE, NOX KAKHUM YIJZIOM POHeIl JOJKeH Iepecedn PEeKy AJNH TOro,
ITOOB! JOCTHYL NYHKTa B B KpaTuaiimmee ppems. IHIupuna pexu — h,
paccTosiHue MexAy NyHKTaMu A u B (Baons Gepera) — d. CropocThIO
TeYeHHS DeKH npeHelpeun.

883. Ha npsamosmHeiinoMm orpeske AB = a, coeMHEAIOMEM B HC-
TOUHHKA cBeTa A {MHTEHCHMEHOCTE {,) 1 B (MHTEeHCHBHOCTD 1,), naiith
TOUKY M, ocremaemyio crnabee Bcero (OCBEHIEHHOCTh OGPATHO npenop-
IHOHAJIEHA KBAJAPATY PACCTOAHUA OT MCTOUYHHKS CBETA).

884. Jlamna BMCHT HaJ LIEHTPOM KPYTJIOTO cToNa pagnyca r. [pu ka-
KOH BBICOTE JIAMIILI HAJ CTOJIOM OCBEIEHHOCTDL IIPeJIMETA, JIEMKAIEro Ha
Kpalo crosa, GyAer Haunyumana? (OCBeleHHOCTE NPAMO IPOIOPLHOHATE-
Ha KOCHMHYCY YIia NajeHus JydeHd cBera W o0paTHO IIPONOPIIMOHANBHA
KBa/I[PATY PACCTOMHHMA OT UCTOTHHKA CBETA.)

885. Us kpyrnoro Gpesna guameTpa d TpefyeTca BhIpesaTh GAIKY ps-
MOYTOJILHOTQ CedeHUs. KaKoBbI FOJIKHEL GBITH IUMPHUHA X M BEICOTA
9TOTC ceueHUsd, YToOkl Hanka OKABZLIBANA HAMGOJbINee CONPOTHBIEHUE!
a) HA cyKaTue, 6) Ha Harnb?

[Ipumeyaunue. ConpoTHBIeHUe BaaxKy Ha CIKATHE IPONOPLIHOHEATLEHO
ILTOWIAAH €€ NONePeYHOr0 CeYe A, 4 Ha H3THD — NMPOH3BeJPHUID TN DHHEI 3TOTO
CeUCHNA HE KBAIPAT €' BEICOTHI.

P 886. OznopoarsIii crep:kens AB, KOTODPBI MOMKeT
~! BpaljareCa OKono Touxku A (puc. 28), Hecer rpys
'8 Macckl M Ha PAacCTOSHHM @ OT TOYKH A M yAep;KuBa-

eTCA B PABHOBECHH BEPTHKAABHOM cunodl P, npunro-

XEHHOH K CRODOZHOMY KoHuy B crepixusn. Iloronuas

ILIOTHOCTL CTeP:KHA ¢. ONpeaeauTs ANVHY CTEPKHA X

TaK, 4TOOL! cuna P ObLTa HAMMeHEbIlel, 1 HaiTh P ..

887*. [lenTps! Tpex ynpyrax mapos A, B, C pacnonosKeHsl HA OfHOH
upsamoi. Hlap A macesr M co ckopocTsio v yaapdAeT B wap B, KOTOPBIH,
IIoay4asa H3BeCTHYIO CKOPOCTE, yaapsaeT B miap C maccel m. Kaxosa gonn-
Ha ObiTh Macca mapa B, urobnl ekopocTs mapa € okazanack HauGosbeir?

§ 2. Hanpasnenue soruyrocte. Toukn nepernda B85

s

888. Umea N OZUHAKORBIX 3EKTPHYECKUX 3JHEMEHTOB, Mbl MOMXEM
paajmqublmn cnocofaMHM COCTAaBUTE U3 HrX DaTapelo, CoOeTUHAA 10 N BJie-

N
MeHTOE HOCNEAOBATCHABHG, 4 34TEM INOAVYEHHLIE TPYIINLL (HHCJIOM -I; -_—

napanieiabHo. Tok, naBaeMbiil TakoH DaTapeeii, onpeaengerca hopMyaoii

7= Nn#&
— =
NR+n'r

rie & — 3JeKTPOABHKYINAA CHAA OFHOIO 3JIEMEHTA, I — €TI0 BEYTpeHHee
collpoTHBIIEeHNe, [ — BHelllHee COOPOTHBIECHUE,
OnpefeJHTh, IPH KAKOM 3HAYEHHH 1 Oarapes nacT HAMOOABIUUHE TOK.
889. OnpesenuTs, IPH KAKOM AMaMeTpe ¥ KPYIJIOr0 OTBEPCTHA B IIQ-
THHE CeKYHIHLIH pacxo] BoAnl § Oyaer umers HaunboJbliiee 3HAYEHUE,

ectd Q = cyJh—y, rae b — rayOGUHA HH3LWIEH TOYKMU OoTBepcTHA {h o
IMIHPHUYECKHUH KO3POUIHEHT ¢ HOCTOSHHEI).

880. Ecna x,, x,, ..., X — pes3y/npTaTHl PABHOTOUHLIX U3MEPEHUH Be-
JIMYHMHBL X, TO €€ HAHBEPOATHEHIINM 3HAUYEHUEM ABIAETCH TO, NPH KO-
TOPOM CYMMAa KBAJPATOB HOTPEITHOCTE

n
g = z (x — xi}z
i=1

UMeeT HAUMEHbIIee 3HAYCHNE (RPpuRUUn HOUMeNbLWUX Keadpamos).
HoKazaTk, YTO HAUMBEPOATHEUIITEE 3HAUEHHE BeJIMYMHLL X CTh CpefjHee
ApHPMeTHUECKOe Pe3yJIbTATOB H3MEepPeH .

§ 2. Hanparaenne soruyroctn. Toukd nmeperuéa

1°. BoreyrocTs rpahura GyHKIUK [OBOPAT, 4TO rpadHK ZHP-
(epenmupyeMoil QpyHrumu y = f(x) sozuym sxuz Ha uurepsaie {a, b) (Bozrym
6eepx Ha MHTepBaNe (@, b)), ecau mpr a < x < b Ayra KPMBOH PACOOTOMEHA HIME

(HJIH COOTBETCTBERHEO NPH @, <x < b, — BbllIe) KacaTeIbHOU, TPOBEICHHEOMH B 1000
ToKe uHTepBana (¢, b) (wium wuurepsana {a,b,))

{puc. 29). locTaTOYHHIM VCAOBHEM BOPHYTOCTH BHUI Yi
(BBepx) rpaduka y = f(x) ABIAeTCH BLICIHEHHE HA
COOTBETCTEYIOIIEM WHTEPBAJC HEPABCHCTEA

Frixy <0 (f7(x) = 0).

BmecTo Toro 4To6bI CKA3ATE, UTO TRAMMK BOUHYT
BEHG, roBOPAT TAKKe, Y'TO OH HAOPABACH SBINYKIO-

CMbl)  8gepx. AHANOIHYHO TrpaPME, BOCHVTBIH 0
BBCDX, HA3BIBAKT TAK/KE HANIDABICHHBIM 8biILYKAC-
CMblo GHUS. Puc, 29,

R
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2°. Tourkn neperu6a. Touxa (x,, f(x,)), B KOTOPOIl M3MeHsALTCHA HANPAB-

JIeHIe BOTHYTOCTH Tpaduka PVHKLIHAH, HasbIBAETCH Mmoukoll nepezuba (puc. 29).
Has aGcuncer Toukn neperuba x, rpagura QPyHErunu y = f(x) sropad mpo-

usrogHaA f''(x,) = 0 mwru f”(x,) ne cymecrsyer. Touxu, B ROTOPBIX f(x) =0
wiK f'{x,} He cymlecTByeT, HASBIBAIOTCA KPUMUYECKUMU MOLEAMU 2-z0 podua.
Kputuueckas Touka 2-ro poja X, ABNACTCA abcruccoli Toukd neperuba, ecau
f’'(x) coxpaHseT OOCTOAHHEIE 3HAKM B MHTEPBATAX X, ~ O < x < x, ¥ X, < x <
< x4, + 8, rie § — HeKOTOpPOE MONOMKUTENBHOE THCJIC, IPUYEM TH 3HAKU TIPO-

TUBOIOJOMHEI, 1 He ABAAETCA TOUKON neperuba, ecau suaxd (X)) B ykazaumHbIX
BBIIIE MHTEDEATAX COAMEAKOBBIL.

IIpumep 1. OupegeauTs HHTEDBAAEL BOTHYTOCTH K BRIIIYKJOCTH, a TAKME
TouKK neperuda wpueoii Iaycca

y=e
Pemeuune Hmeem

H
! —_—

y' = —2xe "

2

y” = (4x° - 2)e™" .

IlpHpaRHEAE RTCPYI0 IPCH3BOAHYIO " HY/IIO, HAXOAUM KPHTHYECKHEe TOUKH 2-T0 poaa:
1 1

X, = —— H~I2==———.

o2 /2

OTH TOYKH Pa3dMBAIOT UYHCIOBYIG OCh —00 < x <l +60
Ha Tpu METepBana: 1(—00, x ), Il (x, x,) u I {x,, +99),
Buaxu y” cooreeTcTBeHHO OyAyT +, —, + (B 3TOM MOMXKHO
vheqnThLCA, BA%B, HANPUMED, IO OJHOH TOUKE B KaK-

AOM H3 VKASAHHbBIX UHTEPBAMOB H OOACTABHE COOTRET-
cTBVIOUMIME 3Hauenua x B ). Hoaromy: 1) KpuBas Bor-

X IIYTaBBEpXHpH—DU{I{—L u.}._ < x < +00;

Ja o Je

1 1
2) ROTHYTA BHH3 OPH —— < X < ——,
NE 2

TourH

1.1)_ Touku neperuda (puc. 30).

—=
J2 e
3aMeTHM, YTO BRHAY CHMMETDPHH OTHocHTeasHO ocu OY kpupoi 'aycca mc-
clefoBAHME 3IHAKA BOTHYTOCTH 2TOH KPHBOH JZOCTATOYHO OBLIO OPUCH3BOAMTL
JINOIL HA monyocu O < x < +00,

ITpumep 2. Haiite roury nmepernda rpadprra QyHKIHHE

t

y=3x+2.

a
Y= —%{x+2) =

Pemeune Hmeem

~2

93\«'(1:+2]5.

Quepnzuo, ¥y’ B Iyab nurae He obpartaeTcH.

(1)

P R — T AR PO

§ 3. ACHMIITOTH a7

—

IIprpaRHuBaAA HYJHO 3llaMeBaTeNb Kpo0H B MIPAROH HACTH y
paseHcTBa (1}, monyyaem, 4To ¥’ He cyillecTByeT npu x = —2.
Tag Kax ¢ > 0npux < 2wy’ < 0 npu x > -2, To (-2, 0)
ecTh TOYKA neperuda (puc. 31). Kacarearuaa B 3Toll TOUKe
napajijiellbEa OCH OPAHHAT, TAK KaK NEPBAA NPOM3BOAHAS
y’ npu ¥ = —2 GeckoHeuHa.

Haliti MHTepBaabl BOTHYTOCTH H TOYKH neperuba
rpadHKoB QyHKIHI:

891.y — x° - 6x° + 12x + 4. 896. y = cos x.
892. y=(x + . 897.y = x — sin x,
_ 1 R
893. y o 898.y = x" In x.
3
894, y = zx_ 899, y = arctg x — x.
x +12

895.y = ¥4x° - 12x. 900. y = (1 + x’)e”.

§ 3. ACMMIOTOTEI

1°. Onpenenenue. Ecnu rouxa (X, ¥) HENDEPEIBHO HepeMeIHaeTcA IO
KPHBOH i = f(x) Tar, 4T0 X0TA GBI OMHA M3 KOODJAWHAT TOUKM CTDEMHTCH K Oec- i
KOHEUHOCTH, K I[P 3TOM DPACCTOAHHE TOYKH OT HCKOTODPON IIPAMOH CcTpeMHTCA :
¥ HYIK, TO 274 DPAMAA HASBIBARTCHA ACUMILIMOMOI KPHROH, ;

2°. BepTHKAALHBIC ACHMITOTEL. EcaM CYINECTBYET "HCIO @& Ta-
Koe, uTo

lim flx} = oo,

TO IpAMAT X = @ ABJIAECTCA aCHMITOTOH (BepMUKQAAbHAA AcCUMIMOma).
3°. Hak/7oHHEHe Aacu MO TOTEL. Eciy cyLeCcTEYIOT IDEARIE

im )

X — oo X 1

lim [f(x) — &x] = b,
r— b=
TO NpAMan ¥ = k,x + b, Oyder acuMuTorolt (npaeas HAKAOHIEA WIH, B cIyUYae
k., = 0, npasas zopusoumaivHas acumMnmoma).
Ecnu cymecrsyior npeaenn

im (9 — g
r—-—oc X

2

lim  [f(x) - kyx] = by,

r o -
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TO 1pAMaA ¥ = k,x + b, — acHMOTOTA (€648 HAKAGHHAR WM, B CIyYae k, =0,

Resas 20puioHmanvnan acumnmoma). Tpabur dynknmm y = f(x) (pyurong
npeANonaraeTca OfHOZHAYHON) He MOMET HMeTh Hosee OAHOH TPaBol (HaxJoH-
HOM MM FOPH3OHTaNBHOH) M O0Jiee OfHOI NeBOK (HAKNOHHONH HIH rOPY3OHTAN -
HOH) AaCHMIITOTHI,

HpumMep 1, HailTy acH¥MOTOTEl KPUBOH

x2
y=—-——2 .
x -1

Pemesn e JIpMpaBHHBaf 3HaMeHATE]b HYJIIO, HOAYYaeM ABE BePTHKANL-
HBIE ACHMMIITOTHI:

x=-1ux=1.

Hitem HagnoHuble acuMoTorsl. IIpr x — +00 nonyuaem:

2
k.= lim ¢ = lim —%__ =1,
1 [w a] — ]
x—+ x ¥ —~+ xlﬂxE_l
Z 2
b= lim (y-x)= lim X=XV -1 g
r *+™ x — toe xﬂ_l

CAEAOBATENBHO, TIPABOM ACMMOTOTOH ABMAETCA IpAMad y = X. AHAJNQrHYHO OPH
X — —09 jMeeM

LE k,= lim ¥ =-1,
4 3 x - X
A |
: \ b,= lim (y+x)=0.
S\ N {1‘ £ —

* 7 Tarns 00pazoM, TeBad ACHMIITOTA €CTh i = —x (puc. 32).
: N - Ucenegosadie Ha ACHMITOTHI JAHHOH KPUBOH YIPOIa-
Lo ! X eres, eC)H YYeCThE CHMMETPHIO BTOf KPHBOL.
Puc, 32,

IIpumep 2. HaltTe acuMITOTEl KPUBOH
y=ux+Inax.

Pemenne Tar kax

lim y= —co,
r—+0
To npaAmana x = () ABAAETCA BePTHKANLHOI acuMmnrorol (HuxHeil). Hecrepyem
KPUBYIO TOJABKO HA HAKJAOHHYIC IPABYI0 aCMMNTOTY (Tak Xak x > ),
Hmeem:

k= lim =1,

x40 X

b= lim In x = oo,

x — 4o

(y — x)= 1lim

E A

ChaeloBaTelbHO, HAKJIOHHOH ACMMIITOTHl HET. 1
Ecnn kpuBaf 3ajaHa NapaMETPHUECKHMH YDABHEHHAME x = Q(f); y = W(th
TO CIIEPBA MCCACAYIOT, HET AW TAKMX 3HaueHHH mapameTpa {, OpH KOTOPHIX OAHA ¢

i aiiim e e —

o bl - s

§ 4. ITocTpoenne rpadKoR GYHKIMN N0 XAPAKTEPELIM TOUKAM 8O

—

p3 GYERIRE @) v y(t) ofpamaerca B 0eCKOHEYHOCTE, A ADYrad ocTaeTca Ko-

geuHoi. I1py @(i,) = o0, a y(#;) = ¢ KPUBAA EMEET rOPHIOHTANLHYH &CHMIITOTY

y = ¢. IIpr y(i ) = o0, a (t,) = ¢ KpuBas MMeeT BEPTHKAIBHYI0 ACHMIITOTY X = C.
Ecmu @{f,} = v(t,) = °© 1 npuToM

tr iy {p{t]
TO KpHBaH HMEeeT HE‘IKJIUEHFID ACHMIITOTY I} = kx +- b
Ecnn kpuRad aafana NoAAPHEIM ypasHeBHeM 7= f{{), TO MOXKHO HAHTH ee ACHMII-

TOTHI N0 NPEeABIAVUIEMY NpaBHIIyY, npeofpasoBaR YPABHEHHEe KPHBOH K IapaMeTDH-
4YeCKOMY BHAY @O0 QopMydaMm X = rcos ¢ = f(0) cos ¢; ¥y = rsin @ = f{¢) sin ¢.

}LH: [w(f) — ke(t)] = b,

HaliTy acHMMIITOTEI KPpHELIX!:
2
1

901. y = : 908. y =x -2+ = _,
(x - 2)° Jx¥ 49
902. y =~ % 909,y — e + 2.
x"—-4x+3
2 1
903.y = X . 910. y =
-4 1-¢°
3 i
904.y = . 911,y =",
x +9
905. y = Jx’—1. 912.y=$.
906. y = = __, 913. y = In (1 + x).
x2+3
2
907.y=x2—+1. Q4. x =t; y=t+ 2arctg ¢,
x -1

915. Hality acMMITOTY THIepGOANYECKO CIUpAIN r =

SR

§ 4. HocTpoenue rpahukoB PYHKIUHNA (0 XAPAKTEPHBIM TOUKAM

IIpu nocrpoenmy rpaduxs OyHKUHM cileJyeT TPe:Kie Beero HalTH 06IacTh
Onpepesienya 910 QYHKUWH ¥ BRIACHHTL [MOBeJeHHe QyHKIIHH HA IpaHUIlE ee
o6nactu onpeaeneHuA. [JOME3HO TAKNKE NPEABAPHTEIEHO OTMETHTE HEKOTOpLIe
OcofeHHOCTH (DYHRIMU (€CAM OHM HMMEIOTCA), KAK-TO! CHMMETDHHA, NEPHOIHY-

HOCTE, NOCTOAHCTRO 3HAKA, MOHOTOHHOCTE M T. I,

Hanee, Hy»HO HANTH TOUKH PA3PEIBA, TOYKHU IKCTPeMyMa DVHKLMH, TOUKH
leperuba, acHMOTOTEI H T. 7. HalineHHble 371eMeHTEl IO3BOJIAIT BLIACHUThE 06-

vk xapakrep rpahuka MYHKINHE ¥ DONYVYHTL MATEMATHIECKH NpPABUIBHEIHA 3¢-
KH3 ero,
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MIpumep 1. [TlocTpours rpadhur PyHKIHUHR
x

- .
x® -1
Pemenue. a) DyHKINHA CVILECTBYET BCHIY, KpoMe Todex x = L1,

DYHKIHA — HedeTHad, OO0ITOMY TPabdUK OYHKUHH CHMMETDHYEH OTHOCH-
TenesHo Touku O{0; 0). D1o obcToRTeILCTBG YIPOLIAET HOCTPOCHHE rpaduKa.

6) TOUKAMH paspbiBa ABAKIOTCA TOUKE X = —1 K x = 1, mpuuen  lim g =
x—~ 1402

y:

=400 lim
xr— -I+w
KalbHBIMHY ACHMITOTAME rpadHKa.
B) HimeM naxJoHHBIe aCHMTTOTHL. MMeeMm
o= lim ¥ =0,

i r— |low X

y = Foo, ciegoBaTensio, TpAMBIe X = 1 ABTAKOTCA BEDPTH-

b, = lim y=o°,
x — poo
c/IeOBATENLHO, IPARCH HAKAOHHOH acumirTorhl HeT. Ha cuMmerpuu rpadguxa
CJAeJAVET, UTO JICBAA HAKJORHAA ACHMITOT& TAKME OTCYTCTBYET.
r) HaxoguM KpuTHYeCKHe TOUKH 1-ro M 2-10 pona, T.e. TOYKH, B KOTOPBIX
obpalfaeTca B Hynb BNY HE CYUIECTBYET I1€PBAA HIH COOTBETCTBEHHO BTOPAA MpOo-

H3BOAHEA FAEHOH MYVHKILHA.

Hmeem
2
y = =8 . (1)
33/x® 1)
2
Yy - 2x(9—x7) (2)

Qihxz—l)T.

Hpouzeogesle ¥' ¥y HE CYL[ECTBYIOT TONBKO NIpH X = L1, T, €. TOJMBKO B TEX
TOUKAX, TAe He CYILeCTRYET M caMa MVIKLUNA I, TO3TOMY KPUTHYECKUME TOYKAMM
OyayT JAMHIE TE TOUKH, Tie § uau ' obpamacrea B HVIL.

Kz (1) 1 (2) cremyer:

y' = 0mpe x =+ ./3;
y”' =Qupu x=0mux = *£3,

Taxum ofpazoM, i’ coxpaHsacT MOCTOAHHEIN 3HAK B KaM/JOM H3 MHTEDBAIOB

(~o0, ~f3), (=48, 1), (-1, 1), (1, JB3)Ym (3, 4+), a gy’ — B KAKAOM H3
nHTepBamos (—20, —38), (-3, —1), (-1, 0), (0, 1), (1, 3) u (3, +o°).

Mns Toro yToGH BHIACHHUThL, KAKOBLI MMEHHO SHAKH ¥ (MJIH COOTRETCTBEHHC Y)
B KaX/IOM U3 YKA3AHHEIX WHTEPRANOB, JOCTATOUHO ONPe/eNHTE 3HaK i (Maa y”’)
B RAROU-HMOyabL OFHOH TOYKe KAMKAOTO U3 DTHX MHTEPBAJOB.

PesvabTarsl TAKOT0 HecnefoBanusd yaocbGuo ¢eecty B Tabnuny (raba. 1), Bni-
YHCIUB TAKKe OPAMHATEI XapaKTepHbIX Touer rpadrKa PYHKIHK. 3aMeTHM, YTO
BEMAY HEUETHOCTH (YHKIHH Yy BuIUHCICHHE AOCTATOYHO NPUBECTH JIHIIL IPH
x =2 0; 7JeBafg NONOBYHA rpadika BOCCTANABIHWEBAGTCA TO NIPHHOKUUY HeveTHOH

CHMMETDITH.

§ 4. [Iserpoenue rpadikos HYHRIINA 00 XAPDAKTEDHABIM TOUKAM 91

Tatnuma I

x 0 (0, 1) 1 [, J3)B=1,73](/3,3)| 3 (3, +c0)
Yy 0 - oo + +E =1,37 + 1,5 4
32
¥’ - - HE CYIL,. - 0 + 4 +
g 0 — HE CYIH, + + + 0 -
Brigone:| Touka | PyEronsg | Teuxa Pyuxuua| Toura Oymmua  {Touwa | Pyaxums
nepernfa | yOblgaeT; |paapoBa | yOLIBAeT; | MITHHMYMA | BOSDACTAST; | Mepernta | BOIPACTaeT;
rpadaK rpahBElK I'pady BOT- TpaduK BOT-
BOTHYT BOTHYT HVT BBE[X HYT BHU3
BHH2 BBEDX
) ITonbayacs pe3yILTATAMH HcCIeORAHHSA, {IRL S
cTpoMM TpaduK GyHKIMK (puc. 33). | j
: o !
| iF |
! TN
B3 o\ VE 3 X
0|\
| 1
| 1
| ]
| 1
IIpumep 2. Hoecrpouts rpadhur Gyarmum Prc. 33.
_ Inx
—~

Peuniesn ue. a)00nacTs cylijecTRORAHUA GyvHKLIMH: 0 < x < 400,
0) B obmacTi cylecTBOBAHHSA TOYEK PAZPhIBA HET, HO NPH OPUGIIKEHUY K
rpaguygHod Touke (x = 0) 00JIACTH CYIIECTBOBAHNA UMeeM

lim y= lim Inx _ .

x—1 x -0 X

Crenoeartensro, npaMaa x = ( (ock opAMHAT) ABAAETCA BEPTHKANLEOH ACHMI-
TOTOII.
B) HineM nparyi) HAKJIOHHYIO MKW TOPH30HTANBHYI) ACHMITOTY (/IeBAH HA-
KNOHHAA &CHMIITOTA OTCYTCTEBYET, T2K KAK HeBOIMOMHO, YTOBRI x — —00):
k= lim ¥ =0,

x-loe X

b= lim y=240.

X — 4+

CnemoBarenrno, Opapoil rOPH3OHTATLHOH ACHMITOTON ABAAETCA 0Ch aboLuce:
¥ = 0.
r} Haxogum KpHTHYECKHE TOUKH.

Hmeem
¢ ]-_ £r -
y = Lol e 2inx-3,
X x
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§ 4. Hocrpoesne rpadHKoB QyHEIMH 10 XaPAKTEDHBIM TOYKEM

93

¥’ ¥y’ cYIBCTBYIOT BO BCeX TOUKAX 00nacTH CYIIeCTROBAHUA AaHHOMH )y HKIHH 1 924. y = xE 4 2 _ 945. y = X '
y=0mopulnx =1, T.e 0pu x = e; X 3"I(x—2)2
y' =0 opu lnx = g, T.c.opu x = e, 925. y = 21 946. y = xe
x +3
Cocrasngem rabauily, BEAOuUaa xapakTepHeie ToukH {raba. II}. Tlpu arom g 2 ﬁ
EpoMe HallJeHHBIX XapakTepHBIX TOYEK ITOJISSHO HAHTH TAKMe TOUKH IIepecede- 926. y = - . 947. y = (a -+ __) e’ .
HHA Tpaduka ¢ ocamu KoopauHaT. [loacwue y = 0, Haxogum x = 1 (Touka 1e- x —4 @
peceyeHMA KPHBOH C 0chX0 abcIlHCC); € OCBI0 OPAMHAT 'DAPHEK He IIepeCceKaeTCHA. 927 y - dx 948, y = ESx—.rz— 14
Tatauwma II - 4+ x
- 2. gl
N 928.y = X212, 949,y = (2 + x)e ¥ .
X 0 (0, 1} 1 (l,e) te=2"T2| (e, &) e’ = [{e",tx) (x—2)
~ 4,49 2
929.y = —~—. 950. y = 2lx| - x".
1 _ 3 x —4
N - ’ N P L RS 930. y = — 10 951. y = 1n¥
e ~ 0,33 -4 Jx
’ : + + + 0 ~ - - 4 2
B R 931.y = 3* *1 952.y = % In .
[T He cymul. - - - - - 0 + x N
932,y = Jx + J4-x 953.y = *.
Bumogu |Mpappy- [Oyvurius [ Oyuxops  (POyaxgus | Touxa %ymung Toura 'E%}FHI{U,HH Inx
HAR TO4YKA | BOSIDACTAHST, | BOIDACTAET, { BOIPACTAET, MEKCH- RIBGET] IIEPEI'Hﬁa YORIBAETS 9
ofmacTE  |rpadux rpadie rpadi :;y}.{a rpadEK rpadny 933.y= J8+x — JB—x 954. y=(x + 1) In" (x + 1), |
omopenenie- |BOTHYT BOTHYT BOTHYT VHKIMH | BOTHYT BOTHYT 2 1
uug HynK-|puna BEHA BHH3 BHH3 BBEpX 934. y = xJ/x +3. 955. y =In(x" - 1) + — -
oHE. Bep- x<
THHATLHAA 7
acHMTTOTa 935. y — Jx° - 38x. 956.y = In ___H__'“-‘*xH
¥i n) [Toas3yAack peaynbTaTaMK HCCACAOBAHNA, CTPO- 936. y = 311~ x2. 957.y=In(1 +e ).
y=1ﬂ£ uM rpapuk QyEroHu (puc. 34). 3 i
i 937.y = 31 -x°. 958.y——-(e+ﬂ.
ol /7 g hX TTlocTpouTh rpad@MKH YKA3aHHEIX HUKe QVHK- :
IIMH, OIpesieINB AJIA KAKA0M PYHKIIH 00IacTb 938.y = 2x + 2 - 3% (x+1)°. 959.y = sin x + cos x.
ee CYIeCTBOBAHUA, TOUKH pasphiBa, TOUKH BKC- o ] L sin2«
TpeMyMa, MHTEPBaJABl BO3pacTaHuA u yOnisa- £ 9.y =Yx+1l - Yxr-1 960. y = sin x +
HHA, TOUKH neperuda ee rpadMKa, HanpaBpIeHHAS 3 2 ] P 9
Pae. 34. BOIHYTOCTH, 8 TAKIKe aCHMIITOTHI IrpadmKa. 90. y = Y(x+4) — V¥(x—-4)". 961. y = cos x — cos .

016 1 o , ~ [xz_s)S 941, y = Y(x 2}2 + 34(:::-4)2. 962. y = sin® x + cos® x.

Y =x -3 920-y = g 942, y = 4 963.y— _ © .
. P PR sinx + cosx

017.y = 6x" -« 92ly=—"7—- 943. y— . 8 . 964, y — 50T

918. y = (x - 1)2(.1: +2). 922, y — x:_S _ xeT——fi sin(x+gj

919, 4 = (x_z)i(ﬁﬁi 923, y = x4;3' 944, y = i 965. y = sin x - cos 2x.
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977.y = "%
978, y = ¥ T

966. y =
967. y = x + sin x,
968. y = arcsin (1 — ri/;? ). 979. y = g
969. y = TSN X 980. y

a)'l—xz

970. y = 2x — tg x.

COS X - COS 2x.

= In sin x.

931.y=1ntg[g—§j,

971. y = x arctg x. 982. y = In x — arctg x.

972. y = x arctg % npux#0  983.y =cosx — Incos x.

ny=0mnpux=0. 984.
973.y = x + 2 arctg x.

y = arctg (In x).
985. y = arcsin In (=" + 1).

974. y = % + arcectg x. 986. y = x".
975. y = In sh x. 1
976. y = Arch [x+5. 987.y = x"

Peromenayerca Taxkixe nocTpouTk rpad¥Eu GVHKIINE, yKA3aHHBIX B
NeNe 826 —848,
ITocrpoutk rpadmrm GyHRIHN, 3aJaHHEIX DAPAMETPHYECKH:
988. x = ¢° — 2t, y = t° + 2.
989.x=acosgt,y=asinr[a}0).
990. x = te', y = te ™.
2t

991.x=t+e ,y=2t+e .
992. x = a(sht — &),y = a(cht ~ 1) (a > 0).

§ 5. Indpdepenunan ngyru. Kpuruzna

1°, Tuddbepesunaa gayru. Juddepenuuan Ayru s nAccKoil KPHUBOH,

3aJAHHOH YPDABHEHHCM B JEeKapTOBSIX KOODAWHATAX X H I, BRIDaMKaeTrca (popMy- _'

TOH

ds = J[dx]2+(dy}2;

IIpH 9TOM, 2CHH VDABHEeHHE HpHBGﬁ HMeeT B!

d 4
a)y=f(xy, rods = (1 +(d_%] dx npu dx > 0;

dx

6) x = f,(y), To ds = (dy

)dynpndy}{]

e e e

§ 5. Juddepennuan ayry. Kpuprsaa 895

-

2 ;
) ¥ = ¢(t), y = y(¢), To ds = J[d—x) +{d5") dt mpu dt > 0;

di dt
II| 2 .2 I||
r) Flx, y) =0, tods = _~£|"I:,|i dx| = Fi FT F |di.
i X

(Qfo3aadad yepes ¢ yron, o6pa30BaHHLIH NOJIOKHUTCILELIM HANIPABJICHYEM Ka-
caTeILHOM (T. €. HANIPABAEHHOH B CTODOHY BOADACTAHUA RyTH KPHBOH §) ¢ IIoJo-
KHUTEABHBIM HAOpasaeHueM ocu OX, DOAyYHM:

dx
o =
cOs T
] dy
o= L&
sin ds

B nonapHBIX KOOPpAWHATAX

g 2 dr
ds = J(dr)’ +(rdg)? = ( J de.
do
Ofosnavad yepes § yron mMexpay MOTAPHLIM DAAHMYCOM TOYKM KPHEOH M Ka-
caTeNILHON K KPHBCH B 3TOH TOYKe, UMeeM

_dr
cosP=g Y}
sinf} = rfi—(sp . ﬁSH Ao /
M
~

2. Kpusuauma xpueoit. Kpususnoit K xpu-
BOH B ee Touxe M naaniBaetcda npefes OTHOIIIEHUS VI-

+
I8 MEXTY NOIOMHTEeAbHBIMH HATIPARJIEHHMAMY Kaca- ”/(g 7 atha =
TeIbHBIX B TOuKax M u N xpuBoii (y20r cMemcnocmu)
bt [l
K AyuHe ayru MN = As, roraa N — M (puc. 35), 7. e. Pne. 33.
K= lim ﬂl_[l = %

As — 0 As ds’

TAe O — yroJ Memay NOJOMHTETIFHEIME HAHPABAEHHAMN KacAaTelbHOHR B Tntm:e
M u ocu OX,

Paduycom kpususno: R HazpiBaetca BeTUURHA, OOPATHAA MOAYAIO KPHBHIHEI,
T. @,

Re= 1

Jukruamy nocroarHoi KPHBH3IHBI HBJAKTCA OKPYHHEOCTE (K' = _,I'xe @ — pa-

Avye aprH«:HocTn) ¥ npamas (K = 0).
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DOPMYIE A BLIYHCNEHHA KDHBUIHEI B IPAMOYTOJLHBIX KOOPAMHATAX CHe-
Ayoiye (¢ TOYHOCTBK) A0 3HAKA):
1) ecorr XpUBaa 3a/laHA YpABHEHUEM B ABHOH (opMe ¥ = f(x), TO

K _ yrr ,
(1 +y’2}3”f2

2} ecnn KpWBAS 38/aHAa YPABHEHMEM B HeasHo# dopme Flx, y) = 0, To

. F, F

Xy
R, B,
F, F, 0

K= ;
, 2 372
(FF + R

3) ecnU KPMBAA 33/aHA YDaBHEeHMAME B JlapameTpuyeckoil dopme x = (1),
¥ = y(t), o

x' Y
xrr y!!
K= :
.2 .2 372
(x™ +y7")
rne
ds”’ dt dt® di’

B nonsApHLIX KOOpAMHATAX, KOTAZ KPHBAA 3AMaHA YDABHEHUEM 5 = f(¢), HMeeM

2 12 e
r+2r —rr
K =

[Jr‘2+4r"2]3f2 ’
rime
2
pro= ATy o i—g
d(p d(|]

3" OKPYXHOCTS KDHUBUYSIHBL. OKPYNHOCMbI0 KPUBUIHBL { CONPUKA-
COIOULETLCA OKPYNCHOCMBIO ) KPUBOH B ee TOUKe M HA3BIBaeTCH npeaeabHOE IIo-
JIO’)KeHHE OKPYKHOCTH, TPOBeCHHOM Yeped TouKY M 1 ABe ADYIue TOUKY KPpHUBoil
Pu@, korga P+ Mu@Q — M.

Pagvyc OKpYKHOCTH KDUBH3HBI PABEH PAAHYCY KPHBM3HEEI, 4 IEHTD OKPYHK-
HOCTH KPMBHIEEI (YeHMpP KpUEL3HbL) HAXOANTCA HA HOPMATY K KPUBOil, npose-
RBEeHHOU B To4Ke M B CTOPOHY BOTHYTOCTH KPHBOI.

Koopauuarst X u Y 1edTpa KPUBHAHEI KDPHUBOH BEMMHUCAAKTCA OO0 QopMyTam:

Xoa- Y028y, 10y”

’

JE0R0MOil KPUBOA RasbIRAETCA TEOMETPHYECKOE MECTO €€ LIEHTPOB KPHUBUAHDL.

Ecnu B hopMyax pia onpeaeseHYA KOOPAMRAT LIEHTDA KPUBK3HB! PACCMAT-
PHBATE X B Y K&K TEKYIME KOOPAHEATH TOYKH 9BOJIOTEI, TO 8TH GOPMY LI AAIOT
napaMeTpUvecKHe YPABHEHHA 3BOMIOTH ¢ TADAMETPOM X WiH y (MY xe &, ecau
CaMa KPUBad 3aJAHA YPABHEHWAMH B [I2DAMETPHYECKOM thopme).

§ 5. inddepenuran nyre. Kpueusea 97

J—
[fpumep 1. Halith yparHenume »BoNOTH. napafo-

2
JgRL = X
2
Peunenne. X = —4x°, ¥ = 1+26x '

napaMeTp X, HailleM ypaBHeHHe 3BOJIOThI B ABHOM BHJE:
£ X273
2 w4
DdeoavgeHmoll (LUHEORMOL ) KPHBOH HAJLIBASTCH Ta-
Kadg KPHBAR, JAJA KOTOPOU TaHHAA KDHBAA ABIACTCHA 3R0-

TIOTOH.
Hopwmank MO 9BOABEEHTEI FE ABJAAETCA KACATEJLHOH K 2BOJIOTE ]"1: OJIuHA

Hegnwaue

Prc. 36.

L
nyru CC, 3BOJIIOTHI PaBHa COOTEETCTRYOILIEMY IPUDANIEHHED PAJUYCA KPHBHAHEI

u H L g
cC, = IM,C, — MCj, 109TOMY BBONBBEHTY I', HASHLIBAIOT TAKIKE PAIBEPM IO KPH-
i10) P MOJIYYAIIenca padMaATEIEAHHCM HATSHYTCOH HUTH, HAMOTAHHON HE ]"1

{puc. 36). Kasxnoii aBonoTe cooTseTcTEYeT (ECUUCIEHHOE MHOXKECTBO 3BOJILESHT,
OTBEUA LM X DAZMHYHEIM NERBOHAYANLHEBIM AAHHAM HMTH,

4°. BepwuHas KDPHUEBOIH. Bepuiunoil KpUBOH HA3LIBACTCH TOYKA KPUBOIX,
B KOTOPO} KPHBUBHA UMEeT MAKCHMYM MJIM MUHUMyM. J[Jia olpejeseHus Bep-
INWH KPHBOH COCTABNAETCA BHIDAYKeHHEe KPUBU3HEI K UM HAXOMATCH €€ TOUKH 3KC-

1
tpemymMa. BmecTo kpusmsHel K MOXEO 83ATE PafHyC KPHBH3HB R = ﬁ M UCKATh

ErG TOUKH IHCTPEMYMA, ECAH B 9TOM CJay4ae BEIMHCIICHHA TIROIHIIE,

MIpumep 2. Halitu sepuuvHy nenHod aunun y = a ch X (a > 0},
a

x 1 X 1
Pemenue Tarkwkaw y'=shZ,ay”’"=-chi, 0 K-= M, cle-
a a a 2 x
ach” =
a
2 X 2x
Acsareabho, A = ach” 2. HMmeem %E = sh == . IIpHpaBHUEaA TPOH3BOAHYIO
a X a

dR 2y
I EYUHO, momyuaem sh == =0, oTKypa HAXCANUM EAUHCTEEHHYK KPHTHIECKYIO
[

2
TOMEY ¥ = 0. BulyHcnaa BTOPYIO MPOM3BOLHYIO —— M IOACTABNAA B Hee 3Ha-

dx
‘R 9 . 2x 2
qeHHe x = {, nonyyaem —. =2 ¢ch == = — > 0. Caegoparentuo, x =0
2 a a a
dx™|. _, x=0

€CTh TOUKA MMUHEMMYyMAa PAIUYC& KPHBHUSHEI (I MAKCHMYyMAa KPWUBM3HKI} [ICITHOH

u . x
TRHuM. Bepinunoed mennoi TMHHE y=ach =, raknm obpazom, ABARETCH TOYKA
a

A(0, a).

4 Banagy g YIDAMCHO A




98 Tnapalll. 3KCTPEMYMBbI @YHKIUH. IPUNOKEHN T TPOX3BOTHOU

§ 5. Inddepenumuan ayru. Kpusnana 99
J "-_—--—__
Haimu auddepennuan Ayri, a Takxe KOCHHYC H CHHYC vIaa, o0pa.d "
20BAHHOrO € HOJOXKHTeNBHBIM HanpabBleHuem ocH OX KacaTeNbHOH 1015. x = v 11’1_y
KaoK/I0H M3 CAeAYIONINX KPHBLIX: 1 4 2
993. x° + yz =g {oxpyxcHocmb). 3 1016. x = a cos’ £; y=a sin® ¢ {acmpouda).
994 2 s 2 - 1 (o22une) --f 1017. x = a(rius t+tsint); y =a(sint — t cos t) (asorbsenma xKpyza).
© T2 2 - ' ' ] 1018. 7 = ae"’ (rozapudmuveckas CRUPArb).
a b
2 1019. r = a(1 + cos @) (xapduouda).
ggz yz;; 2pa;f(3napa2f?:g,r;a). 9a) : 1020. HaiiTH HapMeHbIIee 3HAYEHUE DAJHMYCHE KPDHBH3HEI Napabonsl
i +y =a acmpouoa). ]
_ - P yz = 2px.
997. y = ach = (uenras aunus). . x
a 1021. JorazaTe, 94TO pajgHyc KPUBHU3HB LENHOH JHEUK iy = ach =
998. x = gt — sin t); y = a(l — cos t) (yuraouda)l. @
: He OTpe3Ka HOPMAJIH.
999. x = a cos ¢, y=a sin® ¢ (aempouda). pasel ATH P P

N . ’ BIYHMCIMTE KOOPIMHATH! EHTPA KPHBHAHLL AaEHEIX KPHBREIX B VKAa-
Haiitu auddepernuan nyru, a Takxe KOCHMHYC MJIH CHHYC yIVIa, 00-, B PA HeHTpa Xp 4 P y

5 . : BIX TOYKAX:
PaROBAHHOLO MOIADHBIM PagMycoM W KacarenbHOH K Kaxxoi us cie-J§ SaHE = 1:
IVIOIIMX KPUBBIX: 4 1022. xy = 1 B Toure (1; 1).
' 4 2 __ .3
1000. r = a9 (apxumedosa cnupajv). : 1023. ay” = x” B TOUKe {(a; a).
1,r=2 2 . u
100 ¢ (eunepGorunecran cnupans) HanucaTe ypapHeHHA OKPY)KHOCTEH KDHBH3HE! ASHHBIX KPHBLIX B
VKA3AHHBIX TOYKAX:

— 20
1002. r = a sec 5 {napabona). 1024. y = x° - 6x + 10 B TouKe {3; 1).

1003. r = a cos” % (xxapduouda). 1025. y = &* B Touxe (0; 1).
1004. r = a* (rozapupmuvieckan Cnupaabv). k HaliTi 3BONIOTHl KPHBBIX! ~
1005. r° = a° cos 20 (reMmuucrkama). | 1026. yz = 2px (napatona). 5
BBIMHCIHTE KPUBHSHY AAHHLIX KPHBBIX B VKa3aHHBIX TOUKAX: i 1027. x_z + !;—2 = 1 (saaunc).

a

1006. y = x* — 4%° - 18%°
Y 9 X :c2 * B HAHANE KOOPAMHAT. 1028. HokaszaTs, 4TO IBONKOTONR TUKIOMIEI
1007. x° + xy + ¥y~ = 3 B Touke (1; 1).

2 | x=a(t —sint); y = a{l — cos £)
1008. x_z + ¥ =1 B Bepmuynax A(a, 0) u B(0, b). 3 ABJNAECTCS CMELeHHAA IHKIOUAA.
a b 1029. HoxazaTh, 9TC SROMIOTOI AOTAPHPMIYECKOH CIKPAIH
1009. x = #°, y — 2 8 Touxe (1; 1). ;

1010. r* = 24° cos 2 B BepIIUHAX C HUJ‘IHDHHMH yraamu ¢ = 0 & ¢ = 1.1

k
r=ae"

: ABIACTCA TaK)Xe JOTAPH(PMHYECKAA CHUPAJTD C TEM YKe IOJICOM.
1011. B kaxoit Touke aapaboNkl y = 8x Kpuru3Ha pasHa 0,1287 ¢ 1030. IToxasaTh, 4To KpUBaa (Paseepmra OKPYHCHOCTLY)

1012. Hafitn Bepmuny xpupoil y = e'. - x=afcost + tsint); y = a(sint — £ cos f)

. . . ABNAGTCA SBOJILBEHTONM OKPYXKHOCTH X = A COs §; y = a sin ¢,
HaiiTu pagnychl KpEBH3HEI (B 1000 TOYKe) JAHHBIX JUHUH! '

1013. y = < (xybuvecrkas napabora),
2 2
1014. . + £ =1 (annunc).
i b




Tnasa IV
HEOHPEI[EJIEHHBIFI HUHTETPAJI

§ 1. HenmocpecTBeHHOE HHTErPHPOBAHHE

1. O¢cHOBELE IPABHNA HHTETPHDPOBAHH A.
1} BEeau F'(x) = f(x), To

If[x] dx = F(x) + C,

rae C — DIpPOMEBONBHAA DOCTORHHAHA.

2) I Af(x) dx = A_[ #(x) dx, rie A — TOCTOAHHAR BeAWYHHA.
3) I [£,(x) * f,(x)] dc = jfltx) dx + J‘fg{x) dx.
4) Ecan ff{x) dx = F(x) + C n u = ¢(x), 1o

If{u) du = F(u) + C.

B gacrHoCTH,

If{ax 4 b)dx = éF(ax + B+ C (az 0).

2°TabnuuaopocTefIUNX UHTErPAAOB.

. n+l
I. | x'dx =

+C,n=-1.
n+
i [ 2 < injd +C.
) x
dx 1 x 1 x
II1. = Zarctg = + O = —_ tg Z +C = 0).
| B lm.%:r-;g'a aan:.gﬂE , (@ )
. [ -2 - Lin|r=q +¢ @=o0y
J xi_g? 28 jx+a
dx 1 a+ X
=~ in + € (az0).
J g xt 248 ja-x { )

v, | ix =In|x + Jrita|+C (a#0)
T Jxt+a

adx

VI [ —2%__ — arcsin £ 4+ € = —arccos * + C, (a=0).
Q

A 2 3 i
a —x

§ 1. HenocpeZcTReHHOE HETeFPUPOBAEKE 101

cder=2 +¢ {a}ﬁ];jexdx=ex+c.

VL. ==
Ina
Vi1, [ sin x dx = -cos x + C.
IX. .cosxdx =ginx + .
x. d'; =tgx + C.
cos” X
XI. d;: = —¢ctg x + C.
J osin” x
XII. (,ix = In
J sinx
xuL [ 3% = 1n Jtg (fﬂj
" ocosx 2 4
XIv. {shxdx=chx + C.
XV. [ chxdx=shx + C.
svL [ 9% -y +C.
2
ch™ x
xviL 8% - cthx +C.
2
Y sh” x
IIppumenp 1.

tg ';fl + C = Iln lcosec x — ctg x| + C.

+ C=Inltg x + sec xf + C.

I(ax2+bx+c)dx= jaxzdx+ bedx+ chx=

2

a
=aszdx+b‘[xdx+cjdx=a% +b£2- + ¢cx + C.

[Mpumenss ocHopHble npasuna 1}, 2), 3) u dopMyasl HHTErPUPOBRA-
HUS, HAHUTHU CHeAYIOLIHe HHTEeTPABI:

- 1031,

1032,

- 1033.

L 1034,

1035.

10386.

[ 5a2xﬁ dx.
[(6x” + 8x + 3) dx.

[ x(x + a)(x + b) dx.

[ (@ + bx") dx.

[ J2px dx.

[ dx

1037.

1038.

1039.

1040.

1041.

1042. |

T2 2
‘{aa—xﬂ dx.

l-=m

(nx) " dx.

3

(Jx + D(x — Jx + 1) dx.
(R - 2) dr.

5
3 x
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—

[IpuMeHss OCHOBHBIE IIpaBuia U (JOPMYJIbl BHTErPUPOBAHNA, HAHNTH

. 2 2 '
1043. [ 22 1047. I Jzee-da-xt g 8 cnenyoulue MHTETDALL:
+7 /4 _ * ' ~ oyl
x 1-x . 1051 %%, adx 1068. Ex dx.
. . | a—x J
1044, [ 24X, 1048*. a) J' tg? x dx; 6) J‘ th® xdx, 2
L ) 2 . 1052+, [ 253 qx. 1069. [ X dx.
1045, [ 2L, 1049. a) Ictg x dx; 6) J' cth® x dx. | ¥ o
"N : 1053. [ 137 dx. 1070. [ ¥ =3%%8 qx,
. +2x v
1046. [ 22X 1050. [ 3% dx. - o oo
Y J8- ' N AL 1071, | —=—.
* : 1054 i a+bx o |||7+8x2
3°. AHTerpupoBaHMe NYyTeM LDOABeAEHHA NOA 3HakK JIAHD- ) fax+b g 1072, [ dx
bepennuana. Ilparuno 4) saunTensHEO paclIiupAer Tabnuny NpPOCTEHIINX | 1055. ar i B X. T
HHTECPANOR. A MMEHHO, B CHAY 3TOr0 NPABKIA TAGJIHMIA HHTETPANIOR OKASLIBACTCH | ) 7 - 9%
CIpaBenIuBOH Heaanuctmo OT TOTO, ABRNARTCHA nep:emermaa HfTerpnpuBa}mﬁ He- | ) 1056. e x4 dx. 1073. i 2:c2— D da.
3ABHCHMMOHA nepeMeHHOH wan audwbepeHuupyemMoil GYHKIHeH. | b x-1 J 34— 2
2 ‘o
IIpumep 2. -f -1 I(Sx — 9y g(5x - 2) = ; 1057. X +5x+7 4o, 1074. [ 3 22x dx.
.Jsx 5 : J  x+3 J 5x7+ 7 |
4, 2 : .
- " . 3x+1
1¢ -2 1, u'”? 1(5x-2)""" 2 Frp | 1058, [ X 5% 11 gq, 1075. | 2512 dx.
5% T35 172 5 1/2 5" i Joox-l Y 5?1
rae Gsino nonoxkeno u = 5x — 2. Hcooabaosanuchk nmpasuio 4) u Tabauunbii § 1059. \ (.a.p- ]2 dx. 1076. [ x+3 dx
uHrerpan I. i . X~4a Y x4 :
vdx 10 dxD) 1, .2 3 : 1060+ X Qs 1077, [ Xdx |
Mpumep 3.J‘J=.=,2.JJ7—§1n(x + N1ty e g e | I
1+x* i - :
b | 1061, [ 2L f’d-‘f . 1078, [ *dx
HeABHO MOAPAIYMEBANOCE ¥ = X', IPUYeM OPUMEHAIACEH IPARKIAC 4) K Tab- | v 2x"+3 =
JHMYHBIH WHTerpan v. . 1062, j m dx. 1079. ;1x2+ b _ dx. :
2 _x 1{ + g _ 1.4° ; Jax“+b |
Mpumep 4. Ixe dx—gj.e d(x}-ge +C 1063*.-'. x dx. 1080. " xdx _
B ciry Oparuna 4} u Tabnuysore MuTerpana VIL ﬁ.l'xz +1 " «.I'ad —
B npumepax 2, 3, 4, npexpe ?EM MCITOAB30BATE TOT HAK MHOH TalJANYHBIR '. 1064, Jx+Inx do. 1081, o2 dor
HHTErpasy, Mbi IPHBOAHAH AAHHKIE HHTErpan K BHAY _ | T | I
e . 2
[ rotenw'@ dx = [ fw) du, rae u = o) '- 1065. [ _dx 1082, [ X dx !
: » 31‘2 + 5 hd xﬁ - 1
Takoro poaa npeofipazosaHue HA3LIBAGTCH NodGedenieM nod 3HAK 6uqb¢e-_- 1066 [ _dx 1083, [ arcsin x 4
peHliara. N s . ——1 7 x.
loneano oTMETHTL YacTO NPUMEHAeMEIe Tpeolpa3osanna nuddepeHIHATOS, 3 T .
KOTODBIe, B YACTHOCTH, HCOO/Mb3OBANKCE B NpuMepax 2 M 3: q ) amtgf
1 1, 2 ' 1067, J' X (0 <b<a). 1084. dx.
a)dx=Ed[ax+b)(a;E0); ﬁ)xdx——*éd(x}n'r.n. (@a+b)—(a—-b)x J 44x
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[ x - Jarctg 2x d

1+4:Jc2

1086. [ dx

) J(l +x)In(x + §1+x%)

1085. X,

1087, | ae ™" dx.

1088. |

1089.

1090. [

1091.

L X

=
H

o
X

1092.

1093.

1094.

b f -

1095. [ & dx.

ol

[ 5% dx
Jx
dx.

1096.

- X

1097.

Jef-1

1098, J’ e*Ja~be’ dx.

x

x
1099.j(e“+]J e dx.

=T

1100*.[ dx
2* 4+ 3

adx

1101. f
1+a

1102.I

- f
1103. [ &%

21

l1-e

1104.  sin (a + bx) dx.

1105, cns = dx.

JE

1106. |

[ cos Jx 513.

X

1107.

1108.

(sin (lg x} dx
X

1109%*, jsinz x dx,

1110%. I c052 x dx.

1111. { sec” (ax + &) dx.

1112. [ ctg® ax dx.
" dx
Joox’

51N —
a

1114.I dv* |
3cos (5.1: — E)

1113.

1115. I

5in (ax +5)

rdx

1116. I

CDS x

(cos ax + sin ax)2 dx.

§ 1. HertocpeACTEEHHOE HHTEPAPOBAHHE 105

1117. [ xsin (1 - 2% dx. 1131. [ /1 + 8cos® xsin 2x dx.
1 ’ -' 3 2
118. ] -1| dx. 1132, [ tg” % sec” £ dax.
1 . {sinxﬁ ] 3 3
1119. { tg x dx. 1133. | tgj dec.
. « CDs X
. " ot 273 "
1120. | ctg x dx. 1134, | &£ — dx.
. sin” x
3 "1+ sindx
1121. 1135, | ~XS09% gy,
- -b v ¢0s 3x
1122, [ 9 1136, [ (cosax+sinax)” 5,
" ¢ x . singx
£5
1123. [tg J/x 9. 1137. [ coseo” 3x 4.
" Jx J b —qetg 3x
1124. [ x ctg (x° + 1) dx. 1138. { (2sh 5x — 3ch 5x)dx.
1125, [ —9x | 1139. [ sh® x dx.
J sinxcosx |
1126. [ cos % sin * dx. 1140. [ 9%
a a J sh x
1127. ‘sinE Gx cos 6x dx. 1141%. [ _dx ]
v Jchx
1128, | £988% 4, 1142, [ _9dx
J sin‘ax J sh xch x
1129, [ _Sim8% 4. 1143. | th x dx.
J 3+ cos3x v
1130, [ __SInXcosx g 1144. { cth x dx.
N Jcosz .a:—sinl2 x : -
HajiTn HeompeieneHabple HHTEPAIBL:
1145. [ x%/5 - x* dx. 1148. [ xe™ dx
. | 3 2
1146. { —* ~1 gy, 1149. [ 3242+37 4,
ot _dx+1 24+ 3%
" 3 3 .1:3- 1
1147, dx. 1150. dx.
J x%+5 JsoxT
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dx e ¥ L xIn(l+a)+1
1151, [ <X 1167. d dx.
JE_ 1+x
1152 l-sinx dx 1168 Jsinx—msx dx
") x+cosx ’ ") sinx + cosx ]
I 2
Ll—sin%]
_ 2
1153, [ 83x—cig3x 4. 1169.]' dx.
sinax . X
11 —
J2
2
1154._|' d’; . 1170.J' X dx.
xln x x —2
2
1155. J‘ sec” X gy 1171. (1_”)2_ dx
tg X - x{l+x7)
- 1
1156. [ |2+ —= dx _ y172. { "™ ®sin 2x dx.
. 21: +1! 2441 o
1157. [ a®™“cos x dx 1173. [ 2=3% 4.,
o o 2
J4—-8x
. 2 ~d
1158, L o dx 1174. X
¢ 3/3. Jetel
1159, [ xdx_ 1175. | dx 0 < b < a).
S J(a+bD)+(a-bx
1160. | tg” ax dx 1176. [ —L— dx.
r " EJI—-2
1161. | sin® * dx. 1177. [ 4=
2 J sinaxcosax
. 2 .
1162, [ Sec_ xdx 1178, [ sin (@Hpﬂ) at.
2 T
T Al -tgT x v
1163. [ 4 1179. [ 9%
* cosZ v x{4-In" x)
d
El['CCDSx
s 0 - n
1164, [ ¥1+Inx 4. 1180. 2 4x.
o X 2
v 4 —x
1165. [tg Jx—1 9% 1181. { e ¥ "gec? x dx
. HJx -1 o
1166. [ xdx 1182, [ sinxcosx 4.
v Sin{xz}

. 4
2—sin’x

§ 2. MeTOR IIOZCTAHOBKR 107

1183, [ —dx 1187. [ 9%,
’ sinzxcoszx * 1+cos” x

1184, [aresinx+x g, 1188. JI“{“ w41
” r’l—xz . 1+x°

1185. [ SeCXBX gy 1189. [ x%h («* + 3) dx.
- a\,‘s&-c.2 x+1 -
~ 2 ~ 3thx

1186. __CO84X 4., 1190. - dx.
J 4+ cos® 2x » ch” x

§ 2. Meroa IMONCTAHOBEM

1°.3amMeHa mepeMeHHON B HeoUpPeAeAeHHOM HHETErpane.
Ifonarasa

x = ft),
rne f-— HOBAA NepeMeHHas, ¢ — HenpepeIBHO AupepeHIApyeMan
gvaxnus, GyaeM HMeTh

jf{x) dx = jf[rp{mcp’(t} dt. (1)

OYHKUHIO ( CTRPAIOTCS BRibupars TakuM obpasom, 4To0H HpaBas YacTh QopMy-
ael (1) npuobpena 6oxee yaoOHBIH AJA MHTETPHPOBAHNA BH.

IEpuMmep 1. Haitru
-[x x-1 dx.

2
Pemesnue. EcrecTBenHo noJiokuret = Jx—-1,o0rcopax=¢t" +1ludx=
= 2t dt, CnenosaTensHo,

J'xe-l dx=f(tﬂ+ 1)t-2tdt=2‘l‘(t‘+t2]dt=

5 3
25 2. 7 2 3
F "+ 3 t+C = (x 1) 3 (x—-1)
HHorga npuMesAl0TCA DOJACTAHOBKM BHAA

u = ¢{x).
Homyersm, 4To HaM yAAKOCh NOALIHTErpAALHOE Bbipaxxesnue f(x) dx npeob-
PA30BaTE K TAKOMY BHAY:

f(x)dx = g(u) du, rae u = @(x).
Ecau J‘g(u} du u3BECTEH, T. €.

Ig{u} du = F(u) + C,

TG

j f(x) dx = Flo(x)] + C.




108 I'nasa 1V. HEONPEJAEJEHHBIA HHTEIPAJI , § 2. MeTo MOACTAHOBKH 109

JTrm cnocoboM Mbl yike, cOOCTEEHHO roBOpH, NOAB30BANHCE B § 1, 3°. ._ _ C dx = d?
Hprmepn: 2, 3, 4 (§ 1) Mo3H0 BBLIO PeIlMTL CAEAVIOIIEM 00pa3oM: - pPeurenue. lomaraem x = ig f. Laenoparesibao, dx = cos?
- _ 9. _ ) _1 ;
Hpumep 2. 4= 5x — 2; du = bdx; dx 5dur. B E}dx J "Itg t+1 dt =J‘sectcﬂ52t dt -——I di _
1 ] j cos® ¢ sin’ t cos f sin® t cost
dx 17 da 1u? 2 ' :
_._=5 _=5T g# —9 4. sj'sm £+ cos’ tdt= dt -i'J.CDSt dt=ln|tgt+sect]-,i+0=
b2 Ju 2 gin® t- cost cost sin” { sint

Iipumep 3 u=x du=2xdx'xdx=d”’ =Inltgt + :J1+tg th— 41+tg A i ln‘x+~l‘x +1]- v X + C.
| ’ ’ ER

: 1191. [Ipumenas yﬂasaHHHe HOACTAHOBKH, HAHTH WHTErpasibl:
I xdx4=%'l. du _§1n{u+a{1+u)+C—§n{xz+,\,&'1+x4}+c. | a). dx x=1_ P)J‘ xdx t= Jril:
1+I i1_+_u xJ—‘;z“—z! t, J;.:.':__.

5 i cosxax o
[Ipumep 4. u=x3;du=3xzdx;x2dx=d__”. u 0) ;:lx , x = —Int; n)j__T,t—SLHx.
3 ', Se+1 J14+sin” x
3 2 3 .
J-;:-:zex dx=%je du-—ée +C-%" +C. B) [ x(5x° — 8) dx, 5x° - 3 = ¢;

2°. TpUroHOMETDPAUECKHNE NOACTAHOBKI, ITpyiMeHAA NOAXOAAIINE IIOACTAHOBKHN, HAWTH MHTETDAJLI:

. ' ) . 2
1) Ecotv MHETErpaT cORep:KUT PagrKal Ja? - x% | 10 ofbrano monararoT ¥ = a sin ¢ : 1192, | x(2x + 5}m dx. 1197. (arcsin ¥} 4.
OTCHAA | . . 1 2
o . . 2x
Ja’-x’ =acost. 1193, [ 11% dx. 1198. ° dx.
B J1+Jx Y Je 41
2) Ecnu muTerpan cConepxUT PagHKAT n,l'xz ~a” , TO TIOJIATAIOT X = a Sec {} 0T- § 1194 . dx 1199 * cin’ x dx
croaa . el ) Jeosz
«m _ ' .
x —a =atgl. 1195 dx

—= 1200%. j

dx .
Xafl +x2

—~

3) Ec/TM MHTETpANT COAEDHHT DAJUKAN :\J'xz + az ., TO TlonaranT X = & 1g f; oT- n2x d
CHOA2 : 1196. DaXx ox

" J Indx x
I ;
x +ta =asect,

[IprMendsa TPUrOHOMETPHYECKME NOACTAHOBKH, HAHTH HHTETpPAaJbL:

BaMETHM, HTO TPHFOHOMETPHUECKHE TOACTAHOBEKH He BCErjia OKIA3IBIBAKTCA

f 2

BBLITOJHBIMU. ] 1201, xPdx . 1205. J‘ x"+1 dax.

Uuoraa BMeCTO TPHIOHOMETPMHYECKHX IOACTAHOBOK ynofmee mojbiopaTbes 3B . D x
ZUNePEONLYeCKUME ROGCMAHOBKAM, KOTOPEIe MMEIOT AHANOIHYHLIA XapakTep j .3
{GM. Ne 1209). . 1202. x dx . 1206, -I. ]

O rpurosomeTpudeckux v runeploruyeckux roAcTaHoBKax Oonee nogpotao A J o fg_ 0 I f4 I
oM. B § 9. - . R

Mpumep 5 Haitrn 1203. [ ¥X ¢ gy, 1207. I J1— %% dx.

2
XL

J‘ N da. 3 1204{"' _dx
J__
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1208. BriuncanTs MHTErpaa

| 75

.2
C MOMOILLIO IIOACTAHOBKY X = sin (.

1209, Haiitu
J Jﬂz +x° dx,

npUMEHAA MnepboinyecKyio NOACTAHOBKY x = g sh £,

Penreuune Hmeem »/az+:\:2 = e./.a,2+.a2 sh® ¢t =achtudx = achdt. Ord
CIOAA

J‘4a2+x2 dx-J.acht-achtdt=a2.|.ch2tdt=a2j.ilﬁt+—l dt =

2

2 2
=2 (1 =2
- 2(2sh2t+t) + C 2(shtcht+t)+C.

Tax xax
{2 2
sht=§,cht=-a—i-x_
a a
H

[z, 2
et=cht+sht=x+ a +x

a

TO OKOHYATEJABHD NOJAYSaeM

2
JJ&2+1:2 de = EJa?+x* + L 1n (x+ Ja2+x2) +Cy,

a 2

2
i

2
1210. Haiitu

rae C, = C - — In @ — HoBadA NpoH3pPOJILHAA DOCTOAHHAH,

2
J‘.rdx
7 2
x'—a

nonaras x = gch t.

§ 3. HETerpuposanie no yacTaMm

DopMysa HMHTETrpPUPOBAHHN o Hacranm. Eeramu = @(x) Wl

v = y(x) — auddepeHuupyemsie Gyaruun, To
J.udu = Qv — Iudu.

§ 3. HuTerpuposaHne 00 MACTAM 111

[Ipemep 1. Haittu
lenxdx.

2

Honaraa ¥ = ln x; dv = x dx, aMeem du=g;u=%.0mmﬂa
X
x* x% dx x* x’
Ix nxdx 5 nx Iz " 5 nx 1

Huorga, urodel CRECTH NAHHLIA WHTETDAN K TAOMTWYHOMY, TDHXOAHUTCA IDH-
MEHATE (POPMYJY HHTErPHPORAHHA 10 YACTAM HECKOIbBKO Dad. B HEKOTOPBIX CIY-
ya X ¢ TOMOIILIO HHTETPHPORARHNA 10 HaCTAM NNOIYYAOT YPABHeHHe, H3 KOTCDOTO
pnpefnenseTcd NCKOMBIH HHTErpall.

IIpumep 2. Hattn

i
J.e cos x dx.
Hmveenm
x x 4 X . -
Ie cosxdx=je disinx) = e smx—_[e sin x dx =
X . & & X x
= g 51nx+J.e cl(cosx)=csmx+ecosx—fe cos x dx.
ChneJcBaTenbHD,
x X . X x
Ie cosxdx=esmx+ec05x—Iecosxdx,
OTHY &

x
Iexcosxdx = %(sinx + cos x) + C.

[IpnmMenas GopMyIYy HHTeIPUPOBAHKA IO YACTAM, HAWTH MHTEI DAL
1211. | In z dz. 12185+, Ixze"” dx.

1212, | arctg x dx.

1219*. J’(;u:2 — 2x + 5)e * dx.

X

32 3
x e dx.

1213, ‘ arcsin x dx. 1220+, ‘

1214. | x sin x dx. 1221.

1215. [ x cos 3x dx. 1222%, [ (2% + 5x + 6)cos 2x dx.

x sin x cos x dx.

1216, [ £ dx. 1223, J'x2 in x dx.
Sl

1217, | x - 27" dx.

1224. J' In® x dx.
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ne k B [ — MOCTOAHHEIE. Jna peimonsenus npecSpasopanud (1) yacGHee peero

" .. i
1225. “n_:f dx. 1231. x_cc;sx dx. , ;3 KBAAPATHOTO TPeXYAeHA BbLAEIHTE noAHBIH KBagpaT. MoXHO TAKKe [I0NIh30-
. ]x .. S X ". paThCH 110\ CTAHOBKOH
1226. % dx. 1232. | e" sin x dx. 3 Z2ax + b =t.
o T o :
[ [ g+ Ecau m = 0, To, OPUBOAS KBAaJpaTHEIU TPexX4aeH K BNay (1}, monyuaaem Tab-
1227. | x arctg x dx. 1233. - 3" cos x dx. qpuanie nETerpanst 11 wou IV {enm. § 1, 2°, Tabauny OpocTeRiIuX HIITeSPATCB),
1228. | x arcsin x dx. 1234. | e sin bx dx. i Mpumep 1.
’ * " 5
1229. | In (x + 1 +x°)dx. 1235. | sin (In x) dx. ': dx 1 I dx _1 J- d[x - ﬂ _
A J 3|7 5 ok 7 95 2 5\|2 31
1230, [ xdx -[2x2—5x+7 ( 2 5, 5 __] (__,_j L _2y, el
J sin® x 1 x -2 41: * 16 ¥ 2 16 4} 16
5
ITpuMeHsas pasAMYHbBIE METOAB, HANTH WHTETDAaJIKL: , 77 3
F 3 -t . in .Jx : =-1--—1 arctg—4 +C=—2—-arctg4x 5 + C.
1236. | x"e™" dx. 1246, | SCSIMANE gy, 2./31 431 /31 J31
v v . 1 —=x . | 4
1237. ‘ e"& dx. 1247. | x 1;g2 2x dx, ' Ecnn m # 0, TO ¥3 URCAUTENA BHIASASTCA NponsBoAag 2ex + b KBaApaTHOro
- " = TpexyJIeHa
1238, (:r::2 —2x + 3)In x dx. 1248. | 22 gy, '_ m mb
. Je* ] —(Eax+b)+(n——nj
1239. | X 111 1+x dx. 1249. - 0S8 {]Il x) dx. . ax2+bx+c ax2+bx +
.y 2 2 ' b d
1240. | % dx, 1250%%, I SN ) | = gelnjas® +bx +d+ [” 3 ) I Ty
Jox? (2t 1) - 2a ¢/ ax"+bx+c
1241, [ In(Inx) dx. 1251*% [ dx M TAKMM OOPadOM MBI IPHXOANM K MHTETPany, Pa3cOpaHHOMY BBILLC.
X ) z . 22 _
Y (x"+a’) | Mpumep 2.
1242. [ x* arctg 3x dx. 1252*. [ Ja”— x* dx. - lox-1)-1 d["" - %]
A \ ’ ' = jx_—l_dFIZ, 2dx=lln|xz—x”11—%-|‘z -
1243, | x{(arctg x)" dx. 1233%, A+x" dx. - x*—x-1 ox-1 2 (I_; _g
P L2 - - I |
.2 - : : |
1244. | (arcsin x)° dx. 1254+, | X d:-:z . ;- _ 1. |x2 T I q|2x-1- VB 4 C. !
) _ " AN9-x 2 245 |2x-1+.5
1245. arcsin x dx
2 ' !
- X 9 2:° Murterpalbl BUEA mx+n dx.

‘I. Jax2+bx+c

MeTobl BRIMKCCHHI AHANOTHYHB]l pasobpalEEIM BeIILE. B KoHeWHOM HTOre WH- I

§ 4. IlpocTeliiune MHTerpainl, COOepPHAINHE KBAIPATHLIH TDEXUYJIeH
P P » COAEpIRAIL AP p Terpas npuBomMTCA K TabanuHoMy nHTerpany V, ecan a > §, n VI, ecam a < 0,

_ Mpumep 3.
mx+n " ¥
dx. OcHoBHO# npuem BbIuHCHE- )

1*. Murerpaasl BH aj -
P b | dx 1 ) 4.‘,\:"'3_1_0‘

= — ATCSEIN
a

3
ax +bx+c

dx _ 1 J'
HUA -— [IDHUBEJCHHe KBaJAPAaTHOTC TPEXUNeHA K BHAY _ '[ JE +3x-2x° J2 J?_ﬁ (x 3]2 2
ax’ + by +c=alxd B’ + 1, (1)

16




1 § 4, ITpocTeiiulne MHTErpAS, COAEPHAMME KBAADATHRIA TREXUIeH 115
114 I'nasa 1V, HEOITPEOEJIEHHBIN HHTETPAJI :

i

0.
IIpumep 4. IIpumep
J‘ x+3 dx:%-" 2x+ 2

dx+2_|' dx  _ J‘ i-2x-x° dx=J',J2-(1+x)2d(1+x}=
N+ 2x4 2 Jal 21+ 2 J(x+1)2+1 1+xm +arcsi111+x +C.
=4x2+2x+2 +2]n{x+1+4.|'x2+2x+2)+6‘. : ) 2

2
dx .
SD.HHTEP]}&JII:IEH;{&-[ . C nomouieio o0paruoit I . ]
(mx + n}Jaxz +bx+c E Haury _HHTEEEMH' 68 © dx
NOACTAHOBKH 1255. | ——* . 1268. | — -
. = J x*+2x+5 ) xl-a
= ¢ _.: .
—— 2 1256, [ 4% | 1269. .
9TH MHTErpajiel NPUROSATCA K HHTEIpATAM Buja 2°, = E :t::2 +2x Y xfx+x-1
IIprMep 5, Hafitu . . dx
) f_ dx 1270 -
: 1207. § ———. ‘
[——. g JaaP-x+1 ! (x-1)ilat-2
(x+1) :c2+1 : A vdar 1271 . dx
= 1258. . ' ’
Pemenue, ITonaraem 1 5 ) 2 _7x113 Y (x+1) fv? 4 2x
x + 1 = ; 1 '_ | . _ - 5
. 1259, [ _3%=2  dx. 1272, | Nx“+2x+5 dx.
OTcrona " xP_dx+s y
d¢
dx = ——. ‘ 1 p - 2 " 2
a2 1260, [ =1 4« 1273. | Jx - dx.
Hmeem - Jx +3x+4 v
_de 1261. 2 dx 1274, [ 42— x - x? dx.
2 B . .
-I' dx =J’ i _':_-l‘ di _ » J 2 _6x+10 .
CE T S TUR J1-2e4 24 e dx 1275, [ —X9% .
E \'t 1262- . ‘ ) 4_4x2+3
* J2+3x— 2x ...x
1 dt 1 1 2 1 : . ”
= - =——Inlt-2+ [t°—t+2| +Cc= -. F dx 1276 cos dx.
.\/QJ. NZ 1 J? 2 2 = 1263. . B 6 si
- J gin® x - 6Bsinx+ 12
-3) +1 5 St E
E x
i = . I e dx
=__1_lnll—x+q'2(x2+1} +C. - 1264. - dx . 1277'_, [ =z  2x
2| x+1 2 T N +px4g 1+e +e
k- " inx dx
- F 3x-6 1278, sinx
4. HuTerpans Buga I A,/axz +bx +c dx, Ilyrem spigenenus us kpag- B 1265. m dx. . Jmsz v+4cost+ 1
i YT —4x+
PATHOTO TPEXIEHA IIONHOI0 KBAaADATA AAHHBIN WHTETpPAN CBOJUTCH K OAHOMY . ] . Inx dx
ue CASNYIOIIUX ABYX OCHOBHLIX MHTErpasoB {cm. NeN: 1252 u 1253): - 1266. _2x-8  gq. 1279. J_ —
B Z :" . - — —_ xz " x 1. - 41111 - lI'l X
l)J.q"az—-x‘! dx=£a¢'a2—12 + £ aresin ¥ + C (a = 0); 2| 1-x
? ? : 1267, | X dx
2]J‘»Jx2+A dx = ZJx"+ 4 + ‘%Inlx + Jxlial+cC. i : P Jsxto2x+1
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§ 5. HaTerpupoBanue payoHaTbHBIX GPYHEITKHN

1°. MeTrog Heonpefgenes 5 olx Koaspdunuentos, HWHurerpu-
POBaHHE DAUOBAMLHON (PYHEIMHK [0CSE BhIASACHHMH MEXON 4acTH CBO/IMTCA K
HHTETPUDPOBAHKIC NPABLALHOL DPALUOHARLHOL Ipolu

Pix)
ek (1)

rae P(x) u Q(x) — uensie MHOTOWNEHEL, IDHYEM CTeneHb YHeaAuTe A P{x) vmxke
CTENEeHN 3HameHatens &(x). Ecay

Q)= (x - a)* ... (x- 1),

r&e a, ..., | — pasIMYHEle ZefICTBUTE LHEIE KOPHE MHOrowIeHa &{x); o, ..., A —

HaTypaAbHBIC YHCAA (KPATHOCTH KopHel), To COpaBeAIHBO palfoxeHne gpobu
(1) na npocredimmne apodu:

A L L.
Py . 41 | _ 4 . ot B fop Lz o La sttt (@
Qx) x-a  (x_q (x - a)" L) (x-1)
g BEIYHCHe A HeoIpeAeNeHHBIX Koot umeH 0B A4, Az= - Ll o0e yacTH Tom-

ReCTB2 (2) IDMBORAT K LEJIOMY BHAY, a 3aTeM IPUPaBHUBAIOT KoaGhHUIHeHTLI IpU
ONHHAKOBLIX CTEIIEHAX IIEPEMEHHOH ¥ (e PBBIH CLIOC O 6). MoxkHo TakKe on-
PEACIATE 3TH Ko MIIHe TSI, 10JATAA B pABEHCTEE {(2), nnu emy skBuBaneHTHOM,
* PABHBIM DOAXOAAIE NOAOOPAHHEIM YmcaaMm (BT o POit cIocoB),
Hpumep 1. Haiitn
J‘ xdx -7

(x— 1)(x + 1)

PEI_HEHHE. Hmeem
X A E Bl Bz

(x = 1)(x+ 1) Cx-1 0 x+1 (x+1)2

Orcrona
x=Alx + 1) + B(x - 1)(x + 1) + B,(x - 1). (3)

a) Ilepaviii cnoco6 onpedenenus xoapduyuenmos. Ilepenumem ToxgecTno
(3) B BHAE
x=(A+B)x" + (24 + B,)x + (4~ B, - B,),
Ilpupasasar KO3(QOUIHEHTE) IPU OZMHAKOBBIX CTEHEHAX X, IQJYYHM:
0=A+B; 1=2A+BE;D=A—Bl—Bz.

Otciona

1 1 1

A=-;B =-2:B. = =.
4° 1 4" 2 2

6) Bmopoit cnocod onpedenenin rodppuyuenmos. Honarasz x = 1 B roxaecrre
(3), bynem uMeTE

1=A'4,T.E.A=%.

e

§ 5. MuTerpHpoBaHWe DAITHOHATREBIX QYHENN# 117

[lonarasa x = —1, noxyunm

1
-e-1=—32*2,T.c.Bz— 5 -

Tlanee, nojarag x = 0, Oyaem HMMeTh

1
{]=A--Bl—BE,T.E.BI=A—BE=—Z-

CneacBaTeabHO,
I#EJ' dx _'lj dx +1J.d_x2=
4 x-1 4)x+1 2 (x+1)
1 I, lx-1
1 1 1l = 1 =_—_ = 4+ Zln ‘-I—C.
.-_Zln|:c—li—zlnlxi 1| 2(x+1)+C eSS P
IIpumep 2. Haiitu
I dr __ _7.
P ~2x"+x
Pemenne Hmeem
1 _ 1 _A B1 N C ,
o2 vx x(x-1)F ¥ X- (x~1)
H
1 =A{x — 1) + Bx(x - 1) + Cx. (4)

[Ipy peureHHH 2TOTC IPHMEPa PEKOMEHVeTCA KOMOHMHMPOBATL ABA Criocoba
onpegereHna KoaupuiinenTor. IIpuMenas sTopoH cniocod, nonaraem x = ¢ B ToXx-
fecrse (4); noayuum 1 = A, 3arem, noysaran x = 1, nonyuum 1 = €, Janee, TpH-
MeHHS NepBBIH ¢1n0Col, IPUPaABHAeM B ToxKaecTse (4) KOSMPUIMEHTLI IDH X
Byaem umets

0=A+8B,r.e. B=—1.

Taxuu obpaszom,
A=1,B=-1u=1.

ClaeqoBaTe/BHO,
I= d_{_-[ dx +J.__._—.—dx2=1n|xt—1n1x—1|—_-—11+0.
x x-1 (x—1)

Ecan MuorouncH Gx) HMeeT KOMILIeKCHBIC KOPHH ¢ T (b KpaTHocTH k, TO B
bPaziaoxkenue (2) AOTONIHUTENBHO BOKLYT npocreiiniye gpody BHOA

M+ Ny My N, (5)

L]

2 2 k
x“+px+g (x +px+4q)

rae

x4 px + g =[x~ {a+ ib)][x - (a- ib)]
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H M N . Mk, N — HeonpejencHHEle Ko3hhunmenTsl, DﬂpE,ﬂ;EJIHEMH i

cnacoﬁamn, yrasauubIMH Boiite. IIpn & = 1 apobn (5) unrterpupyerca HerQ.
CPEeACTBEHHO; OpH &k > 1 upuueuae*rca MEMOd RORUNEHUA, IPUYLM TPEABa-]

PHTEeNhHO KBAAPATHEIE Tpexunen 2+ px + ¢ PeKOMeHAYeTCA NpPeiCTARUTE)

2 2
B BHye (I+I2—,J + (q-—%—) H CAeHATE NICACTAHOBKY X + 'F2—J = 2z,

Ilpumep 3. Hafitu

x+1]
‘[ > 2dx=f
(x"+4x+5)

Pemesue Tax xax
X tdx+5=(x+ 2 +1,

TO, NOAATaR X + 1 = z, noayyaem

(1 +22)—22

1‘ .[ (izg = J' ___fiE[E_.E — 5 dz = _
(z° +1} Z*+1)° 4 2Py
SRS S S LR __L_] - |
2(z°+1) z'+1 | 2(2"+1) ;
-~ — -arctgz- — 2 + larctge=——211 _loaic- BB
2(z%+ 1) 22 +1) 2 2(z°+1) 2 2
S 2x+3 —larctg(x+2)+c. |
2(x*+4x+5) 2

2°.Meroa OcTporpanckoro. Ecin Q(x) nmeer kparuwie kopau, To B

© 3

P(x) g = X(x) | [ ¥(x) 4,
Q{x) ICAG R E->ey

rae Ql{x} — obiuit Haubonpnmit AenuTe L MEOTOWIEHA Q(x) u ero npousBogHOH
Q'(x);
Qy(x) = Qx): @, (x);

X(x) 1 Y(x) — MmHOTOUIEHEL © HeoupeseAeHHHIMH KOBHDHIREeHTAMY, CTEIEHH KO- 3

TOPBIX COOTEETCTREHHOC Ha eAMHKIY MEHBille CTeneHel Ql{x) n Q,(x).

Heonpegesnesnuie xoadipriHeHTE MHOMOYIEHOB X(x) u Y(x) Boluncasiorea |
npu nomoiny AHQPEepeRINposaHHA TOXAecTBa (6).
Hpumep 4. Haitrn

J'_?"_
x*-1)*
Pemenmne,
’ ,[ dxr  _ Ax? +Bx+{',' Dx*+Ex+F dx.
(.ra—l) x* -1 x-1

_--—"-___-_-_

§ 5. Uprerpyposanue paryOHAIBHEIX QVHKIHHA 119

NuddepeHIUPYH 3TO TD}I{,IIECTHD Ilt}nyqaem
1 (2Ax+B)(x —1)—3x {Ax + Bx + C) 4 Dx’ +Ex+F
Ik 3

{JEE __.1_) (;r _ I_) xr—1

HIH 3 '
1 = (24x + BYx® — 1) - 3x°(4x" + Bx + ) + (D" + Ex + F)(x” — 1),

[IpzpasarBan K0ohOHIHEHTEI IPK COOTBETCTRYIOIHUX CTEIEHAX X, OYeM HMeTh.
D=0 E-A=0F-2B=0;D+3C=0,E+24=0; B+ F=-1;

OTCIOIA

G| N

~3iC=0D=0E=0F=-

M, CIeICBATENBHO,

j’ dx : _ 1 3x (7)
-1y 3 3 -1

1[7i8 BRIUMCJAEHMA AHTErPANA B IPABOIH WACTH PaBeHCTRa {7) pasnaraeM Epobs
1

Ha 3JICMERTAPHBlE ApoDH:

x -1
1 _ L Mx+N
o1 x-1  x2rx+1’
T. €
= iy 4 — 1) + N{x + 1) (8)
p=L{x"+ x+ 1)+ Mx(x ) {

Ilonaraa x = 1, ooayvacm L = 3"
[Tprpapuusad KO3((hUIHUCHTH! IDH 0JUHAKOBEIX CTEIIEHAX X B IPABOH H JIC-
BOH 4acTAX paBencTsa (8), Haxoaum:

L+ M= (J; L-N=1,

L, 2
3N =3

dx I cl:x: ij‘ x+ 2 dx =
S-o1 3 3) ¥ax+1
1 1 2x+1+C

1 pA
_ 4 — 1| - =In{x"+ x + 1) - — arctg
3111|x | ﬁn{ 7 7

Ioatomy

1

2
I dx X f b xrxtl 2 arctg 2x+1 4 ¢.

(x-1)° 33 /3
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HatiTu uBTErpans:;

. . 4
1280. dx 1201, (2 +x+1 g0

J(x+a)(x+b)’ box?e1)
. P . 4
1281. -’*’2_‘59&9 dx. 1292, dx.
Y x°—5x+6 Jxtoa
1282. | dx 1293, | dx

Jx-Dx+2)(x-4) (22— dx+3)(xZ+4x+5)

~ 2 .
1283, [ . 2% +41x-91 . = y9g94 [ _dx

Jx-D(x+3)x-49) J ¥l
'. 3 -
1284, [ 22 %2 gy 1295, [ 4%
v x —5x2+4:c v x4+1
1285. '_dx_,i. 1296, [ —_dx
Y x{x+1) dxterfit
- 3 o
1286. [ ==L 4z, 1297, dx
4x" - x (14 2?
1287. .1' —GI +12I + 6 d 1298. * 3I+5 dx
v x —ﬁx +12x -8 - {:.\;:2~+~2.':':~t=2}2 .
1288, [ Bx+6x49 4 1299. | dx
Y (x-3)%(x+1) S+ Ut x+1)
~ i _8x+7 - 41
1289. ; da. 1300. s dx.
Y (x-3x-10) J (2% -4x+5)

1290. [ 2223 gy
(x%~3x+2)

Ilpumensaa meron OcTporpaacKoro, HaiiTi CAENVIOUUE BRHTEerPAJEL

1301, [ — dx 1303, [ 4 .
Y {x+ 1) (x"+1) Y+

1302, [ —49x 1304.
4 2
(x" - 1) Y (x' 28+ 2)°

‘x—2I+2d

IlpuMeHss pasNIUuHble OPUEMBl, HAlTH WHTETDAIDL!
. & -

1305. [ —— X dx, 1307, [ X -x+l4 g

b (2*+1)x%+8) d(x-4)}(x-2)

» 7 d .

1306. [ — % X dx. 1308, [ —4* |

—21'44“1 ¥ 1'4{.1"3‘4-1}2

§ 6. MrTerprpoBaRHe HEKOTODBIX HPPATHOBAABHEIX DYHKITHIH 121

J—
dx i dx
: 1312. .
1309. Ix ~4x°+5x-2 . {x2+2x+2}{x2+2x+5)
2
dx f xTdx
1310*. | —————. 1313.
-[x{:r?Jrl) -1
3L [ S5, 1314, | 22
x{x +1) T X +x

§ 6. HATerpupoBaHie HEKOTOPBIX HPPAIHOHANLHBIX (pyHKIHHA

1°. AarTerpanae BHAA
P P2

lex+d! Tlex+d) T ’

— U eNnNEIe U A

rpe i —panqUoOHaNABHaHA PYHKIUA Pys Q15 Pos Qo oo
Hurerpansl Buaa (1) HAX0ZATCA ¢ OOMOILBIO NOCTAHOBKH
ax+b _ o

cx+d

*

rae n — obniee HAMMeHBIIee KPATHOE WHCTE G, Jas v -
dx

J2x—l—‘£/2x—~1

4
Pemenue Ilogcranoexa 2x ~ 1 = z npHBOAUT MHTErDAN K BUAY

J‘ dx j2zdz_2jzdz_2-|'( 11sz=
J2x-1-4/2x-1 2" -z z-

e+ +2nl-1+C=0+43x 1) +m(422-1 - 1)’ + C.

HaiiTi uuTerpansi:

IIpuamep 1. Haif{'rﬂ-[

- 3 i ’J_.
X X
1315. | 7= dx. 1321. | 552 dx.
1316. [ _*dx_ 1322. [ dx |
J 3fax+b J (2-x)d1-x
1317. | dx . 1323. [ x :i dx.
S Jxr 1) -
1318, [ 9% _ 1324. { 3/2*L dx.
- ﬁ.{_% o x"l
1319. { Y21 4x. 1825, [ —*F3 4.
3l 1 b x*/2x+3
1320, [ _vx+1+2 g4y
| ’ (x+1}2—ﬁfx+1
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2°Wnrerpans Bnga

[ a, @ B
Ja:r: +hx+e |
rAe P {(x) —MHOrounemcreoeEu n.
Ilonaraswr : :
I Palx) dx =Qn_1{x}.\/ax +bx+e + RJ. dx . (3)
Ja.x +bx+c ax rbhxte l

rae @, _ (x) — mMHOrOWIeH crenenum (n — 1) ¢ HeollpefeleHHBIME KoahdHiuoH-
TAMH; A — YHCIQ,

RoodhdnumerTel MEOro1iena @, _,(x) muncno A HaXomATCH NIPH DOMOIIH Aud-
dhepeHINPOBAHKA TOMALCTRE (3).

IIprmep 2.

J.xzn,l'xz-{h-i dx=j x"i—l—flx
Jx2+

—(Ax° + Bx® + Cx + D}Jx-+4—+hf

x + 4
Orciona

4 2 3 i
TIEY _ (342" + 2By + O)x7 4 ¢ AX BT ACxa Dy, A
N +4 Jrt+ 4 Jz_r:2+4

5 .
YMHOKAA Ha X  +4 u npupaBEuBas KoahQHEHeHTH! [IPH OJHHAKOBLIX CTene-
HAX X, IIOJ1YIaeM:

A:

ChemoBaTeapHO,

3
-[xqu'xz-l—él de = ¥ -;213*!_1,2_}_4 - 2in{x + M'xz—kél}—l-C.
3. MaTerpanxs BuAa

J‘ dx | )

A 2
{x — ) Jax +hx+c
NPHUBOAATCA ¥ MHTerpaidam eupa (2) ¢ 1OMOIMbB OOACTAHOBL U

1 = {.
x - o

Haiit unrerpasne::

. 2 )
1326, [ _*dx 1329, [ 4%

NPy | Yoty

. 5 )
1327. | X dux. ~ 1330. dx

-
I
#
[ ]
L X
-
=
+
—
um
=
a2
+
o
Eet

1328, [ X dx. 1331 |

§ 6. MuTerpupobanse HEKOTOPRIX KPPALMORANBHRMIX QYHKIIMI ' 123

—

4°. AuTerpaasl or sHpbepeHUNAABHNX 6UHOMOB

I x™(a + bx"Y dx, (5}

rge M, AMp —~PANMOH&NBHEE IHCAA.

VenoBus YeOGoimena Harerpan (5) pmpakaercd uyeped KOHEYHYIO
xOMOAHAUMIO 37TeMEATAPHLIX GYHKIKHA NHIUIbL B CAEAYIOIMAX TPeX cAyIasx:
1) ecny p — 1NeA0e YUCIO;

m+1

i a
2) ecn -— [IeR0e THCAO, 3Aech NPUMEHRACTCH TOACTAHORKE @ + by = 2,

rje § — 3HAMEHATeNk Apobu p;

m-+1

3) eciin + p — neaoe Yncno. B aToM crydae KCIOAB3IYETCH HOACTAHOBKS

ax_n+b=zs.
MIpuwep 3. Haitte

Ia;/rdxﬂ

1
-=+1
1, _1, _1 m+) _ 2 _ i
Pemenne 37eceEm= E,H-Z,P 59 i 2. Cnepno
4
RATeJbHO, HMEET MecTO cayual 2) HETerpHpyeMoCTH.
IMogcTazoBKA
1
1+ 2 =2°

AZeT; X = (23 — 1}"; dx = 1222{23 - 1)3 dz. IloaToMy

I= _[ [1+x

| bt

1)
ree z = 31 +4/x.
Haiitu unTerpasn:
8

~ 92 - dx
1332. [ x*(1+2x%) ° dx. 1335, | —_&* .

' y :u:a.J'Il+,J::5

F * dx
1333, [ . _4x | 1336. .

J 4;1-{-174 o’ x2(2+x3)5!’3
1334, [ _dx . 1337. [ — 9

1
3 3
} dx=12‘|.‘f‘..{.i_1i)_dz—12‘[{z -z)dz-l,{gz" 3+,
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§ 7. HrTerpupoBaHKe TPUTOHOMETPHUUYSCKHX (PYHKLHIT

1°. MaTerpans puga

-[ sin” xeos" xdx =~ I, {1) 3

TAe M U — Oedgble UUCJTA.
1) Ecmr m = 2k + 1 — HeueTHOe TONCKUTEABLHOE UHCAO, TO TMOMATAKT

. . 9y " 2k
Im‘ y = -~I sin” xcos x d{cos x) = —J. (1 — cos™ x) cos” x d{cos x),

AHaNOTUYHO MOCTYNAKT, €CHIM 72 — HEYeTHOE NONCHKHTEILEOS MHCIO.
Hpumep 1.

.11 . 13
. 1“‘ 3 . lﬂ B 2 . :
J‘sm xcos xdx = fsm x(1 — sin” x} d{sin x) = Sl X _ sin

X
11 13 te

2)Ecam m v n — 4YeTHBIE DOJOKUTENBIEBIE YHCIAA, TO IOALIHTErDANBIIGE BHI- §

paxenue (1) upecbpasyior ¢ noMolb0 DopMY;

sin” x = %{1 - ¢o0s 2x), cos” x = %{1 + cos 2x), sinxcosx = lsin 2x,

IIpumep 2.

.2
J. cos” 3x sin” 8x dx = J.{cos 3x sin 8x)°sin’ 3x dx = J. 51114 bx 1- C;SGI

=éj&mﬁ&x—aﬁﬁxmmﬁmdx=%f(ll%§55—amz&rmmhjdx=

1[17 sinl2x |

. 3
g 5 54 —i—asm ﬁxj + .

3)Eenr m = -0 1 n = —v — lenbic OTDHLATEABHBIE YHCAS OAHHAKOBOH 4eT- §

HOCTH, TO

I .= -[ + Md.:;:
51ln

-2
— = I cosec” xsec’  “x d{tg x) =
XCDs X

H

v-—2 AL
L 7 2 ¢
J{1+ . 1(1+mﬁx} tﬂmxy=j(1+@‘x) d(tg x).
tg” x) tg" x

B qactHOCTH, K 3TOMY C/Ay4amw CBOASTCA MHTETPAJLI

{5 dx+3
T -1 LW X hox v - .
sin” x 2 sin” 5 cos 3 Cos X sin’' (.‘r + g)

IIpumep 3.

I ﬁ =,[mm2xdﬁgxﬂ==j(1+fgled&gx)=tgx-+1¢g3x4-0- :
cO5 X 3 i

da = 1

§ 7. HurerpHpoBaHHe TPHIOHOMETDHYECKHU X OYBKITHH 125
[
[Ipumepd 4.
dx ___LJ‘—__dx =1Itg_3fsecﬁ%dx=
sin®x  2° sinaxcosag 8 2
- 2
!. 1+ tgz E) 5 .
-1 : sec” ¥ dx=§I 1:rg_3E ~+--—+th d[tg—] =
8 tgsf 2 8 2 tg‘{ 2 2
2 I 2
2Xx
g™ =
- 11" 1 +2m@§+u33 e
2tg”%

NI
4} METCrpanel BHIA ‘[tgm xdx (-n.rm J.ctg X dx), rae m — nenaoe noao-
sHUTeNLHOE YHCIAO, BEIYHCHAITCS € TOMCIIBIO POPMYIL
2 2 !
tg"x =sec"x -1 !

2 2
(WIH coOTBETCTBEeHHO ctg” x = cosec” x — 1)

[Tpumep 5.
3
Itgdxdx=jtgzx{seczx—l}dx=t%:f—Itgzxdx= :
|
i 2 tg’x |
== thI —I{sec x—l}dx=-g3— —tgx—tgx+x+C.

5) B ofmem chayuae uaTerpanel {,  BHJIA {1} BEIYHCAAIOTCA ¢ TIOMOILLIO @op-

MYy npueedenus (pexyppeHmubtX GopMya ), BHIBOAUMBIX O0BITHO HHTEMPUPO-
BaHUCM IO YaCTHM,

Ilpumep 6.
d in’ 2 sinx dx
I x =J‘51nx+cosxdx=J‘Sinx. dx-I-J. _
cos x cos’x cos® x cosx
=slp x - 1 — lI COSE dx + dx _ sinx ~1~lnttgx + sec x| + C.
2cos’x  2J cos’x COSY  2eos’x

Haiitn unrerpaJs::

1338. [ cos® x dx. 1341. [ sin® ‘% cos® g dux.
. "" .
1339. { sin’ x dx. 1342. [ °.% dx.
g J sin" x
. 1340. | sin® x cos® x dx. 1343. [ sin® x dx.
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J—
. . | HaiiTiz MHTETPAJIBL:
1344, [ sin® : 5 4y | h :
] sin- x cos x dx, 1355. _ sec” 4x dx. : 1365. | sin 3x cos 5x dx. 1369. | cos (ax + b) cos {ax — b) dx.
f . 2 4 - 9 ] .. -.
1345. | sin” ¥ cos’ x dx. 1356, | tg” Hx dx. ] 1366. { sin 10x sin 15x dx. 1370. | sin o? sin (¢ + @) dt.
6 f 3 R P
13486. . cos 3x dx. 1357. | ctg” x dx. _ 1367. [ cos %: cos ¥ dux. 1371. [ cos x cos® 3x dx.
" dx 1 4 i ] '
1 . . - . . .
347 J gintx 1358. J ctg’ x dx. 1368. | sin g cos 2x dx. 1372. | sin X sin 2x sin 3x dx.
] dx 5
1 \ . .
348 J costx | 1359-_ (tg +ig 3) dx 8 3 Murterpalbl BH A
. 2 i R(sin x, cos x) dx, (2)
1349, [ L% gy 1360. [ x sin® x* dx. ] I
Y sin x v : rie R—paunoHanesnas GyHKIUHMA,
. 2 1 C L0 TOACTAOBKH
1350. [ - S 1361, [ 22X gy . D momome EA x
sin“xcos” x J sin'x 1 tg 5 7
1351, [ 25 1362. { sin® x3/cosx dx. B oy
sin”xcos x ’ - .2t _1-4 di = 2df
. dx k sin x = 5» COSX = > > 5 4
1352, J‘ —. 1363. . 1+t 1+1 1+t
x J I 3 . ..
Sln2 £ 2 Sinxcos x ' METerpassl BHLA (2) IPHBOAATCA K HHTErDAXaM 0T PALAOHANBHBIX (PYHKIHK HO-
. BOH NepeMeEHOH 1.
sin(x+z) Mpumep 8 Haitu |
1353. [ % dr. 1364, [ 9% dx -1
sinxcosx re :3 1+ sinx+cosx '
1354.
sin’x .{ Pemenne Ilonaras tg % = t, OyAeM ¥MeThb
2dt
- Z
2°. HuTerpans Buga _ ;z‘[ 1+¢ _ [ A i ++C=1n 1+tg% +C.
' - 2t 1-t L+t
Ism mx cos nx dx, J‘sin mx sin nxdx u J‘msmxcmnxdx. 1+ 1+t2+ 14 ¢
B aTHX cnydasx npuMensiores HOPMYIIbI: ' 2} Ecnn uMeeT MECTO TOMKIECTRO

R(-sin x, —¢cos x) = R(sin x, €os x),

. 1. . ‘
1) sin mx cos nx = ;[sin (m + n)x + sin {(m - n)x);
2 TC LA mpuBegeHUA HMHTerpana (2} X pannOHATLHOMY BHAY MOKHC NDAMEHHUTD

. . : Ioacrtavoeky tg x = .
2) sin mx sin nx = %[m}s (m - n)x — cos (m + n)x); ' _ 3xech v
_ . ¢ 4
1 -_. _ sin x = ; COs X =
3) cos mx cos nx = 5 [cos (m — n)x + cos (m + n)x]. E J1+ ¢ J1+8
._ .
Hpumep 7.

x = arctg t, dx = dx

7 -

: . 1 1 . 1 b
51n9x51nxdx=-[—-cosSx—cnle dr = — - — =si - 1+¢
_[ 2{ x}dx Tg Sin 8x 5 5in 10x + C. ;
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IIpuwmep 9. Hafitn

dx

(3)

. §
J.1+sin2x
Pemew ue. Ilomaraa
2
tgx =t sin‘x= 12, dx = dtza
1+1¢ 1+t
DyoeM MMETh
I=I di =_|‘ de  _ 1 _d@J2y _
2 1+2:2 J2 ) 2
(1+t2)[1+ - +(t42)
1+¢

1 i
= ~_arctg (t./2)+ C = — aretg (J/21g x) + C.
J2 J2

3aMeruM, uTo HHTerpan (3) peruncaderca Gonee GRICTPO, eCly OPCABADUTEb-

2
HO YHCIRTEIb U 3HAMEHaTeny apodH pasfeinTdh Ha CO08 X.
B OTAedbHEIX COYYARX [IOJTE3HC IDHMEEATE HCKYCCTECHHLIR INNpHeMblI [CM., Ha-

opumMep, Ne 1379).

HajiTi nHTErpaNHI;

1373, [ —dx
J 3+5cosx
1374. | 4%

J sinx+ cosx

1375. [ 8% dux.

J 1+ cosx
1376, [ . S0% 4y,
J 1—sinx
1377. [ _dx .
J B—4dsinx+ Tcosx
1378. | dx .
J cosx+2sinx+ 3
1379%%. 3sinx+ 2cosx d
2sinx+ 3cosx
1380. { L+tex 4.
1 -tgx
1381% [ L.
1+ 3cos™x

X

1382%,

1384,

3 dx

A 3
J 38in x+ 5co08° x

1383%. [

. 2 . 2
Y osin X+ 38InXCosy — COs X

dx

* dx

. 2 . *
sih x — Bsinxcosxy

1385, [ SINX 4
. (1~-c-::us.x:]3
1386, ‘______sin?:; dx.
» 1+sin x
1387. [ 052X gy,
J cos x+sin x
1388. | cosX dx.
. 2 .
Y sin"x—06sinhx+5

1389*, J’ > dx

—sinx}3 - sinx} |

l+sinx - cosx

1390*. -I‘ i1--sinx+ cosx dx

L P S .

§ 8. Murerpuposarue runepboanvecKkux pyHKIHH
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§ 8. HATerpuporaAne runepbonmwdecKux QymKIKA

HurerpapoBaHue runepfonuuecKux HyHKIHUH BIOJIHEe AHAJOIMYHO HHTETDH-

pOBAHUIO TPUTOHOMETPHYRCKHX QYHKIIAH.

CrneayeT NTOMHMTE OCHORHEIE (DOPMYIBL:

1ych?x — sh®x = 1; 3)ch2x=%{ch2x+l};

2]sh2x=%{ch2x—1): 4)shxchx=%sh2x.

MMpumep 1. HajiTu

Ichzxdx.
Peoienue Hwmeem
Ichzxdx=jé(ch2x+ 1) dx = %sh2x+ %x+C.
Hpumep 2. Haitrn
Ichaxdx.

Pemeuune Hwmeem

J'chaxdx= Ichzxd(shx)= J'(1 + sh? x) d(sh x) =

3
zshx+§1_"é.f + C.

Hajitiu unTerpansl:

1391, { sh® x dx. 1397. [ th® x dx.
1392, [ ch* x dx. 1398. { cth' x dx.
1393. [ sh® x ch x dx. 1399. [ &= .

. 4 sh"x ch™x
1394, [ sh’x ch® x dx. 1400. _'25hxdf3chx.
1395, " #. 1401%. J‘ th‘i"_ :-
1396, " s_h%Tx' 1402. _[ ?&i’%'

3 Baxaqy g YOPEMHEH HT
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§ 9. lIpuMeserEue TPHTOHOMETPHUECKHX H TUMepOoIHYeCKHUX .
NOACTAHOROK A HAXOMIEHHMT HHTerpajoB BHIA L

IR(x, Jﬂ,xEerx—i-c)dx, (1) §
rie R —panvoEaneHax PYHKIHSH.

o 2 :
IIpeobpasya xBagDATHEIN TRPEXYEH @X + bx + ¢ B CYMMY HIU PA3HOCTD KBAS- $
PATOB, CBOAMM MHTerpai (i) K oadoMy M3 UHTErpAJIoR CIAeJVIGIIHX TUIIOR!

D[R Jm?-2%)de

2 [ Rz, Jm?+2%)de;

3y [ R(z, Jz—m?)az.

HG‘I:.IJIE,I[HHE HHTETDAJBI ﬁE[}}TTCH COOTBETCTBEHHD C IIOMOIULBIG ITOOCTAIIOBOK,
l)z=msint unu 2 = m tgd,
Dz=mtgtunu z=msht,
3)z=msectunuz=mcht.

IIpumep 1. Halttu

J‘ dx _7
2 {72

{(x+1) J;c +2x+2

Pemernue, Hmeem
x2-+2x+2=(x+1}2+1.

IMoaowum x + 1 = tg £, torga dx = sec’ ¢ At u

Iz-l' dx :-[ngcztdt =jmﬁztdt=_‘l Lo =
(x+ 1P f(x+ 1 +1 tg“t sect sin”f st
{2
_ _ANX +2x+2 L e
x+ 1
IMpumeyp 2. Haiitn
Ixe2+x+1dx=I.
Penten ue. Hvmeem
2 _ 12 3
I+X‘|'1—[I+§] +E-
ITonaran
s+l oBay u odr-Benran
2 2 2
TOJAVIHM
rzj[f ht— )*/5 cht- 3 chedr = 3J—_[shuh fdt—3j'ch £t -

2
_3J3 . ch’t 3
8 3

= (lshtchwr li) + C.
8.2 2

§ 10. MuTerpHpoBasHe DAAIMYHEIX TPAHCOEHASH THEIX DYHRUHHA 131

Tarx Kak

shi = ,_2_,[3;+l), cht = Eﬂ,ﬂ'xz+x+l
J3v 2 J3

t =1In [x+—]1+q'x2+x+1j + In

2

%IN

70 OKCHIATEIEHO HMEEM

3

I= %(x2+x+1)2 %(:HZ)J.T, +I+l—iln[x+1+q|l'xz+x+1) + C.

16 2

HaiTy HHTErpais:

1403. [ J3-2x— %2 dx. 1409. [ Jx®—6x-17 dx.
. . E
1404. { /2 + x° dx. 1410. [ (x*+x+1)" ax.
* 2 1 dx
1405. Y dx. 1411, i
¥ a.,v‘9+x2 y (x-l]qﬁx2—3x+2
1406. [ Jx®-2x+2 dx. 1412. dx
J J (x®-2x+5)
i 2 * dx
1407. [ Jx2 -4 dx. 1413. .
. y (1+:Jc2)n;"1—.a:2
] ~ dx
1408. [ Jx%+ x dx. 1414. .
/ Y 1=+

§ 10. HurerpupoBaaue Pa3JIHJYHLIX TPAHCUEHZEHTHEIX (QyHKIMi

Haiiti nHTerpasnsl:

1415. [ (x* + 1)%*" dx. 1419. | esin x sin 3x dx.
1416. [ x’cos® 3x dx. 1420, [ xe*cos x dx.
1417. { x sin x cos 2x dx. 1421, | “szxx_ .

. J e +re” -2
1418. | e*sin® x dx. 1422, [ dx

+e’ +1
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2 1+x : - .
1423, -[x in T dx. 1425. Ix arccos (dx — 2) dx. 2 1449. y xdj . 1466. | sin (g_x) sin (EJr x) dx.
' v J1-2x" —x . ‘
1424. J'mz (x + J1+x°)dx. 1426, _fs'm x sh x dx. ) )  ae n
1450, [ —**1__ dx. 1467. [ tg (-+-] dx.
v {.x:2+1)3f2 v 2 4
§ 11. IIpumenenne ¢GopmMys NpHBEeHHA - 1451 % _I. dx 1468. { dx
. ) by z "] 2sinx + 8cosx -5
(x" +4x)/4—x
BrisecTy GOpMYILI IpHABeZEHMA IS KHTETPATOB: 1
- I ~ 2 ~ d
1427. 1 = [ —%%__; watttu J, u I, 5 1452. | 4x°—9 dx. 1469. | — X .
J (x2+a2)n : . _ J 2+ 3cos x
1428. I, = [ sin” x dx; maiity Iyul,. - | 1453. [ Jx—4x° dx. 1470. | . dx —.
429 Y du v Y cos x+2sinx cosx + 2sin” x
1 = s HauTH I, u 1. . .
" Jcos"x P x_ 1454. . 1471. m’é‘ﬁ
1430. 1 = x"e™ dux; naiitu Lo _: Taxyxt+x+] )
1455. [ xdx®+2x+2 dx. 1472, { dx .
" J J (2+ cosx)(3d+ cosx)
§ 12. HaTerpupoBarue pasHeIX QPyHKIHH )
1456. [ —4% . 1473. seC X ____ dx.
1438, [ & 1440, | 324% g, ] Tt o1 Dbt atga 41
Jax? 4x+9 7 (1-24x) .- 1457, [ 2% 1474, [ _C0%9% gy |
9 A . . . . ;
1432. [ _*=%  dx. 1441, [ Y22 gy S xdl-x 7 Ja’+sin"ax 1
2 3 .
v . i a o 3 n M
o ¥ | 1458, [ 9% 1475, [ 2dx !
1433. | —— dx. 1442, [ 42 - Y3140 J cos"3x -
2 J 3 3 . .
RS ¥ rxel 1459. [ 5% dx. 1476. | x sin” x dx.
: L 4 J
1434. [ 9% 1443, [ 12325 gy [ ‘ 11"*: 3
© x(x7+9) b2 3 1460. | cos x dx. 1477. { x"e" dx.
Y dx [ dx ‘- v ’
1435. . 1444 . - . .
' ' dx 2x
b (x+ 2y (x+3) d ( ; Jz = 1461, | 2 | 1478. | xe™ dx.
'i,/x_-ﬁiﬁ = J cosxsin’x . _
r dx r 2x+1 g !
1436. . 1445. dx. 5 1+ Jelgx .2 |
2,2 F 1462, | ~ == dx. 1479. | x'In J1 - x dx. _
CRRPRCISY * o241y’ ) i :
[ dx [ dx . 3 . i
1437 J .2 2" 1446. J 4 — - 1463, | ALY gda. 1480, [ Xarcter g, "
(x°+ 2) NE-x+.b-x 3 2
. d . 2 : * Weos“x v J1+x
x x b . ]
1438. Joot 9241 1447. . f{ 21 dx. - 1464. { cosec’ 5x dx. 1481. { sin® % cos %{dx.
X - ] - ”
3 xdx [ dx : . a2 .
1439. | — 5 1448. | — = . 1465, [ S0 % gy 1482. dx .
(x"-x+1) (1+x")/1-x 5 ' }cos®x 4 {sinx+ cosx)
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1483.

1484,

1485.

1486.

1487.

1488.

1489,

1490.

1491,

i dx
(tgx+1) sin’x

.shxchxdx.

" shfl—x de
J1—x

shxchx d.

3 2
sh*x + ch”x

—-"‘;—dx.
sh®x

[ dx

2x x "
g —2e

1-4
(e + 1)

1492,

1493.

1494,

1495.

1496.

1497.

1498,

1499.

1500,

Ly

[ (x® — 1)107% dx.

ez +1dx.

[ arctgx da
x

3 ]
x arcsin 1 dx.
X

[ cos (In x) dx.

' (xz — 3x) sin 5x dx.

arcsin JE dx.

[ x| dux.

[ x arctg (2x + 3) dx.

T'aaBaV

OIIPENEJIEHHBIM MHTETPAJI

§ 1. OnpezexeRHBIi HHTETPANl KAK TpPexes CYMMbL

1°. UaTerpasbHas cyMuma, llyers dysrUmA f(x) onpeneneHa Ea OT-

peske a € x S bme =x,<x <..<x =b— OpOUIECIBHOE paabreHHe 3TOTO

oTpeaka Ha 1 gacteit (puc. 37). Cymma sHia

n-1
S, =Y fE)Ax, 1 1
i=10

rnexr_é’éi‘éxi+1;ﬁx1=xi+lﬂ-xi;

i=0,1,2,....,.n—-1,

1, by 2y=b X

Ha3bIBAETCH UHMeZPAAbHOLL cyMMOll DYHE- O a=x,E,x,
uuu f(x) Ha [a, b]. leomerpuyecky S, npea-

crapiader coboil anrefpaHIecKy) CyMMY
IAICIaNeH COOTBETCTRYIOIIUX HPAMOYTOIb-
HUKOE (cM. puc. 37).

2°, OnpeseneHHBH HETErpa
n. Mpegen cymmpl 8 Opd YCAOBHH, HTO YHCIO pazbueHu# n crpeMuTca K Hec-

KOHEYHOCTH, a HAKOONbIIAA K3 pPasHOCTed AX, — K HYNIG, HASBIBACTCA onpede-

ReHHbM UHmezpaiom OyEruun f(x) B OpeAenax oT X = d A0 X = b, 7. e.

n-1 b
im Y AgAT, = If{x) d. 2)
nax Ax, —

i=10 a
Ecne dyuxkmua f{x) HenpepeiBHa Ha [a, b], To oA METErpHpyeMa Ha [a, b], T- €.
npegen (2) cyumecTByeT M He 3aBHCHUT OT crocofia pa30ueHuA TTPOMEXKYTHKa HH-
Terpupopanud [a, b] Ha GacTHYHBIE OTPE3KH H OT BEIOOPA TOUEK ﬁj HA 3THX OT-

pesxax. ['eoMeTPHYECKH OOpeleNeH I nETerpan (2) npeAcraBager coboH an-
refpauwueckymw cyMMy nOjornaneil Guryp, CoCTaBAgIOIINX KPHEBONHHEHHYIO Tpa-
nenwn gARBb, B KOTOPOH MIOMAaAM “ACTEH, PACHONIOMKEHIBIX BhIIIE OCH 0X, be-
PYTCH co 3HAKOM ILTIOC, A OAOIAAN HACTeH, PACITONOMEHHBIX HHKE OCH 00X, —
CO 3HAKOM MHEYC (CM. puc. 37).

Onpejenesnd UHTErPANBHON CYMMEI H ONPeACNeHHOI0 HHTETPANa eCTeCTBEH-
HO 060fmaOTCA Ha caydait orpeska [a, b], rae a > b.
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Ilprmep 1. CocTaBHTE HETErpaNbEHYH) CYMMY S O3 QYHROMY
fixy=1+ x

Ha orpeske [1, 10], neng 3ToT OTPEsOK HA A PABHEIX YyacTell W BRIGHpAS TOYKH
§; COBIARAIOWMMH € JIOBBIMY KOHIAME YAaCTHYHBIX OTDPE3KOB [x,, %, , 1] Hemy

pased lim 8 7

o

10-1_3 H§i=xl=xn+iﬁxi=1+%.0TCIDIL&

Pemienwue. 3mecs Ax, =
n n

AE)=1+1+ .9}5 -2+ %. CrexosaTeanto (puc. 38),

n-1

SﬁE fE)A x, = Z(m%g _ 18, %(0+1+...+n—1)=
i=0

n n
i=0

_ 81 n(n—1) 81[ 1) 1 81
~18+ 8lan-1) _4q, 81y 1y _ g1 81
nz 2 2 n 5182 2n

. i

lim S, = 581 .

IIpumep 2. Hajlitk nnomafr KPHUBOJMHEHHOIO TPeyrojibHUKa, OCPaHH-
. 2
YeHHOro Ayrok mapabonnl y = x°, oceic OX M Bepruxaneo x = a (a > 0).

¥i 1L Y4
7
‘6? Aa%é%/fo X

Puc. 38, Prc. 39.

Pem e s ne PaszoOoem ocHoBaHMe ¢ Ha 1 PABHEIX uacTell Ax = e, BriGupas
T

aHaYeHME QYHKIHH B HaUale KAMI0r0 HPOMEXYTKA, GyIeM HUMEeTh!

¥y,= 0y, = (%) P Y = [2[%}]2; i = [{n— I}ET.

Hromaal BOHCAHHBIX NPpAMOYIOABHMKOE BRIMHCAATCA YMHOMNMCHHEM EKAXNAOTD

B2

Y, Ha oCHOBaHHEe Ax = % (puc. 39). Cymmupys, noayuum nhoijafk cTynenyaToi

hurypel

2
S, = %[%} [1+2°+3 +...4((n-17.

§ 2. Beiunciense onpefesieEHbIX HHTETPAJIOB € TOMOILEI0 HEOIpeIeIe HABIX 137

[Moas3yAcs GopMynol CYMMLI KBAAPATOB LCABIX HCENT

i g2 _ n(n+1(2n+1)

6
B=1

gaX0LHM

g = ad(n—1)n(2n -1},
g 6n3 ’
orCiofd, TIEPEXOnA K Ipefeiy, HoNyuuM

ey 4. adn-1n(2n-1) _ ad
R i

BLIUKNCAKTE ONpeAe/ieHHRIE HHTEIPalsl, pACCMaTPUBa® UX KaK Npe-
A€kl COOTBETCTBYIOIIHX HHTETPAJLHBIX CYMM.

b 10

1501. j dx. 1504. J‘ 2* dx.
i 0
T o

1502, j (v, + gt) di, vy 1 g TOCTOAHHBI. 15056%, _[ x° dx.
H 1
1

1503. J‘ x* dx.

1506%. %{ai«i-rn IJI0INaAb KPHBOJUHEHHOH TPANleIVH, OrpaHUuYeHHOH
rHIepho ol
1
¥ = E ’
ochio OX w aByMa opauHatamMu: x = au x = b (0 <a < b).
1507%, Haittu

x

f(x) = J sin ¢ dt.

0

§ 2. Berunciaenye onpeTeSeHHBIX HHTErpajos
¢ NMOMOIILK) HeonpeaeleHHEIX

1. OQnpegefeHELIH HHTETPDAX C TEPDEMEHHEM BEPDXHUM
Opegenowm Eciu QyaExnuda f(¢) HeopepeiBHa ua oTpeske [a, #], To GYHKIHUA

F(x) = J'f(r} dt

BCThH HepBoobpasnad ong GyHrknuu f(x), T.e.
‘ Flx)=flx)npt a < x = b




138 T'nasa V. ONPENEJIEHHEIM HHTET'PAJ § 2. Beryucienne onpeesesH HalX WHTerPAIOB C OMOIIbI AECNDEJeNeHHBIX 139

,.---'-'--___

o o r - L
2°. Popuyna Oewtona—Jleiabuauuoa Ecne Fx) = f(x), To C [OMOIIBI} OIIpefle/IEeHHLIX MHTErpPaJIoB HANTH Npefesbl CYMM.

, ..
: e 13 1 2 n—1
I flx) dx = F(x)|, = F(b) — F(a). . 15187%. lm (W Ry ) '
* | e s 1 1 1
iigzc;{;ﬁpaaﬁan F(x) BEIMHCAAETCA NyTeM HAXOMHEHUS HEOTPEIENEHHOTO MH- 15319%%. nlem [n+ T R n) .
: P, ob p
J'f{x) dx = F(x) + C. : 1520. lim L1321t (5> (),
] n —» £ n +
3 []
IIpumep 1. Haiitu unrerpan I x! dx. | BLIHHG;HTL WHTErpaJbt. )
3 s j_ 1521 [ (= - 2x + 3) dx. 1530. [ = .
Pemerune Ix dx = Z =§E— {_1)5=482. ! 3
: 34, 5 5 ) : 8 1
: : 3
| | 1522.j (J2x + 3/x)dx. 1531.]’ I dz.
1508. Ilycrs g 0 0 o
) . | n
dot ] 4 i
I = faakiel >a > 1). :
.[ nx (b6>a>1) s 1523. J 1+2“@ dy. 1532. j sec’ o det.
df ﬂ | 1 ’ 5
N I 6
Ha 1) == .
Hra: 1) i 2} I 2
Haitte nponasoanble caeayiomux GyHKIIHT; p r
. 2 . 1524.I Jx<2 dx. 1533. I 4=
z 1-—
1509. F(x) = Ilntdt (x > 0). 1511 F(x) = j e’ dr. - 2 0 *
_ -3 3,5
1 :
X 2 , 1525. ?‘“’:3_. 1534. _[ JL_E.
x 3 95 + 3x b+4x—x
1510, F(x) = j J1+ 28 dr. 1512, ] = f cos (£%) dt (x > 0). ° N
’ ; 1526. [ <. 1535. | ydy
1513. Haijiti TouyxkH sKCcTpeMyMa GQYHKIMM - T 1 o Vy°o+4
x ; r
sint 1 p
= | " df B obmactm x > 0.
Y I : 1527. J _ xdx 1536. Icuszad{x.
0 ! x2+3x+2 !
Ilpumenas ¢opmyny Heworona—JleitbHuna, HAHTH HHTETPAIEL:. n
I x - : 1 E
1514. [ 2% 1516. [ ¢’ ar. . 1528. | yrdy 1537. [ sin® ¢ do.
: g i y+2 .
- -1 0
-1 x : z
1515, { 4x 1517 : [ dx [
% J' cos ¢ dt. 1529. I . — 1538. :
5 o E . G xc+4Ax+5H ’ xIlnx
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a i
1539. J‘ %1“} dx. 1543. J'ch x dx.
1 ' 0
g in3
1540, J' tg x dx. 1544. J' d;’
N In2 ch” x
1
T
3 1
1541.j cte’ ¢ do. 1545. Ishzxdx.
i ¢
6
1
EI
1542, ! o da

§ 3. HecoberepenHuIie MHTErpaisl

1°. MuETerpann OT HEeOIpAHWMUYEHHBX (OVHERKIUIHA

HelpepDBbIBHA IPH 4 % X < ¢ # ¢ < X % D, TO OO0 oNpejeNleHHI0 TIOJIATAlT

b CrE b
J' fo) dx = li j f(x) dx + lim f(x) dx. (1)
0 n—0

E

c+ 1

Ecau npegeast B opaBoii uacTH paBeHCTBa (1) cyOIecTRYHT B KOHEYHBI, TC He- I

coOCTBCHHBIH HHTETDATT HASbIBALTCA CIG@RH{,HMC&, B MDOTHEEOM CIY4Yae — MIC-

xodauumes. Hpu ¢ = a unu ¢ = b onpenenexnue cOOTEETCTRYIOIINM ofipazom yr-

DoNlaeTCH.

Ecnu cyinecTeyeT HenpepoiBuad Ha [¢, §] dyaroua F(x) raxan, uro F'(x) = f(x) {

1P X # ¢ (pfofuennas nepsoobpaindi), To

b -
-[ f(x}dx = F(b) — F(a). (2) §

A T

Ecau [f(x) €< x)upua < x < b w I G(x)dx cxogurcs, To unTerpan (1) ]
13

TAKKe CXOOUTCA (RpU3naKx CPpasHeHUR).
A

Ecou fix) 2 0w lim {f(x)|e — x|/} =A=#00, 420, T.e. flx) ~ — _ mps :

¥ rc !C_x|m

x — ¢, Ta: 1ynpu m < 1 uarerpan (1) cxogurcsa, 2) npu m 2 1 uurTerpan {1}-

pACXOOITCH.

Eciu 4§
thyuruua f{x) He orpanndyera B AH0H OKPECTHOCTH TOUEH ¢ oTpeska [a, #] m

§ 3. HecobeTeeHNLIe MHTETPATBI 141

——

2°. Harerpanan ¢c 0ecKOHeUHRKNMH NpexelamMmud. Ecan Hyuk-
yu#f f(x) HempepeIBEHA IPH @ < X < ©°, TO HOJAPAT

1 jf{x} dx = lim J'f(x) dx (3)

I M B 3ABHCHMOCTH OT CYIIECTEOBAIINA WIH HECYITEeCTRCBAHHMHA KOHCYIIOro npeneiad
p OPAROH YacTH paBeHCTBA (3) COOTBETCTBYHUIMH HITErPan HASLIBAETCH CX00H-
! MO WM PRCXOFAUUMCA.

AHanoruuuac,
b h - b
-[ flxYdx = lim | fix)dr = -I. flx}ydx = lim f(x) dx.

i

Ecnu |f(x)] € F(x) ¥ nuTerpan IF{J‘:} dx cxoxmurcd, TO MHETErpan {3) ToxKe

ia
CXOOVUTCH.

Eenm f(x) 2 0u lim {f(x)x™ =A =00, A=0, 1 e f(x)~ 2 npux — oo,
xm

o

to; 1} npu m > 1 unrerpan (3) exoxurcsa, 2) upu m = 1 uaTerpan {3) pacxomuTes.

IIpumep 1.

1 -f 1 .

-[ d_x = lim J‘d—x + lim I §£ = lim [—1-—1) 4 lim (-1-—1] = oo
x2 E—0 x2 r—0 xl n—0 ‘N n—0 \M

-1 -1 £

— HHTETPAT PAcXOJHTCH.

IIpumep 2.
T z)
-[ dx _ lim I dr_ _ lim ({(arctg b — arctg 0) =

1+x2  p--oe )] 14x2 b=
0 0

T
5

IIpumep 3. HecneaoBaTe CXUAMMOCTE URmezpara daepa—Ilyaccona

x
Ie‘x d. (4)
0
Pemreu e, Ionomum
. 20 1 sl
i " _E gt
; J‘e dx=Ie dx+_[e dx.

; 0 0 1

ITepBniit s JBYX MHTErPAJNIOE B IIDABOH YaCTH He ABIAETCH HecOOCTBEHHLIM,
2
“ - -x
4 BTODOil CXOOKTCA, TAK Kak e~ e npux = 1lwu

[&a b
: . : : ok -1 -1
j-erdx=11m e "dx = li [--e +eJ=e;
b — o B o
1 1

ClegosaTeabHo, HETErpan {(4) cxogurcs.
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IIpumep 4. UccnesosaTs Ha CXOAHMOCTE MHTETPAN

| (5)
] JxE 1 .-
Pemeuue. Ilpu x — +oo yiMeem
1 _ 1 o1 1 1
3 x3i2 x3/2’
Jri4l x{1+£g 1+£§

Tax Kar MHTErpan

CXOAUTCH, TO HAIx RETErpai (D) Takmxe cioAHTCH.
IIpuameyp 5. HecaeoraTh HA CXOAHMOCTE QIJIHNTHYECKHA HETErpan
1

j dx _ (6)

, A1-x? y
Pemenne. Touxa paspriBa DoAblHTErpantHol ¢GyHKOUH: X = 1, TIpume-
HUB (opMyay 1 — £t = (1 —2)(1 + x{1 + ;rz), NOJYIUM
- 1 B 1 ) 1 .
Jioxt 1o+ +x2) (-2 04501+ x2)

CreforaTensHo, IPH ¥ — 1 GyneM EMeTh

Taxk Kak METErpan

172
( 1 ) dx
1—x

CXOOATCH, TO JAHHLIH MHTErpaa (G) raxsxe CXOIHTCH.

o —

BriuncanThk HecoOCTBEHHDIE HHTETPANbl (MM YCTAHOBHTEL HX PacXo-

IUMOCTE):
td t 4
[ dax 1 49.I x
1546 J' = 5 | o
1
1547. _[ dx 1550. { _d«x
x 1= x?
1 it
1548, I ﬂ;. 1551. d?x.
X o

§ 3. HecobcTreHEBIE HETErDAILI 143

1552. j dx 1560. j (@ > 1).
) X .1' n .1'
mn
o E
1553. j ‘% 1561._[ ctg x dx.
1 * Q
1554. [ S5 1562. [ e ™ dx (k > 0).
“ X o
_oa 0
1555, [ —-dx 1563, | arctgx gy
J x2+4x+9 ) 7z
_co 0
1556. I sin x dx. 1564. J' _dx
- (x2-1)2
0 2
1
3 ~
1557. j dx 1565. f dx
s xlnx ! 3+ 1
i
2 1
1558, [ _9x . 1566. J' _dx
J xin 2x . x3 - bHxe
1559, [ 9% (@ > 1).
xlnx
HcermenosaTh ¢X00UMOCTE HHTEIPAIOB!
100 1
1567. j dx 1571. f dx
8wt 24fr a8 L 41— xt
— XY 2
1568. f dx . 1572. [ &*
1 2x+¥x?+1+5 1 Inx
IEBS.J dr ___ | 1573. [ SIBT gy
) xz_;_-‘ifx-i_i_ 1 o X

[T =

T

1570. | xdx

A ﬁ#x5+f'
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i
1574%. [Joka3aTs, 4TO 2iinepoB UHTerpan 1-ro poga (6ema-gynwyun) g TTpeofpazoBaTs ONpeAeseHHEIE HHTErDAJIBL ¢ IMOMOIIILI YKA3AHHBIX
i 0JCTAHOBOK:
-1 -1 - 4
B(p, q):J'xP (1-x)7 'dx : . 2
1 dx, x = 2t - 1. 1579.j , x = sht.
cxopuTca npu p > 0u g > 0, : 1577. I Jr+1 SNESES
1375%, lorasaTsb, 4TO BHJIEpDB MHTerpai 2-ro poaa (zamma- ¢ym-:1;u.a) 3
n
F(p) = J.xp ) 1 2
0 1578. I d* x =sint, 1580. j f(x)dx, x = arctg t.
exogures npu p > 0. 1 N1t
2
§ 4. 3amMeHa NMepeMeHHOR B OIpele/IeHHOM HHTerpale 1581. [Ina uATErpana
Ecau pyakiua f(x) zenpepsisna Ha oTpeske ¢ < x < bu x = @(t) — dysxuua, | I flx)dx (b > a)
HenpepLIBHAA BMECTe €O cBoeil Npom3BoAHON @'(1) Ha orpeake o < ¢ < fJ, rae ;

= (o) m b = o(f), unpuuem flo(t)] onpenencna ¥ HeNpepLIBHA HA OTPE3KE

ast<f, o / YKA3ATDH eNYI0 JUHEHHYIO DOACTAHOBRY
’ y i g x = of + [,
fxydx = [ flo @) de.
j 1 B pesy/IbTaTe KOTODOH Npejesbl MHTErPAPOBAHUA CASIATNCE Os1 cooT-
o 4
I[Ipumep 1. Haittu 3 sercTBeHHo papHeiMu O B 1.
I 22 fa?— x2dx (a > 0). ;; _ IIpuMeHAA yKA3aHHbIE IOACTAHOBKU, BLIMKCJIUTE CAeJVIOIIHe HHTer-
' paJibl:
-3 7t
Peumed ke Ilonomum B 4 di
; d _ 42 — — = Z.
¥ asmk 1582. .[ xf = 1385. I 57 ocosi’ £33 °
dx = a cos ¢ dt. i 1+ax 0
. T
Torga t = arcsin E U, CIeOBATEALHO, MOMHO OPHHATE ¢ = arcsin 0 = 0, .' 1 pat) 5ia 2 dx
T ] 1583. I (X=2)" gy, x-2= 25, 1586. I T oTein ix tgx=1
B=arcsinl = 5" IToaromy GyaeM HMeTh | (x ~2)2%+3 ! a

2 5 : In2
f r 2 4 x 2
: , Jex—1 dx,e —1=2z.
I Z dx = j a’sin® t Ja? - a2sin 2tacos t dt = u"-[sin2 tcos’ tdt = . 1584. _[ €
o )
Q 0 0

n

3 2 C ncmom;bm [OAXOASUIAX HOACTAHOBOK BEIUMCIUTL MHTETPAJIBL:
a“‘[ . 2 a“J‘ a4 1 . nal - In5
= — | sin” 2¢ dt = — (1-cus4t)dt=—-(t—-—sm4t) = . ox, far —
1) 8 ) g\ 1 .16 8 s J‘ JI=x2 g0 1589. j ____ex+3 dx.
1576. MoxHo nu MHTerpan = 3
2 Fl
1588. [ ¥ 1 dx. 1590 f -
x 2x+ m
BEIYMCIHATE € NOMOIILIO IIOACTAHOBKH X = COS {7 '-
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§ 6. Teopema 0 cpepHEM 3HANEHNM 147
 —

BeIURCIHTE MHETErpaabi: ; oo o

3 o 1 — —gX .

. ; ¥ da. 1605. | ¢ “*sin bx dx (a > 0).
1591. dx . 1593. J Jax - x? dx .5 1603. I e I

: i+ B5x+1 _L

1 2n 1
1592. [ —d*x 1504. J' ] 1604. I *eos bx dx (a > 0).

i {1+ x2)° Scosy !

1606“‘* IokazaTh, 4To Ans raMmma-dOyaroum (cM. Ne 1575) cnpasen-

1595. Horazate, yTo ec.;rm x) — tle'rﬂaﬂ TRISINL
i f(x) dbyrKIMA, TO iBa (POPMYAE ROHUNCEHUS

If(x)dx—EIf(x}dx = T + 1) = pI(p) (p > 0).
3 OTcrofa BBIBECTH, UTO I'(n + 1) = nl, eciu n — HATYpPARBHOE.
Bean ke f(x) — Heversas dysruus, To B 1607. [oxazaTs, YTO ALK MHTETPATA
@ | T T
2 3
x)dx =0
'[f() I =J'sin”xdx=jcos"xdx
e .
1596. IloxkasaTts, uTo = 0 0
N < © s /@R  copaBeAnMBa QOPMYAG MORUNCEHUS
Iexdx=2fe_x dx=I5_dx. ;] =1y
—o0 0 0 m/; k: | n 1 n—2°

1597. Ilokasars, uTo Haiitu I , ecau n — HaTypanbHoe. 110JE3YACH TOXy4ERHON (HOPMY-
n

n

; 2 B  0li, BEIYHMCNIHUTH Ig H Im.

_[ dx _ - _[ HRY dor. :. | 1608. [IpuMenad MEOTOKPATHOE HHTEYPHDOBAHKE 110 YaCTAM, BhIYHC-
0

0 arccos x S ure uaTerpan (cm. Ne 1574)
1598. ITokasats, uTo 2

!
z B B(p, q}=_|'xp_1(1“x)q_ldx’
f(sin x) dx = jf(cos x) dx. . .

(o S B3|

rame pyqg— Oelnle DO UTENbHBEIE HHCJIA.

1609*. Bripasuth uepe3 B (fera-pyHKIHIO) HHTETPAN
n

2
§ 5. HHTerpuposalne mo yacram ;i

I = -[ sin” x cos” x dx,
Ecau GyErUMY 1(x) ¥ v{x) uenpepslsino gudxbepeninpyeMs! Ha orpesxe [a, b}, 10 ' 0
b , & ¢ ¥  €CTM m u n — neJible HEOTPHIATENbHEIE YHCIIA.
I u(x)v'(x)dx = u{x}v{x”ﬂ - J. vx)e(x) dx. (1)
4 a b § 6. Teopema 0 CpefHeM 3HAYCHHH
ITpumenasa dopmyny HHTerpAPOBAHHA 110 YACTHAM, BRIYMC/IUTE HHTET- I
paasl. | 1°.Oxenxn HHTEFPﬂJI{]B Ecﬂnf{x}iF(x)lTPHﬂ x < b, 10
.
2 i
fx) dx < IF(I) dx. (1)
1599. J. x cos x dx. 1601. I *e® dx. . ‘[
b | '
0 0 B Eouw f(x) u g(x) Heupepmgﬁm an @< x<bn, Kp{JME Toro, ¢(x) > 0, To
e A

m

0

1600, J In x dx. 1602, jexsill x dx. mj o(x) dx < I flx) o(x) dx < MJ o(x) dx, (2)
1 ' a i
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TIe m — nauMeHbltiee, a M — nanbosbiree snatenne QyHKuMH f(X) na orpeske [a, b

B uacrrocTH, echu ¢{x) = 1, To

mib — a) < J' f(x) dx < M(b - a). ®

Hepapencrea (2) u (3) MOMKHO COOTBETCTBEHEO 3AMEHUTD 3KEMBALCHTHBIMK
PABE€HCTBAMM!

h i)
j?&hmmdx=ﬂﬂjwndx

b
jﬁmdx=ﬂ©w—ax

Fle ¢ B § — HEKOTOpPhIe HHCNA, JEHALHe MOKLY & U b.
IIpumep 1. Ouenurs HATerpan

r Vi
5

I =J. |'1+%sin2x dx.

0
. 2
Pemenne. Tak kag 0 < sin” x < 1, To uMeem

E{I{Eﬁ,
2 2 2

1,57 < [ < 1,91,
2°.Cpegnee 3badverrne DyHEE N KU Hucno

T. €.

_ 1
u—EjEjﬂmdx

HABBIBACTCA cPedHUM 3HAverueM QYHKUHUHA f(X) Ha OTPe3Ke ¢ < x < b.

1610*. He BoIUMCHAA UHTEIDANOB, ONPEAETHTE HX SHAK:

n 2n
) :
a)J.:r: dx; 6}Ixcosxd:c; B)I ST d
X
1611. BoiacHATS (He BRIYHCIAA), KAKOH M3 MHTEDAJIOB BOLLIIE:

1 1
a) j 14+ x2dx mnu Ix dx;

0
1

W

1
2 . 2 .2
0) | x" sin® x dx mmjxsm x dx;
0

2 . 2

f x
B) | ¢ dx uam -[ex dx.
1 1
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—

HaliTi cpefHKe 3HAYEeHNA DYHKIHUHK Hda YKA3AHHBIX IIPOMEXMYTKAX!

1612. f(x) = x°, 0 < x < 1,
1613. f(x) =a +bcosx, < x<T.

1614. f(x) = sin’ x, 0= x
1615. f(x)

i

.

ﬁ“‘x

. 4
=gin x,0< x < 7.

38KJIIOYEH MEXAY % = 0,67 u

J2+x x?

= = 0,70. HaiiTu TouHoe 3HaUEHHE ITOr0 KHTErpaia.

1
1616. JorkazaTs, 4TO I
0

QueHHTHE UHTErPaNkl;

]

1620~ _{ x.ftgx dx.

0

1
1617. J' Ja+ x? dx.
1]

s
+1 z .
1618. _[ . 1621. J' SINX 4.
8 + x3 x
m
i
2

dx
1619. J. 10 + 3cosx
¢

1622. Uurerpupys 110 4acTAM, JOKA34Th, YTO

200w
COSX 34 o 1

< N
0 J x 100
100n

§ 7. Mlnomagn nioCKUX PHIyp

1> IInomafgs B OPSEMOYFOALHBIX KoopAUHATaX, Kerxuae
NPepLRIBHAA KPUBaA 38/1aHA B IDAMOYTOIBHEIX KOOPAHHATAX YPABHCHHEM Y = f(x)
[f(x} > 0]. To mnomask KPHBOMMHECHHOK TPAETHH, OT- v
PaHPYeHHEOHK aTCH KPpHBOH, KBYMA BEPTHKAIAMK B TOY-
KaX x = @ u x = b 1 oTpeskoM ocu abcuice ¢ < X = b
{puc, 40), oupesendcerca (POpMYIOR

|

b
_ J' f(x) dx. 0
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2
IlIpaumMmep 1. BuuYHCIUTE naouiank, CrpaHHYeHHYi0 napabonolt y = 52_
IpAMBIME X = 1 ¥ x = 3 1 ocew abenuce (pue. 41). 1

Pemenue HckoMan nmonmain BBEIDAMACTCA HHTEIPATOM

3
Z
S=| Y dxr =4
.[2‘”
1

Qo e

Hprmep 2. BelMucIuTs miomaas, OTPAaEMYEHHYI} KPUBOH X = 2 — y — i
H OChIC OpAuHAT (pHC. 42). f

Pewenne. 3aecy aaMenenm ponu oceil KOopAMHAT NO3TOMY HCHOMAR
IJIOIALE BBIPAMKAECTCH MHTEIDAION

1
S=[@-y-vha=-4],
-2

FA€ Tpefie/iLl HHTETPUPOBANMA ) = —2 H y, = | HalizeHs! Kax OD,ILHH&TBI/TDT-IER
TepeceueHN A AHHOH KPHROH C OCBLIO OpJHHAT.

B Gonee oburem cayuae, ecnu naomans S orpaHuyeHa NBYMA HeIPENbIBHBIMH
KPUBBIME ¥ = [ (x) u y = fo(X) ¥ NByMA BePTHKANAMH * = & W x = b, raes

fi{x) = fy(x) npu a < x < b (puc. 43), Gynem umers

b
$ = [ 1f,0) ~ 1, . @)
43
IlpumMeyp 3. Beruucaurs NA0WAAS S, 3aKA0UYCHHYIC MEXLY K[H{BBIMH
y=2-2"uy’ =2 (3)1
(pHe. 44),
Pemw e ue. Pemas cosmecrHO CUCTEMY YpagHeHH (3), HaXxogum npe,ae.:m:
HHTETPUPOBaHNA: X, = —1 U x, = 1. B cany dopmynm (2) IOIYYHM
1 3 1
S=J.{2—:r:2~:m:2“'r3 dx=(2x—x——§x5”3] =2=,
, ) 3 5 15

Ecy KpuBas 3ajana YPARHEHHAMY B apAMETPHYeCKOol hopme x = ¢ft), y = y(t) :_
TO I10INALb KDUBOJIHHEH HOM TPaNeuH, OrPaHMYEHHOH STO’ KPHBOIL, ABYMSH Eep-

Yi

o
—
o
-t

Puc. 42.

i
i
|
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—
cHKANAMHE, COOTEECTCTBYIONIAMY X = A U X = b, u orpearoM ocu OX, BLIpasKaeTCH

ts

S = Iw(t)tp’(r) dx,
it].
rae t; ¥ t, ONpeAeAANTCA U3 YPaBHEeHUH

a = @(t,) ub = olt,) {y(t) = 0 ua orpeaxe [t,, t,]].

Hprmep 4. Hafity nnomans snaunca S (puc, 45), HCHONB3YA €ro napa-
MeTPHUECKME YPaBHEHUA

X = a cost,
¥y = b sint.

PemeHd He. Beuny CHMMeTpHUUd AOCTATOUHO BBIYHCIAMTL ILJIOIAAbL OAHOH
yeTBEPTH, 4 3ATEM YyUeTBepUTk pesyabTatT. Ilojgaras B ypapHeHHH X = @ €0S f CHa-

T -
yana x = 0, sarem x = ¢, HONYYHM OpeAeNEl RETErpUPOBARNA ¢, = 5 nt,=0.

IosToMYy

sin2 tdi = “._‘ié

5= i

bsina (—sin t) dt = ab

| =

rat 3 ———y =
O Crm— bt 7

H, CAeJIOBRATENBHO, S = fab.

2°. MInomajAb BOCNAPHBIX KCODAHUHATAX. ECHM HenpepbIiBHAA
KpHBadA 3ajlaHa B [OXAPHBIX KCOODAHHATAX ypasHeHueM r = f(@), To miaoinaikb
cektTopa AORB (prc. 46), OrpaHUYeHHOrO AYT0H KPHBOM H ABYMA NOAAPDHBIMY Pa-
nuycams OA u OB, COOTBETCTBYIOIIUMH SHAYSHHUAM (¢, = O ¥ @, = [, BEIpasurcs

HHTEIDAJIOM

S =z | [N do.

et i
ﬁ'—_‘m

Mpumep 5. Halitn naomais, 3aKkJOUYEHHYI0 BHYTDH JEMHHMCKATHL Bep-
Byaan r° = a” cos 2¢ {puc. 47).

R
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Pemenue. B cuny cumMmerpue KPUBOH OHpEAENAEM CHAYAMA OAHY g
BePTh HCHOMOMW OJIOILALH:

ksl A=

G
I
DO =

e L

z
a’ cos 2pdp = % [%sinmp]

=

O

Orciopa S = a‘?.

1623. BriuncauTs IIOMans, orpaHHYeHHYD napabosoi y = 4x — §
1 O0ChLIO abeirice. 9
1624, BorygcauTs NI0UA4E, oPPAHMYEHHY KPHBOH ¥y = In x, ocy
OX u npamoii x = e,
1625%, Halitu nnomaznb, orpaH2eEHY0 KpnBol ¥ = x{x — 1)(x — §
1 ocei0 OX.

1626. Hajitu nnomaas, orpagiueHHYI0 KPUBOM y = X, HPAMOI y=3
H BEPTHKANBIO X = 8. o
1627. BEIYMCAKTD IJIOIMAAL, OPPAHHYEHHYIO OJHOK TIOJNYBOJHOIM u i
HYCOUABL Iy = sin x i ockio OX. B
1628. BriuucauTs Na0IMAaAL, 3aKITIOUeHHYI0 MEXIY KPUBOR § = tg i

ockio OX M npAMoit x = g

1629. Haittu nnomaxs, 3aKmoYeHHYI) MEXAY rHNepboaoi xy = m3
BEePTHKAIAMH X = a U X = 3a (a > 0) u ocero OX. 4
1630. Hajitn nuomagb, cogepxallyiOcia MeXJy JOKOHOM AHbe 3

3
a 4
H OCLIO abcIiiHce. v

Y= 54— .
x? 4+ q? 4

1631. BerukcanTs wiowags purypbl, OFpAHUYEHHOH KPUBOI § = X3
npAMou y = 8 1 ocpio OY. :

1632. HaiiTu nomasb, orpaniyeHHYIO napabonamu yz =2px u i = 2p ¥

1633. BriuncauTh NIomans, orpasuueHHyw napabosoi y = 2x — 4
M OpAMOH ¥y = —X. :
1634. BerynenuTs nnoimazk cerMeHTa, 0TCEKAEMOTO NpAMol i = 3 — 24

2
ot mapaboJisl y = x.

1635. BerumenuTs mwiomwans, :akI04YeHEYI0 Mex Ay napafoaaMu y = ;

x2 "
y= 5 H IpAMOH § = 2x.

1636. BeraucauTs muiomans, sak II04eHHYIO MeX Ay napadoaamuy i = L

Hy=4—§x2,

1637. BoryucanTh NN0IAAL, 3AKIIOYEHHYIO MeX Ay JOKOHOM AHbe -

Z2
5 H napadonoi y = %

§ 7. Tlmomanu nnocKUX QUIYD 153

S
1638. BE[MHCIATS MI0Ma/b, OrPARIYEHHYIO KPUBLIMU §f = €', = e

i [pAMOH X = 1. 22
1639. Haiiti naouiafs GUrypsi, orpaHiIeHHOH rumepboson = — = =1

i2

npAMoit x = 2a.
1640%, HaiiTu nnomansb, OrpasMyeHHy) acTPOMAOH

x2/3 4 y23 = 23,
1641. Haiitn nrmomane Mexay UelHOH JHHHeH
X
= gch=,
y I
. 2
ocpio OY ¥ psaMol y = -2‘35(& + 1).

o w 22 2. 2 2
1642. HaliTu miocmanb, OrpaHHYeHHYIO KPpUBOH a i = x (@ — x7).
1643. BRIuHCANTE NIOII8AL, COAEPHKALIVIOCH BHYTPH KPHBOU

B @ -

1644. HajiTi ni1olagsL MeKAy paBHOOOUHOM runepboiroli Xt - y2 = 9,
ocsio OX ¥ AuaMeTpoM, NPOXOAANTHM yepes ToukRy (9; 4).

1645. Haittu nnomakes MeXAy KPHBOH = _15 , 0ChI0 OX B opAuHATOH
e

x=1 (x> 1).

1646%. HaliTu naoiags, OrpaHMUYeHHEVIO HHCCORIOH yz = Q:E - " ee
acumuroTolt x = 2a {a > 0).

164°7*, HaiiTu nmomags MeKAy CTpodonaon y2 = JC(ZJ;—__&; n ee

acumnroTod (a > 0).

1648. BpruauciauTs HJIDIJJ,E[,ILH IBYX 4acrel, Ha KOTOPBIE KPYT x4 y = 8
pasnenen napabonoy y = 2x.

1649, Boiaupc/AUTEL NA0INAAL, COEEPIHALIVIOCA MEXAY OKPYMHHOCTRIO
x* + y2 = 16 u 1napatosoii X = 12(y — 1).

1650. HafiTu nnoHiagb, COASPKAIIYVIOCA BHYTPH ACTPOHABI

x = acns?'t; y = b sin® t.

1651. Hajitu nnomaisb, orpaHudYeHnyio oceio OX 1 ONHOH apKoH 1IHK-

.?IDH,E;LI

x = a(t - sint), y = a{l — cos ).

1652, HafiTy nromans, orpaHuYeHHYI OJHON BETBHIO TROXOHMb!

x = at—bsint, 0 <b < a)
Yy = a—bcost

¥ KacarennHoil K Heil B HUZNINX ee TOUKAX.
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1653. HaiiTu niaouagb, OTPAaHUYEHHEYI0O KADAHOMAOIH
x = a(cost — cos2t),
{y = a{sint - sin2t}.
1654*, Hasitu IAOLIAAL DeTAU AeKaAPTOBA JINCTA
3at 3at?

xX = . = 3 f

1+¢3’ 1+13°
1655*%. HaitTu nomaaes Qurypel, OrpaHUYEHHON KapiuonaoH

r=af{l + cos ¢). 1 |

1656%. HaiiTk m1oniagsk, COEEPRAILYVIOCE Me

Oy IIePBEIM K BTOPBIM BHTKAMH CIIHMPANTH ADXHMeEH 'j

r=a@ (puc. 48}. 4
1657. HaltTu nnomans OXHOTO JEIECTKA KPH

BOM r = acos 29, 3
1658, HaitTi mmoniags, OrpaHutenHy0 KPUBOHE

r* = g% sin 4.
1659+*. HaliT naonaas, orpasuieHHYK) KPHURBOI r = a sin 3¢.
1660, Hafite niomans, orpagudesHy yauTkol Ilackans

r=2 -+ cosq.

1661. HadiTu naomians, OrpaHAYeHHYIO napabonoit r=a sec’ % u-uol

AYNPAMBEIMHE ) = E HQ= g
1662. Hajity nnomanes Gurypsl, OrpaHHdeHHod 9JIIHIICOM
=_P _(0<s<1).
4 1+¢cosQ O<e<1)

1663. Haitrr nojioumiakb, OrpaHUYMEHHY) KPHBOH r = 2a cos 3¢ U .
MALIYIO BHE Kpyra r = a. .

. . ; ..._. :
1664*. HajfiTy niomazs, orpaHMeHHYI0 KpHBoi x° + yq' -2+ v i

§ 8, [InuEa gyrH KpuBoi
1 InuEa AYyru B OIPAMOYIOALHLKX KoopAKHaTax. Jmumaf

IyTH I1afKol KpHRoit y = f(x), coaepaalleiica Mexnay AsyMs rouxamn ¢ aDie
LHCCAMU X = g ¥ X = b, paBHA :

R
5 = I J1+ 47 de.
a

& B. InHHA AVTH RPUBOH 155

—

2/3
IIpumep l. HaiiTy nanny acTporas Pt y2£3 =g {(puc. 49).

PemeHHe. JuddpepeEnupys ypaBHeHHE acTPOMALI, ITOAYYaEM
1/
y == a_y"_a
+1/3

[loaTOMY IJId OJMHBL AYVTH OAHOH YeTBEPTH ACTPOHALE
HMEeeM

4 143 9

-y
w
H
= e L
et
-+
|'-E
3
23
=
b
I

PRPRIT
—J.a_-dx=§a.

0

Puc. 49.

Orcioga 8 = 6a.

2°, lAaMHAa AYyr¥ KPHBOH, 3ajJaHHOW TapaMeTpHHYEeCKH.
Ecni KPHBAdA 3a74Ha YPARHEHUAMH B apaMerpudeckoi Qopme x = ¢(f} 1 y = y(t)
(¢{t) u y(t) — HempepriBHO ANddepeHLrpyeMble GYHKU¥R), TO ANTHHA KYTH § KPU-
goll paBHAa

rue tl " t2 — 3HAYEHHA napamerpa, COCTBETCTBYIONIHE KOHIIAM AYIH.

IIpumep 2. Haitt gnuny ogHoil apk¥ UMKIOHMAE! (puc. 50)

{x = a(t —sint), Vi
= a(l - t).
¥ = al cost) =80
I dx — _ ¢ dy _
Pemenue Hmeemx'= —=a(l-cost)uy = ==
d¢ di -
: 0 Zra X
= ¢ sin t. IToaTomy
Puc. 50.

2m 2n
§= j Ja?(1 ~ cost)? + a?sin?t dt =2aI sin % d¢ = 8a.
0 0

Iipeaens! mrTerpuporanud ¢, = 0 u ¢, = 27 COOTBETCTBYIOT KDalfHHM TOYKAM

4PKH UMKJIOHALL,
Ecau rnmagkas kpupas 3afiaHa ypaepHeHHeM r = f(() B IOMAPHBIX KOOPAHHATAX
FU p, ToO ANMHEA OYTH § PABHA

p
5= I Jre+r'? de,
L5}

Fle o 1 [} — 3HayeHHMA MOJAPHOrQ YIIa B KPAaHH®X TOY- % x
K8X ayru. ' 4
IT 5 2 .
PMMep 3. HallTH AIHHEY BCceld NPAMOH I = 2 SIn 3 “
{puc. 51). Bea KpHBaf ONKCBIBAETCA TOUKOH (r, ) ITpH
HaMeneHpmH ¢ ot 0 go 37. Puc. 51.
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.2 .
Peure g ue. UMeem r’' = a sin %‘" cos %p , TO3TOMY ANHHA Beell IYTH KpUBoif

3 3n
s = JA Jazsinﬁ§+azsin4{§pcoszg dop = aI sin® g dgp =
0

0

- 2
16635. BeiuucauTh AAUHY Ayrd noJaykydnuecyoi napabonw y = x°
OT HAYANA KOOPAHHAT A0 TOYKM ¢ KoopavuHaTtamMu x = 4, y = 8.

1666+, Halitu anuny nenuoii nuHUKN ¥ = a ch g oT Bepuinab A(0;
oo Toukd B(b; k). '_
1667. BoramcauTs guuay AyrE napabonsl y = 2./x orx=0x0x =1

1668. HaiiTe AnuHy ZyPH KPUEROH i = €, cofep:KaIieiica Mexay TG‘{._
kamu (0; 1) 1 (1; e). :

v,

1669. Haiitu pnunHy gyry €pusod y = lnx or x = J3 1o x = J8.
1670. Haiita pnuny ayru y = arcsinfe  )or x = 0 go x = 1.

1671, Buiuuwcnurte JIHHY AYTH KPHBOH X = In sec y, cogep:Kaleicss

Memﬂyy={}}{y=g.

1672. Hafitu Anuay AYTM KPHBOQ X = -}iyz - % Inyory=1n0y=e.f
1673. Haiiti anmHy AYrH NpaBoii BETBHU TPAKTPHUCCEI

a+ Ja?— y?
¥

x = Ja2-y2 + aln oTy=amgoy=>b(0<b<a).

1674. Hafiry anuny 3aMKHYTCOH 4aCcTH KPHBOMH 9ay2 = x(x — 3a]2.

1675. Haittin nomuny ayru xpugoi y = In f{:tg g)
(0 < a < b). A '

1676*. Hatity aJuMHY AVTH DA3BEePTKHA OKPYKHOCTH

oT X =qa a0 X = b}

x =

y =

1677. HaliTy AAMHY 3BOAKTEI 2AAHIICA
CE

3 c< . 3 2
—cos L, y= —sin t{c =
- ¥=3 (

a{cost + tsint),
(_ ) ort=0xm0t=T.
a(sint — tcost)

a’ — bg}.

x;

1678. Haiitu niauHy XpHBEOI

xX =

y:

a(2cost — cosli),
af{2sint — sin2t).

1679. Haiiry anwey nmepeoro BHTKA cnupand Apxumeaa r = qo.

g ]
kS ]

|
1
‘T
.
|
1
!

i
;
1

43

j

1
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1680. HaiiTin Bclo gnuny xapawonansl r = a{l + cos ¢).

29

1681. HailTu anuHy Dyrd 4acTu napabosiel r= @ sec 3 oTCeKaeMOi

ot rapadossl BEPTHKANBHON IIpAMOM, IIPOXOAAILELH Yepes IOJ0C.
1682. HaiiTi iy AyTH THOepOoIHYecKoil cnirpasy r¢ = 1 0T TOUKH
1 1, ]
1| po TOUKH | Z; 2.
[2‘ zj 8 [2
1683. Haiitu anuuy AYTH JIOTAaPU{PMAIECKOH CIHPATH 1 = ae™’ (m > 0},
yaxoAfAmeiica BHYTPH KpyTra r = a.

1684. HafiTu gnugy AYTCY KPDHBOH @ = % [r+ %] orr=1 g0 r=3. |

§ 9. O6pemnl Ten

19, 06bmem Tena Bpange H 1 & OObeMel Ten, 06PA30BAHHEIX BPAUICHH- ;
eM KPUBOJMHEIHOH TPAIET MM, OTPAHNYERHOH KpUBoii iy = f(x}, ockio OX v xByMa i
RePTHKANSIMHA X = & i X = b, BokpyT oceiit OX 1 OY, BpIpaxarTCA COOTBETCTREHHO
d)opMYIAMHE!

b b
nv, = :rtj yz dx; 2)V, = 211-[ xy dx”.
i i

MIpumep 1. BeluucaAuTh o6beMel TeM, O0DpadyeMbIX BpallleBEMeM (HFYPEI,
orpaHHYCHHON OAHOH MOAYBOJHEOK CHHYCOMABI I = 8in X # OTPE3KOM 0sxsm i
oc OX Boxpyr: a) occu QX u b) ocn OY.

Pemeune.

Fis

.2 _mn?, :
a]VX=HI51n xdx—E, :

k! .
2 |

= 2n".
0

6V, =

0
T
ZRI x sin x dx = 2m{—x cos x + sin x)
0

06nmem Tena, oHpazoBRaHHOro BpamerneM oKono ocld OY Gurypsel, orpaHHYeE-
HOM kpuBoil x = g(y), ocsio OY W gByMA NapaniensMd ¥ = ¢ M ¥ = d, MOXHO ;
OnpenenATeE OQ (opMyIe .
d

2
VY=1IIJ:X-' dis, i
i
-_-____———-_

*}H}?CTL Teqo ofpa3oBaHO BpAINeHHEM OKOJIC ocl (Y KDVBOMMHEHHOH TpanelHH,
OrpaHwYeHA0R Kpneod ¥ = f(x) ¥ TpavuMu x = g, x = b u y = 0. 32 aneMeHT ¢iBEMA 3TOTO
Tena NpHEUMAIT OFLEM YACTH TEJa, 06pasORAHHOTO BDAIEHMEeM OKoI0 ocH (Y npamo-
¥IOIEHHKA CO CTOPOHAMA i ¥ dX, oTcTosmero or ocH OY na paccroakru x. Torga snement

b

OfLovg er}. = 2nxy dx, oTKYAA VY = ETE-I. xy dx.

o
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NoAy4amwineiics M3 NpUBeJeHHOR Bbilie GOPMYALL 1) nyTeM [NepecTaHOBKH K
OpIMHAT X | .

Ecnn xpuban sagana B UHOH thopme (mapaMeTpMueckH, B UONADHBIX KOo)

AWHATAX W T. [.), TO B OPUBeACHHBIX (PODMYIaX HYKIO CACJATE COOTEETCTRYH
IIY¥0 3aMeHY NepeMeHHOH HHTeTrPUPOBAHUA,

B Gonee obmem cnyuae o6 beME! Tef, 06pA30BAHHBIX BPAMEHHeM DUTYDEL, o
PaBEWYeHHON KpUBLIMU ¥, = f,(X) & y, = [,(x) (Dpuuem f(x) < f,(x})) u mpaMBIy
X = a, x = b, BOKpyr KoopaAuHATHBIX ocell OX u OY, COOTBETCTBEHHO DARHEL )
b

= ZHJ. x(y, — y,) dx.

a

b
2
Ve= n_[ (y; - y‘i)dx,

Hpumepz
x° + (y — b) <a (b =

Haitte ofkeMm topa, 00pazoBaHHOrO RpALIeHHEM pr
a) soxpyr ocn OX (puc. 52).
Pemenue Hmeem

_b_mHHE

IMToaTomy

b+ Jai— x2.

- i(b+m}

—i

(b - Ja?—x2)dx =]

Prc. 53,

= 411:!1-" m dx = 2ﬂ2a2b

(Docaearni HHTerpan 6epercs MOZCTAHOBKONH x = @ sin #). E
Ofbem Tena, NOMYYEHHOTO IPH BPAllleHHH CEKTOPA, OrPAaHHYEHHOTO Ayrof
KPHBOK r = F(() 1 AByMA NONZDHRIMM PAAUYCAMY @ = (X, @ = [}, BOKPY MOIADPHC ;
OCH, MOMeT OBITh BEIYHCIAEH HO (OpMYIe =

¥4
2 3 .
VP=§T[ rsin @ de.
i =
910it e hopMynol yA0BHO MOAB30BATECA IPH OTLICKAHHM 00hemMa Tena, I

JIYMEHHOTO BDAUeEHeM BOKPYT NOJXAPHONH ocH (HUIypHl, OrPAHUYEHHONH HeKoTd
POl 3aMKHYTOH KDHBOH, 38JaHHON B NONAPHLIX KOOPAHHATAX.
IIpumep 3. Onpegenurs ofbeM, o0pasoBAHHEIH BpALICHHEM HDHBD
r= @ sin 2¢ BOKPYr DONAPHOK OCH.
Pemenmune.

n n ..
2 5 i
VP=2'gﬂ_‘.rasmfﬂdtp:%ﬂaa-[singzwsinipdq?: f
0 0 - 1
n g
32 st »
. 4 ] o4 3
- T g do = 2% .
3 i I sin” pcos @ do 05 na
0
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e

9° Bpluncaeuue 06'beMOB TeJ 10 M3BECTHBM noneped
M CCUCTH UM, Eeaux 8§ = S(x) — niomajn cedeHHA TeNa NJAOCKOCTHIO,
prnpnﬂuwmpnm{ ¥ PeKOTOpol npAMOH (KOTOpPYIO NPHHHEMACM 3a ock OX), B
rouke ¢ abenuceoit x, To 0fLem JTOro TeNa paBeH

e Xy M Xy — aficiucehl KPAHHMX CeUeHHH Texna.

Hpusep 1. OnpeaennTs obbeM KIHHE, 0TCRYEHIIOC OT KPYIJIOTO WA JTKEA-
pa ILNOCKOCTBID, OpoxXoasillels 4epes JUaMeTD OCHOBAHUA M HAKJIOHEHHOH K 0C-
yopaHKIO 1] yraoM o. Pajuye ocnosanusa pasen R (puc. SEIR

Peure Hne Ilpumem 3a ock OX ZHaAMCTD OCHOBA-
W1, TI0 KOTOPOMY CeKyIas MICCKOCTh IeRCCCKACT OCHO-
gague, M 3a ocbk QY gmamerp OCHOBAHHA, €My HepIeH-

THEVAAPLLIE. YpaBHEHKE OKPYHHOCTH CCHOBAHKA ByaACT

2. g 2
1- - !’f]’ = R -

ITaomase cegenua ABC, oreTosulero Ha paccTOAHHHA
¥ OT Hatana KoopauHaTt (), pasAa

1 1 _y®
Six)=nn. AABC = §fLEi - BC = Eyy tg o= Etg ol

[oaToMy MCKOMBIH 0OBCM KIMHA €0Th
R

V=2 % I yztgadx=tguj (R2 —xz}dx=
0

2 3
- R tgaq.
3 g

1685. HaiiTh obbeM Tena, NoIy4alilerocd 0T BpalleHua BOKPYT GCH

, 2
OX nromazu, orpaHudennoi ocei OX u napabonoi y = ax — x” {(a > 0).
1686. HajiTu oOpeM 3JIMHICOHAA, O0PA3OBAHHOIC BPAIll@eHNEeM BIJIUII-

ca ¥ oL ¥

5 " = 1 Bokpyr ocu OX.
{

1687. HaiiTu obbeM Tena, NOJYYAIOIIErocs IIPH BPaleHHU BOKPYD

s s w x
ocn OX naowany, orpaHUueHHOM NenHol TuHMel ¥ = a sh = oceky OX

H IpAMBIME X = td.
1688. Haiitu 06sem Tena, 06pa30BaAHHOTO HPH BPAIEHITH BOKPYT OCH

o .2 _
OX wpupoii y = sin” x B apoMexyTKe o x = 0 go x = 7.
1689. Hailitu obbeM TeXa, o6pasoBaAHHOTO BRAIIEHUEN ILIOILAAN, Or-

PaHKYyeHHOH MonyKyOudYeckoi napadoion yz = x3, ockl0 OX u npaAMoi
X =1, sokpyr ocu OX. }

1690. Haiitu obpem Tena, o0pasoBaAHHOTO BpalleHUeM TOH e ILO-
Ianm, uro B aagade 1689, sokpyr ocn OY.

1691. Hafitu o6weMBI T, ofpazyeMbIX BpallleHMeM ILTOINaau, orpa-

x = 0, y = 0, Boxpyr: a) ocu OX u 0) ocn OY.

" X
BUYeRHOH NMEMAMH I = C
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1692. HaiiTu o6reM Te.ua oOpa30BAHHOIO EPALIEHHEM BOKPYT OCH l
TOH YaACTH mapabosibi y = 4ax, KOTOpad OTCeKaeTcsa NpAMO x = a.
1693. Haijitu ofwem Tena, 06paszoBaHHOIO BPAILCHHEM BOKDYT IIpY

A L4 2
MOHM X = ¢ TOH 4YacTH Hapabonel i =
KaeTcH. 4

1694. Hafity o6pem Tesla, 06pa3soBaHHOrO BpallleHleM BOKPYT IIpAMod

dax, roropas aToi IpAMOR OToy

2px u npamoii x = 2y

4

Y = —p QUIryphsi, orpaHH4YeHHoH napaboJoit yz =

1695. Hatitu o6bem Tena, c6paszoBaHHOTO Bpameunem BOKpPYT ocu O3

[LIOLaH, COAep KaNIelics Mex Yy napafonaMn y = x*u Y= Jx. _
1696. Hadity obpeM Teaa, 00pa3soBaHHOrO Bpall[eHHueM BOKPYT OCH 0

ImeT/AH KPHBOH (x — 4a}1; = ax (x — 3a) (a > 0). 3
1697. Haiitu ofbemM Tesa, TPOM3RONMMOrO BPALISHHEM IIHCCOHIKY

2 x3d
¥y =3 BOKPYT €€ aCUMIOTOTHL X = 2a.

1698. Haiitn o6bem napabosionga BpanieHnd, pagdyc OCHOBAHUA n':i -
Toporo R, a Beicora H. 3
1699. IIpamoit napabonuyecknii CErMeHT, OCHOBaHHe XoToporo 2a wil
BLICOTA [, BpaigaeTcd BOKPYT ocHORaHEA, Onpeaeants 06benM Tesna Bpadl
IIIeHUA, KOTOPOE IIPH 3TOM INony4daercH («numMoH» Kapannepu). _g
1700. IlokazaTe, 4T0 06BLEM YACTH, OTCEKAEMOIL IIMOCKOCTRIO X = Za R

Tena, o0pa30oBaHHOTO BpallleHMeM PARHOOOYHOH runepdoNbl X - y = a
BOKpyT ocu OX, pasen obbemMy mapa pagmyca 4. -
1701. HaiiTu ofpeMbt Te, 06pa30BAHHBIX BpalleHNeM (OHTIyphl, oryl
pPAHMYEHHOH OAHOM apKOH UUKJIOHABL X = a(t — sin t), ¥ = a(l — cos t %
u ocklo OX, Bokpyr: a) ocu OX, 6) ocu OY, B) ocH CHMMeTpUH (urypsi] 2
1702. HB_HTH Dﬁ“LEM Tena, o6pa3oBaHHOrO BpallleHHEM ACTPOHAR j

|

x=acos y, y = asin® t soxpyr ocu OY. .!. i
1703. Haittu obobem Tena, KOTOpoe IOJIYYaeTCsl OT BPALLleHUA Hap,qn
ouzel r = a(l + cos ¢) BOKDPYT TOAAPHOI OCH, L. |
1704. Hafiru of6veM Tena, o6pasoBaHHOro BpallleHueMm Kpupol

r=acos {0 BOKPYT HOJADHOH OCH. ;
1705. Haiita ofpem ofeucKa, napaniensHsle 0CHOBAHUA KOTOPOT'O

NIPAMOYTOJBHHAKHA co cTopoHaMu A, B u a, b, a BeicoTa pasHa h. .
1706. Haittu o6beM IpsMOro 3AMUNTHYECKOTO KOHYCA, O0CHOBAHH

KOTOPOrQ eCcTh 3JAUNC ¢ TONYOCSMHE ¢ M b, a BLICOTA PaBHa /. -

1707. Ha xopaax actpoumsl x°' @ + y~° = a*®, napannensunix

OX, HOoCTPOEHEl KBAADPATHI, CTOPOHBI KOTOPLIX paBHhLl IJIMHAM Xopj H
NJICCKOCTH KOTCPBIX NEePIeRAuKyIAPHEL ILnockoeTy XOY . Hajithn ob6penl
TeJa, 00PA30BAHHOIO ITUMH KB4/ pPaTaAMH.

§ 10, ILaouail DOBEPXHOCTH EPALIEHH A 161
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1708. HeopMupyIOIIUHCA KPyr' lepeMelfaeTcs TAK, YWTO OAHA K3
oK €r¢ OKDYXKHOCTM JeXXuT Ha ocH OY, newtp ONNCHIBAET DHJIJIHUIC

= 1, a NJOCKOCTL Kpyra IeplneHJuKyasapHa muockoct XOY.

oyt
7 + h?

i 2
Haitru o6beM Tesa, 0Opa3OBAHHOIO KPYroM.

1709. I1N0CKOCTE ABHIKYILETIOCH TPeYTONbHUKA OCTAETCA HepIeHIM-
KyIAPHOIN HeIIOARMMKHOMY lHaMeTPY Kpyra pajuycad. OcHoBaHUEM TpE-
yroJbHAKA CHAYRUT XOpAa KPyra, 4 BEPIIMHA €r0 CKOJNBL3UT NO MpAMOH
[1apalIebHO HeIOABHIKHOMY AUAMETDY HA PACCTOAHHH 2 OT MIOCKOCTH
xpyra. HaitTu obbem Tena (HasslBaeMOro KOHOUIOM), oOpasoOBaAHHOTO

ABAYKEHHEM HTOrC TPeyroIbHUKA OT OFHOTO KOHIA AUAMETPA 0 APYToTo.

y 2 2 9
1710. Haitti o6 peM TeHa, OrPAaHMYCHHOrO IAJAHHApAM ¥ + 2 = a

2 2 a
+ 2z =a.,
1’711. HaliTi of6meM cermMeHTa, OTCEKAEMOro OT IJMJUNTHYECKOro na-

2 2
padomonga L= + Z_ < x nnockoeTsio X = a.
2p 2q
1712. Haitru 065eM Tela, OrpaHMYEHHOrQ OXHOIOAOCTHLIM IrHnepbo-
2 2 2
MOKJ0M T+ ¥ -2 =1 uwanockoeraMu x =0nz=h,
a’ B2 c2

2 2 2
1713. Hasit 006LeM 3NMHOCOKAA x_2 + ¥ 4+ 2 =g,
a b2 c?

§ 10. IInommans MOBEPXHOCTH BRAIKEHUS

[Iaowane LBOBEPXHOCTH, 00pazoBAHHOH BpaileHHeM BOKPYr ocm OX Ayru
IIaSKOM KPHEBOM y = f(x) mexay TokaMu ¥ = a B x = b, Beipaxaerca GOopMyJIoH

b b
S, = 21:_[ yg—s dx = 2nj yJ1+y? dx (1)
x
2 2]
(ds — audiepenunan ayrd KPHUEOH).
B cnyuse vHOro sagadiA ypaBHEeHWA KPHBOH ILJI0MAAL NOBEPXHOCTH Sx no-

Tyqaetca B3 GopMyasl (1) HyTEeM COOTRETCTBYION(EH 3aMeHBI IIEPeMEeHHBIX.
Mpumep 1. Hajiri nomans 10BEPXHOCTH, 06PASOBAHHOH BDALIEHHEM BO-

Epyr ocu OX merin KpPHBOH Qyz = x(3 — :Jc:}2 (pue. 54).

Pemenue. Jnasepxueli uacTu kpueol npu 0 < x < 3 uMeeM iy = %{SHx)JJ_c .

Orciona guhdepennuan ayru ds = x+1 dx. Ha ocsoBaunu dopMyas (1) no-

2Jx
Iaas 110BEPXHOCTH

3
1 x+1
S=2nj_{3 - x)fx dx = 3m.
;3 2.Jx

6 Bagaus m ynpassueaus
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Hpumep 2. HaiiTu nronags noBepxHOCTH, 06pas0BAHHON BpallleHHEM 024
Hofl apKM IUEIOHILL X = a(f — sin t), ¥ = a(l — cos ¢} BOKPYT ee OCH CHMMETDRE

{puc. 55).
Y] ¥i
s 2(1"-55" ’?
/_N - % ima-x!
o d A o na Ina X
Puc. b4. Puc, 5b

Peuten ue. Ycxkomas mosepxHocTs ofpazyerca BpameHEWem ayrz OA
KpyT npAMoii AB, ypaBHeHHMe KoTopoit x = ng. [IpmEEMad y 38 He3aBHCHMYHS
nepeMEHHYI0 ¥ YYHTRIRAA, 9TC OCh BpamieHHA AB cABHMHYTA OTHOCHTENLHO KOx3
opauHaTHOH ocu OY Ha paccToAaHMe 7a, OyjeM HMETh 3

S=anjma—mg&m.
v

[Iepexona K nepemMeHHOH 1, MOJAYIHM T

5= 2nJ.[na—ﬂt+a51nt)in—:; +(d—yj di =

™
= 211:-[ (ma —at + asint) 2a sin % dt = thmzj [nsi - tsm; + sin¢sin ;) dt =4
0

ni
2

LR

i i
= 41‘;{12[—21’{ coS % + 2f cos % — 4sin % + %sin3 % ]ﬂ = B?‘t(ﬂ - % ]a2. ::
%

1714. PasMepn! nmapabonuueckoro seprana AOB yrasaHsl Ha pHC. 56
Tpebyerca HAKTH NNOHIAKE TOBEPXHOCTH 3TOTQ 3€DKANA. %
vi ] 1715. HaitTs 10iags DOBEPXHOCTH ¢BepeTeHA », 1«:0'1'0— 3
poe DOJAYYAeTCA B pe3yILTATE BpallleHud 0FHOI nnnynmmw

M

CHHYCOHAEL i = 5in X BOKpyT ocu OX.
1716. Halitu naoinaaes NOBEPXHocTH, 6OpasoBaHBEOM BPAX

v  LIeHMeM YACTH TAHFEHCOMALL J = tgxorx=0p0x=
BOKpPYIr ocu OX, i
171%7. HajiTy nmoniaghk DOBEPXHOCTH, oﬁpasusaﬂﬂnu Bpa-
] eHreM BOKpYr oci OX Ayri KpHBOH i = e ,orx=0

x = oo,

Puc. 56. 4
1718. HaiiTy na0iafs NOBEPXHOCTH (HA3LIEAEMOH h

menoudom), o6pazoBaHHON BpanjeHHeM IeNHOH JWHWH ¥ = 4 ch X = B'

kpyr ocu OX, B npepenax or x = 0 o x = a.
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" 2/3 2/3 _
1719. HaiiTu mi1omaab MOBEPXHOCTH BPAIIEHMS acTpouAsl ¥~ + =

- az“ﬁ& gokpyr ocu OY.

1720. HaiiTi IIOMIALL IOBEPXHOCTH BPALEHHA KPHEOH X = % -1 ln y
gokpyroca OX, oty =10y =

1'721%, HaiiTy NoBepxHOCTL TOPa, 00pa3soBAHHOTO BpALIEHUEM OKPYH-

2 2
HOCTH x4 (y — b)Y = a” sokpyr ocu OX (b > a).
1722. Haifrrn ILJIOIHALL IIOBEPXHOCTH, 00Pa30BAHHOM BpallleHHEM 3JI-

aunca S bE = 1 poxpyr: 1) ocu OX; 2) ocu OY (a > b).

aE
1723. HajiTi nIoilafxe NOBEPXHOCTH, 00pA30BAHHON BpAILEHUEM Ofi-
qolf apKH IMEEJOMAN x = a(t — sint), y = a(l — cos i) BOKPYT: a) OCH
0X; 6) ocu OY; B) KacaTeNbHOH K LHKJIOHJE B e¢ BHICHISCH TOYKE.
1724. HaifiTu nuomags IOBEpXHOCTH, 00pasoBaHHOH BpAalleHHEM BO-
kpyr oc OX KapAHOHUIBL

x = a(2cost - cost),
y = a{2sinf - sin2t).

1725. OnpeeanTh IIOLIAAk [IOBEPXHOCTH, 06pASOBAHHON BPAIllEHH-

2 2 "
eM JeMHHCKATH I~ = a €08 2() BOKPYT NOJIAPHOH OCH.
1726. HaliTu [0 aAb IOBEPXHOCTH, 00Pa30BAHHOHN BpaneHueM Kap-
ruounsl r = 2a(l + cos @) BOKpyr NOJAPHOH OCH,

§ 11. MomenTsl. IlesTpsr TAXKECTH.
Teopemnl I'ynegena

1°.CraTtudyecKNH MOMeHT. CmamuvecKuM MOMEHMOM OTHOCHTENb-
MO ocH | MATepHANILHON TOUKH A, UMelIei Maccy m U OTCTOAIIEH OT OCH [ Ha
PaccToAaHd K d, HA3BIBAETSS BeJIHYHHA M1 = md.

CrmamuveckuM MOMEHMOM OTHOCUTENBHO OCH { CHCTEMbI 1 MATeéDHANBHBIX
TOYeK ¢ MaccaMy m,, My, ..., M, HASLIBAETCA CYMMAa

M, - Z md,s (1)

ODHYenm paceTOAHHNA TOUEK, MEMALAX 10 OAHY CTOPOHY OcH {, BepyTca co 3HaKOM
Uniee (+), a mo APYTYI0 — CO 3HAKOM MUHYC {—). AHANOTHYHO OlIPEASAAeTCA CMma-
Mudecryii MoMeNM CUCMEMbl MOYeK OTHOCHTEILHO MIOCKOCTH.

Ecnp macch HenpephIBHO 3aIOJNHAOT MRHUK HIH Gurypy niaockoctn XOY,
To CraTHyecKHe MOMEHTBI M, u M, OTHOCHTEIBHO KOODAHHATHBIX oceit OX u

OY Bmecro cyMM (1) BHIPRIKAIOTCA COOTBETCTBYIOLIMMHE HHTerpasamu. [asa cny-
449 reomeTpuueckux Guryp NAOTHOCTE CUMTAETCHA PABHOM eAMHHIE,
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B uvactrOoCTH: 1) Ana KpuBoil X = x(5); ¥ = y(s), rie mapaMeTrp § €CTh JJIN
AYTH, HMeeM

M, = Iy{s] ds; M, = J'x(s} da

(ds = J(dx)? + (dy)? — auddepenunan Ayrn);

2} ana nxockoll urypsl, orpaEnyennoil KpuBoi i = y(x), ockio OX u .I];B}FM.'II
BEPTHKANAMU X = d H §} =

My jylyl dx; My j xlyl dx. ™

b, HDJI},T‘LHEM .

A 1

Ilprimep 1. HailTe cTaTHyecKie MOMEHTRI OTHOCHTENLHO ocel OX u OY

TReYTOJILHHUKA, OrpaHRYeHHOTO HPHMHMH T+ ¥
a

Penmenue 3gecsy= b[l - 3 . Ilpumensaa dopmynsl (3), nonyuaaem

a
LY x)z ab?
M, =201 % Pay =90
X 2“ a) T %
0

i
2
M, b‘[x(l-v E)dx= ba%,
G

2°. MoMeHT uHeDpuuu Momenmom UHepyLU OTHOCHTENRHC OCH [ Ma- ?'.

TEDH&JII:HDH TD‘{RH MAacChI M, OTET(}HLU;EH oT OCH I Ha paECTDHHHH d HEBBIB&ETCH
YUCTI0 I = md

Momenmom uuepuuu OTHOCHTENBHO 0CH [ CMCTEME] 11 MATEPHANLHLIX T{JT-IER
C Maccan®y m., M m Ha3biBaeTCH CYMMA

10 g
it
2
= E md,,

i=1
rac d, d,, .

BMECTO CYMMEI [ICny1aeM EDDTBETCTB}?IDIL[HH HHTer'pan.

Hpumep 2. HaliTh MOMEHT HHEDIIHH TPEYTOILHNKS C OCHOBAHUEM b H BhI- |

cOTOM I OTHOCHTEIBLHO €ro OCHOBaHHWA, -?f.'

Pemenue. OcuoBaune rpeyroasuuka npuMenm 3a ock OX, a eTo BLICOTY — f'-.

aa ock OY (puc, 58).

Y Y4 -
b N
dyl _ FdnZK
i
/ L, ]
Ol a X B b 0 X

Puc. 57.

=1,x=0, y =0 (puc. 57).: §

i

v & — paccroguuA Tovyer or ocu [. B cxyuae cnnomnoii macce I

§ 11. Momenret. Leutpat TamectH. Teopemut yaprera 165
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PaaobneM TPEeyI'OJMBHHK HA DeCKOHEYHO TOHEKHE FODH3CHTAJIBHBIE IONOCKH
ro/IIEHEL dy, Hrpaolue POIh 3J1eMeHTAPHBIX Mace dm. Henonsnaya noaobue Tpe-
yrONbHKKOB, IIOTYyHaeM:

H
dI, = y*dm Vi~ ) dy
Orcona
h
b 2, _ 3
IX"E_[' (h — y) dy bh°.
o

3°. MleuaTp TaxecTH Koopdunambvt yenmpa madecmu miaocKoit du-
rypel (AyTH BIH miomann} Mmacesl M BEIHUCAARTCA OC QOpMYyJIaMm
- _ M, _ My
M7 M
rae My n M, — craTHYecKHe MOMEHTEL MACChI, B coryuae reoMeTpHYIECKHX (DUI'YD
wmacea M YACTEHHO PABHA COOTBETCTBYIOIIEH AVre MAM MJICILAAH.
J[1A KOODRMEAT LeHTpa TaxecTH (X, ¥) AyrH nIocKOl KpuBol ¥ = f(x)

(@ < x € b), coefHHEAIOMIEH TOYKH A(a; fla)y n B(b; f(F)), nMeem
B h B B
des J.xJI +{y")2dx Jyds IyJ1+(y’}2dx
X = A = 4 , !_f' = 4 = £
$

b C |
J-na'1+[y’)2dx J‘,Jl—l—(y’)zdx

KoopauHATHI LIEHTpa TAMecTH (X, ¥) KprBoaunefiHOH TpauelUyn @ < X < b,
0 € y < f(x), MmoryT ObITh BEIUHCIEHB] 0 (JOPMYIaM

b b
‘[xydx %Iyzdx
= .
x g VT g

b
roe § = Jy dx — mnomaas bUryps.

Ananorgunnie (bOPMY Bl HMEIOT MeCTO JJIA KOOPAHHAT UEHTPA TAMXKECTH Tesa.
Hpumep 3. HaliTn UeHTp TAMECTH AYLH 110-

TYOKPYIKHOCTH 2+ yz =g’ {y > 0} (puc. 59). ¥i
Pemeuue Hmeem
; -X
= Ja2 —x2: —
Y Y —~—-—-,_.._a2 =
H ar
adx - 0 a X

ds = J1+(y)2 dx =
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Orcroaa

ia
M, = jyds— J.ﬂ,"a2 = 2a°, M = _adx = Ta
J ,r‘ 2 x2 ! fa2 _ x2
CnegoBaTennHo,
- — 2
x =0 ="a
¥ I

4°. TeopemMmum 'ynbaena.

Teopema 1. IInomaasr DOBEPXHOCTH, NOAVYEHHOH OT BpAIEHUA IAVIH 1
IIQCKOH# KPHBOH BOKDYT HEKOTOPOH 0CH, NMeXalleid B OHON NICCKOCTH ¢ KPUBOH |
H €¢ He Nepeceralnniel, PARHA TPOWIBSAeHNK) IJAHHLI AVIH HA NITHHY OKDYHK- |

HOCTU, ONKCLIBAEMOM IIEHTPOM THMKECTH AYTH KPHBOIL.

Teopema 2. Obpem Teia, DOMYUYEHHOrO TP BPALIGHUH 1IIOCKOH UTyPHI §
BOKPYT HEKOTOPOH OCH, JIERANIEH B NAOCKOCTH (DUTYRE W €2 He MepeceKaloiel, |
paBeH NPOM3BEAeHUID IVIONIAAN ITOH GHUrypel HA EAHHY OKDYXKHOCTH, OIIMCBHI-

BaeMOH HEHTDOM THMKECTH (PUI'VDEL

1727. Halltu cTaTHYecKHE MOMEHTBI OTHOCHTENLHO OCEH KOODAHMHAT 4

OTpe3Ka OpPAMOH

3AKJIIOUEHHOTQ MEXAY OCAMU KOOPIUHAT.

1728. Haiitu crariyecKHe MOMeHTHI NPAMOYIOABHUKA CO CTOPOHAMH

@ 1 b oTHOCHTENBHO €ro CTOPOH.

1729. HaifTi craTHyecKkue MOMeHTHl OTHOCATeNLHO oceii OX u OY u |
KOOPAMHATH] IEHTPA TAXKECTH TPeYTOJbHHKA, OTPAHNYCHHOTO IPAMBIMH

xt+ty=a,x=0ny=0.

1730. HaiiTu craTuyecke MOMEHTRI OTHOCHTEALHO oceit OX u OY o

KOODJAMNHATB] HEHTPa TAMXKECTHA JYTH aCTPOMALI

2
" /3 + yEfS _ a23’3,

JeXAalnel B NepBOM KBaApAHTE,
1731, Haéitu cTatuyecKHi MOMEHT OKDYXHOCTH

= 2a sin @
OTHOQCHTEIIBHO IIDHHPHDH OCH.
1732. HaliTH KOOpAMHATLI [EHTPA TAMNKECTH JVTH uenHm{ NUHNAK

_ X
Y .:It;:hE

OoT X = —d 410 X = 4.

L i b s ey L b R L s
o T s R A L L S . B TY . ... ... = = byl =.r-Hirokak T a i ik - il

USSP S PP T L Py T S T NPR T
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1733. HaiiTi LeHTp TAMXKECTH AYTH OKDPYKHOCTH pajuyca a4, CTATH-
gatomiedl yron 2.
1734. HaiiTi K00pAMHATEL LEHTPA TAMECTH AYIH IIePBOH apK¥ IHK-
HoUABI
= gt - sint); y = a(l — cos )

(0 < ¢ 2m). _
1735. Hairtu I{ODp,I[HHaTI:-I IEHTPA TAMECTH (PUTYpPsl, OTPAHHYMEHHON

F3

S IHIICOM I—z + ¥ =1 u ocamu koopauHar OX u OY (x 2 0, y = 0).
1
1736. HaiiTi X0OpPAMHATEL IEHTPA TAKECTH (QAIYPHI, OTPAHKYCHHOM

KPUBBLIMH
2
1737. HaiiTi XKOOpAHHATH IEHTPA TAXKECTH PUryphl, CrPAHRUYEHHOM
nepBOH APKOH ITHKJIOKHIBI

x = a{t —sint), ¥y =a(l — cost)

B ockio OX,

1738%%, HafiTy LeHTD TAXecTH noaycdepnl pajuyca ¢ ¢ HeHTPOM B
HAYAJe KOODJAWHAT, PACIOIOMKEHHOH HAL [TNOCKOCTHIO XOY.

1739%*, HajiTH HEHTP TAMKECTH OAHOPOAHOI'0 KPYI'OBOTO KOHYCA C Pa-
IUVCOM OCHOBAHUSA 7' B BRICOTOH .

1740%%, HafiTH 1eHTP TAMKecTH OFHODPOAHOTO NOJYINapa pagHyca @ ¢
LEeHTPOM B Hauale KOOPAUHAT, PaCIOIOKEHHOr0 Hajl IMJI0CKOCThIO XOY.

1741. HaiiTy# MOMEHT UHEPIIMH OKPYHHOCTH PALHYCA G OTHOCHTECALHO
ee JUaMeTpa.

1742. HaliTH MOMeHT MHEPIHH NIPAMOYTOJEHHKA €O CTOPOHAMM 4 H
b CTHOCUTENBLHO €r0 CTOPOH.

1743. HafiTi MOMEHT HHEPIHMH OpAMOTO NapabolHIecKOT0 CErMenTa

¢ OCHOBAHUEM 2b ¥ BRICOTOH /i OTHOCHTEJLHO er'c OCH CHMMEeTDHH.
2 2
- x _
1744. HaitrH MOMEHTBHl WHEpLUH HJIOLIafM 3JJJINICA p + g—z =1

OTHOCHTENLHO eI'0 TIABHBIX OCeH.

1745%* HalfiTH noJAsSpHBIH MOMEHT MHEPIIHH KPYTrOBOIO KOJABHKA € pa- -

anycamu R, m R, (R, < R,), T. e. MOMEHT MHEDHWH OTHOCHTEILHO OCH,

IPOXOAALLEH Yepes HeHTD KONbLa B NepPNeHINKYARPHON K ero IJIOCKOCTH.
1746%%, HafiTm MOMEHT HMHEPINU OAHOPOAHOTD IPAMOrc KpPyrosoro
KOHyca ¢ paanycoM ocHoBarus R # BeicoToi [ OTHOCUTERBHO €TI0 OCH,
1747+%*, HaifiTy MOMEHT MHEepIIHE OAHODOJZHOIO LI1apa paauyca a #u
Maccel M oTHOCHTENLHO €rQ auaMeTpa.
1748. HaliTy noBepxHocTh M 00beM TOpa, DOJYYAKHIErOCA OT BDA-
WeHKA Kpyra pagRyca ¢ BOKPYT OCH, PACIIOJIOKEHHOM B INIOCKOCTH KPyTa
¥ oTcTOSIEH OT IeHTpa ero Ha paccrosnuu b (b # a).
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1749, a) Onpegenurs moJoxKeHNe UEHTPA THKECTH OVTH achoH,n

2/3 2/3 2/3 - -
X + I =a , Jexallel B [IepBOH YETEEDTH,

0) HaiiTi enTp TAMecTH PUTYpLI, OrpaHUYeHHOH KPABLIMH yz = 2p 5:'.
u x° = 2py.

1730%%, a) HaiiTi LeHTp TAMECTH HOXYKDYra, NOJbL3YACH TeOPEMOH ;
CynbaeHa. 1

0) Hokaszars, nonssysacs Teopemoii I'vasaena, uro LIEHTD TAMKECTH Tpe-

¥IoOABHHE& OTCTOHMT OT €ro OCHOBaAHHSA Ha QUHY TPeTE BLICOTEI,

§ 12, Ilpunoxkenns onpegeNeHHEIX HHTErpajioB
K PelieHHH (PU3NYECKUX 3amay

a = s a i
1°Ilyre, npofifenumit ToOuk 0. Ecau Touka JBHAKETCA IO HEKO-
TOPOH KPUBOH H CKODPOCTE ee U = f(f) ecTs u3BecTHAA DYHKIMA BpeMeHHM f, 7o §

nyme, NPOHAEEHLIA TOUKOH 33 IPOMEMKYTOK BPEMEHHM [, t,], paBen

ta
§= | f(t)dit.
J

Hpurmep 1. CropocTh TouKH pasHa

v = O,lt3

(v Boipaxena B M/c). HaliTit myTe s, npoiinensniii Toukoil 3a IIPOMEIKYTOK Bpe-

meHd T = 10 ¢, nporexuinii oT Hauana TBUKEHUA. YeMy paBHA CDEAHAR CKODOCTE

ABHMIKEHHS 38 3TOT NPOMEMKYTOK?
Pemme g ne. UMeem

10 10
1 t4
g = J' 0,1¢%dr = 0,15 = 250 (m)
2 4 0
_ & _
Uy = 7 = 25 (/0).

7
2°.Pabora cuasl. BenunepeMennas cuna X = f(x) Ae¥icTByeT B Hanpas-
Jernun ock OX, To pafoma culvt Ha DTPe3Ke {x,, x,] paBHa

A= ij f(x) dx.

IMpumep 2. Kakyw paboTy HYIKHO 3aTPATHTS, YTOGEI PACTAHYTEL NPYAKUHY
Ha 6 ¢m, ecau cuna 1 H pacrarusaer ee ya 1 m?

Pemwenue. Cornacuo aakony I'vka cuna X, pactaArusaomas NPYXKHEY HA
x, paga X = kx, rae B — RO3D)ULHEHT NPONOPEYOHANILHOCTH.

e - . - A

SV
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p—

[Tonaras x = 0,01 mu X =1 H, nonyunm & = 100 u, caegopaTessHo, X = 100x.
Orcrpa ucKomad paboTta
0,06

A = j 100x dx = 502 [0°°
0

o = 0,18 ().

3> Kumer¥decKaH sHepr A RudHemudyeckou Inepued MaTEpHaNkb-
qoil TOUKM, HMelollell Maccy m u obnajamouiel CKOpoCTHI0 U, HAZLIBAETCA BEI-
pasKeHne

_ mv?
K 5 -

Kunemuxeckas 3Hepzus CUCTEMLI /i MATEPHANLHEIX TOYEK C MACCAMH 711, M,
, 7, OONAKAIIHX COOTEETCTBEHHO CKOPOCTAMH D, Uy, ..., U, PABHA

k-3 mef, (1)

i=1

IInsa mogcyeTa KHHETHUECKOH PHEPrUU TeNla erc HaiaeKallHM ofpasoM pas-
6HUEBAIOT HA 3JeMeHTAPHbLIE YAaCTHIEI (MI'DAIOIIHE POJb MATePHANLHBIX TOUEK), &
3aTeM, CYMMHDYA KMHETHYECKHEe PHEPIMH 9THX YACTHLL, B IPeJJIe BMECTO CYMMEI
{1) mony4awoT UHTErPAJ.

HDpumep 3. HalflTu KUHETHUYCCKYI JHEPIHWIO OXHOPOAHOIO KPYroBOro M-
NMEAPA OIOTHOCTH O € pajuycomM ocHOBaHuA R ¥ BeICOTON A, Rpamialomierccd c
VIJIOROH CKOPOCTEIO () BOKPYT CBOEH OCH.

Pemesdne 3a saeMeHTapHY0 maccy dm Opu- Xi
HHMAeM MACCY IDOJOro UMAMHADa BHICOTHI A, ¢ BHYT- dr _1\\
i Kk dr (puc. 60) 0
PEILHHUM PAAUYCOM 7 ¥ TQILIMHOH CTCLO PHC. . SR
Hmeem N it

dm = 2rr - Rd dr.

Tax kak AKHelHaA CKOPOCTb MACCHL d/71 paBHA U = 1, o

1
1
1
)

A
]

T HeTHYEeCKaf JHEPrHA ecThb L
0 3NMeMeHTADHAA KH _
A
vZdm 3 2
dK = = nriw hé dr. R
Otcroza Puc. 60.
R 23R4k
3 Tn“a R
K = nmzhﬁ-[ ridr= —
0

4° TapnceHMe KUAKOCT K. Hnd BEIMHCICHUA CU.Ab! JdasaeHUR Hud-
KOcmiu HCNOAB3YIOT 3aKCH [lackansa, cOTMacHO KOTOPOMY CHIIA AaBIEHNS JKHJ-
KOCTH Ha MIOWaAKY S ¢ rny0uHOH norpy:xesus h paBHa

TAe ¥ — MOJIOTHOCTE sKHAKOCTH, £ — YCKODeHue ¢s0obegHOro nafjedud.
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0 IIpunmep 4. Haiita cuny naBreBus, MCUBITH-]

g 5 L )% :: BREMYIO nﬂﬂyxpyrom*] pazvyca ', NOTpY:KeHHbim'
i S— . S __  BEPTHK&JLHO B BOAY TaK, YWTO €r0 AMAMETD COBII4-
TN _’/i' —}—  AaeT c HoBepXHOCTEHI BoAH! (puc. 61).
—_——— e — — - Peoresue. Pasbusaem nmiomanhs I‘IDJI}?RD},?I‘H_.-
™ T ¥t UT" T T  Ha 3JeMEHTH! — OOJIOCKH, NADALIENbHLIE TIOBEDX- 1
HOCTH BOALL [11001ans 0HOre TaKore agemMesTa (Or- 4

Prc. 61 OpacriBas §. M. BLICINErO NOPALKA), HAXOZAIETOCH ;

HA DACCTOAHHH /I OT IOBeDXHOCTH, DARHA

dS = 2x dh = 2./ri - h? dh,

Cuaa HaBneHvd, NCIBITLIBAEMAA 3aTHM DIAEMEHTOM, PABHA

dP = ygh dS = 2vgh.iri—nh? dh,

rae Y — NIAOTHOCTE BOAEEIL,
DTCI“D.H.& BCH CHIA TABJEHHA £CTh

,
P = Z'rgJ‘ hdr2—h? dh = —gyg(rz-hz}&’?i; = ggra.
o

1751. Cropocth Tena, SpouleHHOr0 BEPTHKANLHO RBEPX ¢ HAUATLHOM
CKOPOCTRIO U, Bes ydyeTa conpoTuBIeHHA BO3AyXa, FaeTcs dopmyrnoi

U=uﬂ—~gt,

rje i — OPOTEKILIee BpeM#A, £ — VCKOpeHHe CBODOAHOrO najgenusd, Ha Ka-
KOM DACCTOAHHH OT HAYAJILHOTO NOJ0MEeHMA OVAeT HAXOAUTRECA TEJ0 Ye-
pes BpeMsA { OT MoMeHTA Dpocanmsa?

1752. CropocTs Tena, GPOLIEHHONO BEPTHKAIBHQ BEEDX ¢ HAYANBLHOK
CKODOCTBI Uy, C YYETOM COIDOTHBIAEHUS BO3AYXA, BaeTcA (GopMyJsoi

U=c'tg[—§t+arctgfﬂ),
.

rge t — HPOTeKillee BpeMA, & — YCKOpeHHe cBoOOIHOro najge’Hus, ¢ —
noctoadaHan, Halite BeICOTY TIOIHATHR Tesa.

1733. Touka ocm OX coBepiuaeT rapMOHMYECKHE KONIEOAHUA BOKPYP
Hayalia KOOpAHMHAT, IPHUYEM CKOPOCTh ee gaerca HopMynoH

D= v.cos wi,

0
rae t — BpeMd, U,, W) — [NOCTOAHHEIE,

HaiiTe 3axon xoneGaHuA TOUYKH, eI IpH ¢ = 0 oHa uMena abeiuccy

x = (). YeMy paBHO cpenguee 3HaYeHHE CKOPOCTH TOYKH 3a NEPHOA KOJIe-
banmuin?

1754. CROpOCTD ABMMKEHUS TOUKH U = te 001 (v — B M/c). HaiiTu nyTs,

NPORAEeHHLIM TOYKOHM OT HAYAMA ABMMEHUS X0 IOJHOH «OCTAHOBKH».

'B arom OpHMepe, & TakxKe B 3afauax Nt Me 17681771 nox o;1ocxkHMH noBepXHOCTA-

MH HOHHMAKITCA TOHKHe Tena (o00onouxi), ¥y KOTODEIX OAMH M3 XaDAKTEPHBIX DASMEPOB
MHEOTO MEHBINE ABYX ZPYTHX.

— - .

—— i e i

= et e

e A e e A e A e =
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1755. PakeTHRIN cHAPSA NOJHUMAETCA BEPTHKANLHO BRepX. CumMTas,
4T IPH TNOCTOSHHOH CHJie TArM YCKOPEHNE PAKETH 3a CUeT YMeHbIIEHUA
A
a—bt
g JIOOOM MOMEHT BpPeMeHH f, ec/AH HAa4YalbHasl CKOPOCTEL ee paBHa HYJMIO.
HaiiTH TAKKe BBICOTY, AOCTUTHYTYIO PAKeTOH K MOMEHTY BpeMeHI ¢ = £,.

(a — bt > 0), HAliT! CKROPOCTH PAKEeTHI

pe Beca pacTer 1o 3aKOHY j =

1756%. BeiuncauTs pafory, KOTOPYIO HY)KHO 3aTpPATHUTh, UTODB! BhI-
pauaTh BOAY H3 BEPTHKAJNLHOH MUIHHAPHYecKol OOUKH, HMeKOUieH pa-
auyc OCHOEAHHA R m BricoTy H.

1757. Berumncnure paboTy, KOTOPYID Heo0XOoAMMO 3ATPATHTH, 4TOOEI
BRIKAYATEL BOJY M3 KOHMYECKOT0 COCYAa, 00palleHHoro BepnIMHOH BHHS,
pAIMyC OCHOBAHMA KOTOpPOTO paBed R u EnicoTa H.

1758, Briuucants paboTy, KOTOPYIC HeOOXOAMMO 3aTPATHTS, YTOOB! Bbi-
KauaTh BONY M3 NoaychepluecKoro KoT/a, MMeLIere paguyc R.

1759, Briuncaure pabory, KOTOpyio HeoOXOAMMO 3aTPATHTh, YTOOED
BRIKAYATE MACJIO Yepes BepXHee OTBEPCTHE M3 IMCTEPHBI, nMewiLei op-

My LMJIHHAPA ¢ TODH30HTANBHOR OChIO, €CIM NJIOTHOCTE Macaa Y, AAHHA
nucrepHbl H B paguyc ocHoBaHus K.

1760**, Kakyio pafoTy Hajio 3aTPATHTE, YTOObI TENO MaccChl 1 IIOJ-
HATH ¢ HOBEPXHOCTH 3eMum, paguyc KoTopoii B, 5a seicoty A7 Hemy pae-
Ha 2Ta paboTra, ecyU TeIo ACJKHO GEITh yAaieHo Ha GeCKOHeMHOCTDh?

1761%*, IIpa aseKTpUuecKuX 3apafa ¢, = 1 Knu ¢, = 2 Kamaxogarca
ua ocu OX COOTBETCTBEHHO B TOUKax X, = 0 u X, = 1 cM. Kakan pabora
OyjeT MPOU3BEJIEHA, €CJIH BRTOPOH 3apsj NepeMeCcTHTCH B TOUKY X, = 10 cm?

1762%%, IluauEgp ¢ MOABMMKHEIM IopluneM auamerpa D = 20cM u
anunbl { = 80 ¢M sanonHeH napoM npu garaesun p = 10 Ila. Kaxkyw pa-
60Ty Hago COBEPILINTH, YT00BI DK HEeU3MEHHOH TeMIlepaType (usomep-
Muveckuit npoyecc) obeM napa YMeHBIIHThL B ZBa pasa?

1763%*. OnpegeauTts paboTy, NPOMSBEASHHYIO IPH azuadaTHOM Dac-

3
IJIpeHWH BO3AYXa, MMEeIIero HayaskHule o00beM Vu = 1M H gaBJeHHE

Py = 1 I1a, no obpema Vl = 10 ME?

1764%%, BepTukaJabLHBIH Ban Beca P U paguyca @ OlH-
baeTca Ha noanaTHAK AB (puc. 62). Crna TpeHUA MeXAY PI

HeDOJBIION YACTHI) O OCHOBAHWS BANa U NPHNEraloinei K D)
Hefi TOBEPXHOCTRLIO ONOpH paBHa F = Upo, rge p = const m
BCTEL NABJIEHHe BANA HA IMMOBEPXHOCTH OIOPBI, a i — Koad)- -
punuedT Tpenna. Haittu paGoTy cHIILI TPEHHSA HPH O4HOM %a
obopore Bana.

1765%%, BLiuMcInTh KHHETHUYECKYH) 3JSHEprui AUCKA
Macckt M u paguyca R, Bpaniawinerocs ¢ yrioBod cKopo-
CThLIO (3 OKOJIO OCH, HPOXOAANIeH yepes [eHTp AHCKA Nep-
NeHIUKYIAPHO €0 IIJIOCKOCTH.

N

W

iz

Puc. 62.
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1766. BL1UMCIHMTE KulieTUUYECKYIO SHEPTHIO IPAMOTO KPYIVIOND KOHY- "
ca Macchbl M, BPALIAIOUIErOCA ¢ YIJIOBOKH CKOPOCTBIO () OKOJO CBOEH ocH, ¢
eclI pajUyCc OCHOBAHHWA KoHyca I, a BelcoTa H.

1767% Kakymo padoTy Hao 3aTPaTHTE, UTOORI OCTAHOBUTE HeJel-
HBII 1I&p paauyca R = 2 M, BpaljamMIidiicd ¢ VIJ0OBOH CKOPOCTBHIO
w = 1000 o6/MuH Boxpyr cBoero auamerpa? (IlaoTHOCTE Kenesa
v=T7,8" IUSKP/MS).

1768. BepTHKaNBHLIH TPEYTOILHUE ¢ OCHOBAHHEM b 11 BBICOTOH A IIo-
rpysKeH B BOAY BepIIMHOM BHH3 TaK, UTO €ro OCHOBAHHE HAXOAMTCH HA
NOBEPXHOCTH BOJEI, HaliTy cUJy JaBJeHHA BOJALL.

1769. BepruxkanbHas ILIOTHHA HMeeT hOpMY Tparnenni. BulYucIuTh
CHIY AABJEHHSA BOJLI HA BCIO IIJIOTHHY, €CJIH M3BECTHO, YTO BEpPXHEe OC-
HOBAHMWeE ILTOTHHEI @ = 70 M, HMKHee ocHoBaHue b = b0 M, a BpicOoTA NNJIO-
THHEL i = 20 M.

1770. HafiTu cuny paBredMfA KHAKOCTH, VASJbHLIH Bec KOTOPOH v,
HA BePTHKAJNLHEBIH 3JIJIMIC C ocAMHE 2a U 2b, LHeHTD KOTOPOTo NTOTpYKeR
B AKMIKOCTL HA VPOBEHDL A, upHuyem DOMsIIAA OCh 24 3JJUICA Iapai-
Jle)IBHA YPOBHIO muuKkocru (h = b).

1771. HaliTH cUNTY J&BJIeHHA BOALI HA BEPTHKAJNBHBIH KPYTOBOH KOHYC
¢ pasHycoM ocHOBaHMA R ¥ BpicoToll H, NOrpyKeHHBIH B BOAY BePLUMHOMR
BHHUEZ TAK, YTO €I'0 OCHORAHUE HAXQAMTCS HA IIOBEPXEOCTH BOJALL.

PA3SHBIE 3ATAYHU

1772. Haitta macey crep:xaa gnune! { = 100 M, ecan tuHednaa unor- |
HOCTh CTEDKHA HA PACCTOSHHY X (CM) OT OJHOTO M3 €r¢ KOHIIOB PaBHA

5§ =24 0,00lx (r/cm).

17%3. CornacHo aMINUPUUYCCKUM JAHHBIM VIeILHAA TeILIOeMKOCTE BO-
awl npu Temneparype t°C (0 < £ = 100°) paszga

c=0,9983 - 5,184 - 10 °t + 6,192 - 10" "¢,

rae ¢ BapaeHa 8 JIx /(r -°C). Kakoe KoMu4ecTBO TEIJIOTHl HYXKHO 3a-
TPATHTE, UTCOLL 1 I BOALI HArpeTh oT Temaepatyvphl 0 “C go Temneparypsl
100 °C?

1774. BeTep npoM3BOAMT PABHOMEPHOE JABJICHUE P HA ABEPD, IIIUPHHA
KoTopol b 1 BeicoTa . HaliT MOMeEHT CHJBbI JABJNE€HHA BETpa, CTpeMA-
IEIHCH OBEPHYTEL ARCPh HA ILTJAX,

1775. C Kaxolf cHJIOH NPUTSAKEHHA NelcTBYeT MaTepuaJbLHbIN CcTep-
KEeHb AJMKBHBEL { ¥ Macckl M Ha MaTepHadbHVIC TOUKY Macchl m, Haxond-
[VIOCH HA GIHOH IPHMOE CO CTEPsKHEM HA PACCTOAHUM ¢ OT GUHOMN H3
er0 KOHILOBY :

1776, [lpi ycranosupmieMcss JaMUHApPHOM {(CTPYHHOM) TeyeHHH ¥ '
MUAKOCTH Yepesd Tpv0y KPVIVIGTO CEeUYEHMHA PagMyea & CKOPOCTh Te- §|

§ 12. [Ipnroxen s oupedeIeRHbIx BRHTETPANIOB K PemMeHit o GUIHYecKHX 3aga4 173

e

yeHWA U B TOYKe, Haxoasilelicad Ha pACCTORHHU 1 OT OCH TPyOhI, paercs
HOPMYJIOH
v="-E(a ~r)
4ui

rIe p — PA3HOCTbL AABJEHWM KUAKOCTH Ha KOHLAX TPYOHI, [t — Ko3(h-
QHIMEHT BASKOCTH, { — ZAWHA TPYDHL. OHpEﬂfJIHTB pacxod xudxocmu
), T. €. KOJIMYeCTBO *KUJKOCTH, IPOTEKAIIEN Yepes3 NonepeuHoe ceue-
pue TpyObl B eIMHALY BPeMEHH.

1777%, Vcnosre To ke, UTO U B 3agade Ne 1776, Ho TpyDa HMeeT IIps-
MOYTOJIBHOE CeueHUe, IPHYEM OCHORAHHE 4 BEJIMKO 10 CPABHEHUIO C Bbl-
cotoit 2b. B aTOM cayuyae CROpPOCTh TeueHMA U B Touxke M(x, y) onpejne-
paeTeA dpopMynaoi

_ P 2 _ 2
v m[b ® -yl

OupeAeinuTs PACXOH KHUIAKOCTH Q.

1778%% [Ipu M3y4YeHHH AMHAMWYECKHX CBOIMCTE ABTOMOOHIIA YACTO
HCIONIB3YETCA MOCTPOCHME JUArpaMM CHelHalbHOTO BMAA: Ha ocu abc-
MTHCC OTKJIAABIBAIOTCA CKOPOCTH U, Ha OCU OPAUHAT -— BEJIHUYUHEI, obparT-
Hble COOTRETCTBYIOIIHM VCKOpeHusM d¢. [lokazaTs, 4TO nuoiaas .3, or-
paHHdeHHas AYrod storo rpadHka, IByMs OPAMHATAMU U = U; H U = D,

H OChI0 afclice, YHCJIEeHHO PABHA BPeMeHR, HeoDXoJuMOMY JAJid TOTO,
yTOOB! YBENHYHTL CKOPOCTE ABHMKEHHA aBToMobHunA oT v, 10 U, (8pema

pas3zoHa).

1779. TopuzonTatpHas DAJKA BECOM ¢ ¥ ANHHOHN [ HAXOAHUTCA B paB-
HOBECHH 110/ feliCTBHEeM HAIIDABJECHHOH BHI3Z BeDPTHKANLHOM HATPY3KH,
pABHOMEDHO pachpefieleHHON 110 ZJAuHe 0DajKM, U ONOPHBIX peakuuil

AuB (A = B = %], HAIIPABJEHHBIX BEPTMKAJNLHO BBepx. Halry uaru-

Saroimii Mmoment M B IoNepevHOM CeYEHHHN X, T. €. MOMEHT OTHOCHTENHHO

rouxu P ¢ abciccoil x Bcex CHJ, DeHCTBYIOIIUMX Ha 4YacTs Hanku AP.
1780. T'opusonTanbHas DajKa AJMHEL [ HAXOTUTCA B PABHOBECHU TI0]
aelicTRHEM OIOPHBIX peakiuil A u B u pacnpefesIeHHOHN No AInHe 6anKy
Harpy3KH ¢ HHTeHCHBHOCTBIO ¢ = kX, TAe X — PACCTOAHHE OT JIeBO# OIO-
pri, B — mocTonuHull Kozdhdunuenrt, Halitu narubaromui moment M

B ceyerrd X.
Ilpumeyanue HITenCHEEOCTHIC DACTIPEAENIEHUA HATDY3KH HA3LIBACTCA
Harpyska (cuia), orHeCeHHAA K eMHULE JAHILL.

1781%, HaliTi KoAMYeCTRO TEILIOTHl, BbLeNdeMoe MepPeMeHHBIM CH-
HycomganbBEkLIM TOKOM

_r i (2W,
! IﬂsmL?t tp}

B Teyenue llepuoia 1 B HPOBOJHUKE C COIPOTHRJIeHMeM R.




Fmapa VI
@YHRKIYIM HECKOJBKNX ITIEPEMEHHBIX

§ 1. OcHOBHBIC IMOHATHA

[ %] .I.. 4
1°TlonATHe QYHEKOHY HECKONbBKHX HepPeMeHH bl X. O6o-]

3HAYeHHUuA QyRKUUIHA JlepemMenHas BenMUYMHA 2 HASLIBASTCH QAHOIHAY- 4
HOMH q?ymcqueu ABYX T€PEMEHHBIX X, Y, EClIH KaXA0H COBOKYIHOCTH HX 3HA- §
YeHHH (X, ¥) u3 AaHHOK o0MACTH COOTBETCTBYET eAHMHCTECH HOe onpefeneHHOR 4

3HaveHnue 2. [lepemennsle x, y HAZRIBAIOTCA APz MEHMAEMY NITH He3a6UucUMbi MY S

nepexennbimy, PyHKIIHOHATLHAA JABUCHMOCTS: 0003HAYAETCH TAK: : 4
z=flx,y), i z=Flx,y) ur. 0.

AHATOTMYHO ONpPeAeNATeA (PYHKIHH TPpex U BOABINEro YHCaa APTYMEHTOB, 1
Hpumeyp 1. Bripasurs ofbem KoHyca V Kak (DYHKIHIO ero obpaayonei x

¥ pajmyca OCHOBAHHE . &
Pemenue. HareoMerpun H3BecTHO, YTO 06LeM KOHYCA paBen

ZYy  z=f{1,y) 1

0 z! rae i — BeicoTa Xouyca, Ho b = »J:-:z — y2 . CnejoratTenknHo, -.;;

) Y 1 2 /2 2 3
4 “Px.y) V= §“y B e

Puc. 63 IdTO H €CTh HCKOMadA QYHKUNOHANLHAA 3aRHCHMOCTE. ﬁiﬁ"

*=auy==>b, oboanauaerca f(a, b) unn f(P). Neomerpuyueckum }
H300payeHneM (GYHKIWHK 2 = = f(x, y) B NPAMOYTONBHOH CHCTeMe KoopiHHAT
X, Y, Z, Boobwe rosopa, ABAAETCH HEKOTOpAs MOBEPXHOCTE {pHc. B3). '

-

2 2

Hpumeyp 2. Haiitu f(2, -3) u ;-"[1, E] , ecnm f(x, y) = x_2+y . g

X xy

Pemenwue. [MogcraBnas x = 2 u y = -3, HAX0zZUM “

2 2 o

f2, -3y = 2+ 8 13 4

2.2.(_3} 12 -

Ilopcrarnas x = 1 1 3amenas i HA ¥ , OyaeM umMeTs s
x 5

- 3

1+ (E) 3 g .’1:

f{l, (1, E] — X _ X o+ i
2. 1[2) 2xy '

x 3

e 1, EJ = f(x, 1.
T e ,f[ Y} = fix, y) E

Suavenne Gyakuum z = f(x, y¥) B Touxe P(a, b), T.e. ' |

§ 1, OcHosEbe NOHATHA 175

—

2°.00nacTe cymecTRoBaNEA PyHKOMHU. [fon obaacmelo cy-
wecmeosanus (onpedenenus) Pynxkumu 2 = f(x, y) NOHHMAETCA COBOKYNHOCTH
rouer (x, y) naockoeTH XOY, B KOrOpeIX paHdad QyHKIIHA onpeneneHa (T. e.
NPpHHMMAET ONDeAeIeHHbIE JeHCTRM T bHBIE 3HAYeHNA), B opocrefimmx cayuaax
pONACTE CYIIECTBOBAHMA QYVHEIUM NPEeJCTaRAReT cof0l KOHEYHnyIo HaM Oecko-
HEYHYVIO YACThE KOOPAMHATHON naockocty XY, OrpaHUYeHHYKI) OQHON HAH He-
cKOJIBKHMHA KPHUBBIMH (Zparuia obaacmi).

AHATOTHYHO ANE (PYHKUIHMM TpeX HepeMeHHEIX u = f(x, ¥, z} oOA4CTRIO CY-
ecTBOBaH#EA (DYHKUHHE CIY>XHT HEKOTOpPOe Teiio B npocrpaHetee OXYZ.

IIpumep 3. Haltti oGnacTs cymiecTBOBAREA QYHKITHH

1

f4_x2_y2'

" z 2
Peuten me. PyHROMA UMECT JeHCTBHTENbHELIE 3HAYEHUA, eclH 4~ x ~ i > 0

z:

HIIH 4 yz < 4, [TocneaneMy HepaBeHCTEY VAOBIETROPSIOT KOOPIHHATHI TOYLK,

AeKAIUUX BHYTPH OKPYHHEOCTH Paauyca 2 ¢ LeHTPOM B Hauanre KoopxuHaT. 06-

nacTh CYILIECTBOBAHHA (MYHKIKK €CTh BHYTDEHHOCTE 3TOro Kpyra (puc. 64).
IIpumep 4. Hafity ofaacTh CYILECTRORAHMA PYHKIIMT

Z = arcsin % + Jxy.

Pemen ue. llepsoe cnaraemoe GyHKIHY COPeReNeHo IpH ~1 < E < 1 mnn

-2 < x € 2. Bropoe cnaraemoe uMeeT JefiCTEUTENBHBIE 3HAYESHUA, ecan xy 2 0,
x =0, x<Q,
T. €. B ABYX CAYUAAX! ODH |, 5 WM IPH |y <

ObnacTh CYHIECTBORAHKMA Beell GyHKIIMM H3o0parkeda Ha puc. 685 u Braouaer
rPaHKNEl 0OIACTH.

3 JIJUHHH MOOBEeDXHOCTH YPORHSA Gy HKIMM. Jurueid ypos-
HA QOYHRIMH 2 = f(x, ¥} Has3bBaeTCAd Takadg AuHHA flx, y) = C Ha DIOCKOCTH
X0Y, B Touxkax KoTopoil (pYHKLMA OPHHEMAaeT OAHO H TO e 3Havenue z = (
{06bIuHO MpoOCTABAAEMOR HA YEPTEXe B BRIE OTMETKH).

IlogepxHOCMLI0 YPpOBHA HYHKLNH TPEX apryMeHTOR U = f{x, y, Z) HAALIBAECTCH
TAKaA IOBEPXHOCTL f(x, i, 2) = C, B TOYKAX KOTOPOH (PYHKLHA IPHHUMAET [0-
CTOAHHOe 3navense U = C.

Hpumep 5. INocrpouTs MuuauK YpoBHA (DYEKIHHE z = xzy.

u 2 C
Pemenwe Vpabucuue TMHMA ypoBuA mMeeT Bua X' y = C unu y = — -
X

Nonaran € = 0, £1, £2, ..., noayuuM ceMeiicTBO JHHUH YpoBHA {pHc. 66).

Puc. 64. Puc. B5.
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1782. BripasuTh o6bem V HpABMNIBHON YETHIPEXYTOJBHOH IUPAMHJEL |

Kak (YHKIMIO ee BEICOTH! x K Dokosoro pefpa y.

1783. BripasuTs nIomwans S 60KOROIH IIOBEPXHOCTH NPaBUJILHOH 11ec- Bl -
THYTONBHOH yceueHHOH AupaMu/ibl KaK GyHKIUIO CTOPOH X U Y DCHDB&-}-_

HHH ¥ BRICOTEHL 2.

1784. Haiitu f[%, 3] , f(1, —1), ecan

f(x, y) = ;—‘;

1785. Haittu f(x, y), f(-x, —u), f[ -] f(xl e , BCITH
2 2
flx y) = L2

1786. Haiiri 3HayeHHsd, NpHHAMaeMble GyHKHUEH
fx, ) =1+x-y
B TOUKAX mapaboiel y = x%, u noeTpouth rpadmK GyHKIHAHN
| F(x) = f(x, x°).
1787. HaiiTy 3HaueHue QYHKIHNU

22 4
2:__x4+2xy + i

1—x2—y2

2 2 2
B TOYKAX OKPYKHOCTH X + Yy = H.

1788%. Onpegenuts f(x), eciu

) - £ oo

1789%, Haitit f(x, y), ecnn

2
flxt+ty, x—y)=xy+y.

1790%. IIyers z = Jz + f(.,/} — 1). OnpenennTh PyHKLUUU f 1 2, ecﬂﬂ

z=xnpuy= L.

1791%* IIyers 2 = xf(g). Onpegenprs GyHKIER f U Z, eclH 2 = |
x .

= le+;,~'2 npu x = 1.

§ 1. OcHorAxnte TOHATHA 177

e

1792. HaittTu » uz306pasuTe 00JACTH CYIIECTBOBAHMA CIEAYIOLINX
djyﬂﬂunfi:

a)z = Jl—xz—yz; K) 2 =Jysinx;
6)z=1+ﬂj~—(x-y)2; K}z=1n(x2+y);

B}z = In (x + y); n) z = arctg -—%;
l+x"y
r) z = x + arccos y; M)2Z = 21 5
x“ 4y
mz=J1-x" + J1-y%; H) 2 = s
NERE
) z = arcsin ¥ o)z = L 1.
X x-1 i
W)z = x2—4+m"4- 2; H)2=JSiH(I2+y2).

3)z = \/(:a:2 + y2 - az}(Eaz — xz — yz)
(a > 0);
1793. Hajity ofacTH CYLUIeCTBORAHHSA CJIEIYIOIMUX GOYEKUHUH Tpex
APCYMEHTOB:

a}u=JJ_c+,\/;r+Jé;

6) u = In {(xyz);
B} u = arcrsin x + arcsin y + arcsin 2;

r)u = Jl—xz—yz—zz.

1794. IlocTpouTh JHHWH YPOBHA HAHHBIX QYHKUMH U BRIACHUTL Xa-
paxTep M300pajkaeMblX 3TUMH (PYHKIHUAMHI IOBEPXHOCTEH:

a)z = x + y; T)z = JXY; wyz =2
| x

.2 2, . 2, _ 0.
O)z=x +y,; mz=(1+zx+y); 3z = £
Jx

z=x" -y e)z =1~ | - Iyl )z = 2

x+y

1795. Haiith TUHHUKM YPOBHSA CAEAVIOIIAX GYyHKUMMT!
r)z = fly — ax);

n}z=f(5).

X

a)z = 1ln {x2 + 4);

0) z = arcsin xy;

B)Z = f(n.u'x2+ yEJ :
1796. HailiTy nosepxHOCTH YyPOBHS (PYHKIMM TPEeX HE3ABHCHMBIX IIe-

PEMEHHEIX:
2 2 2 2 2 2
Bu=x +y +=z, Bju=x +y —z.

aju=x+y+ z,
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§ 2. HenmpepniBHOCTE

1° IIpegen ¢dyH KO HH Yncno A waswipaetca npedeaorm Gyuxyui z = f{x, y)
npH crpemieHun ToukE P'(x, ¥) K Toure P(a, b), ecan ang nwboro € > 0 cy-

2 2
necTByer Takoe 8 > 0, yronmpu 0 < p < d, raep = J{x—a) +(y - b} — pac-
CTOAHHE MEXKAY TOUKaMH P u P’, UMeeT MecTO HepaBEeHCTBO

|f{x1 y) = Al = E.
B sroMm cayyae nHuiyT:

lim f(x, y) = A.

X

yo+b

2> Henpep®BHOCTH M TOYKY pasperea. Pyaxknusa 2 = flx, y} 3

HA3BLIBAETCA Henpepulanoi 8 mouke P(a, b), ecan
lim f(x, y) = fla, b).

X —a
¥ b

DyHKIHA, HEMPephIBHAA BO BCEX TOYKAX HEKOTOPOH 06/ACTH, HA3bIBAETCA % |

HENnpepuiaHoil 8 amoii ofdaacmi.

Hapyuresue ycaoBHii HempPePRIBHOCTH ANS GYHKLMH f{X, i) MOMKET NPOKUCXO- §
JHUTH KAK B OTIENLHBIX TOMKAX (UIOAUPOGAHHAAL MOYKA pA3Pbiad), TAK U B TOY- 3
Kax, o0pasywlux ofHY HIM HEeCKOARKO NMEMH (AUHUL pA3pLIBA), a RHOrga 1 &

fosiee cNOMKHEIE reoMeTpHYECKHE OGpAa3bI.
IIpumMep 1. Haittu TouKH paspeiBa PYEKOUH

_ xy+1

3
x Y

Pemen ue @OyHKOUA DOTEPHET CMbICJ, €C/M SHAMEHATeNL O6GpatHTCA B § |
2 2 1
Hynb. Ho x" —y=0unn y = x~ — ypasueune napaboner. Cnegosaressyo, aHHAA & .

N 2
dyarnEa IMeeT AuHHeN paspeiBa zapabomy y = x .

1797+*, Hality cnegyiomue npeaensl bvHKIGHHT:

: 2 2, . : x
a) lim (x" +y )sm}_; r) lim [1+£] :
xr—0 xy xr e 2 X
y—0 Bk
6) lim X**¥ . z) lim X _;
y— y—0
Sinx 2yt
B} im 30X4. e} lim * ¥
x—0 X x—0 g% 4 y”
y—2 ¥y — 0

1798. UccaenopaTh H4 HENpephiBHOCTE BYHKILHNIO

«./1“;\:2—‘1,.'2 npnxi—i—yzé 1,

flx. y) = 0 npu x° +y =1,

I'd

o BT, DATTIES el L e

Mg e
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1799, HaiiTu TOUKH paspbiBi CAEEVIONIUX QYHKIUI:

-x" -y
6)z=%, r}z=cnsl.
(x~y) Yy
1800*, IToxasars, uyTo PYHKIMA
I
fxyz ﬂpH:t:zJ.—yE#U,
€ = 4x"+y
. 0 npux=y=0

HellPpepBiEHA IIO H&Jﬁﬂﬂﬁ H3 [IEPEMEHHEIX X H I} B OTAEILHOCTH, HO He AB-
nfeTcA HelpepblBHOH B TouKe (0, () 110 COBOKYIIHOCTH 3THX IIepeMeHHBIX.

§ 3. HacTHEIe nmpoH3BOAHEBIE
1°.OnpeneneHne YacTHHR X OpOU3BOAHB X. Ecnu z = f{x, y),

TO, IONIaras, HANDHMeED, Y NOCTOARHHOH, MOMYyYaeM OPOHIBRCIHYIO

oz 1= f':x"'*'ﬂx!y]_f(xay) —_ ff
=] =
T MI.IPU A . (x, u),

KOTOpad HA3eIBAETCH YECMHOL NPOUIBOFHON hYHKIINY Z 110 NepeMeHHoH X, AHa-
TOTHYHO OIpeAeAeTca ¥ 0003HAYALTCA HACTHAA IPONSBOAHAA QYHKIHY 2 IO [Te-
peMeHHOH y. OdeBHAHO, YTO ANA HAXCMKIEHUH YACTHBIX NPOX3IBOAHLIX MOYKHO
NOJMBIOBATECH GOBIYHBIMH GODPMYIaAMHE ANGEGePeHIHPOBAHKA.

IIpumep 1. Halitu uacTHRIE NpOU3RGAHBIE WVHKIIHMH

z=Intg x.
¥
Peumerue. PaccMaTpuBas § KAy NOCTOAHHYIC BETHYMHY, DOJYUIUM
gz 1 1 1_ 2
dx 1;;;-;E cos’® ¥ ysinz—x
¥ y Yy
AHaNOrM4HoO, PACCMATPUBAA X KAK IOCTOAHHYIO, OVIEM UMETh
dz _ 1 1 (_ijz__ 2x
5 — .
% tgZ cos X Y y2 sin§
¥ Y i

[Ipumep 2. Halitu yacryanle nponssognsie HVHKIHHE TPEX apryMeHTOR
3 2
u=xyz+2x—3y+z+35.

Penrenne.

d 2 2z

= =3 +21
o x°yz
o _ o3, 3,
dy

o 8 2
g + 1,
= Xy 1
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2°. Teopema Jitnepa. Oyaxnus f(x, y) HagEIBaeTCA 60HOPOFHOL YHK- §
ueil HaMepeHud i, ecax LA MoGoro AeicTBUTeALHOTO MHOXKUTENA k HMeeT Mec-{ &

TC PABEHCTEO

Flhx, ky) = K" f(x, y).

Ienasa paunonanbHaa GyHKIua 6yaeT OJHOPOAHOH, €CJIH BCE JEHBI €e OJHOTO ';-;'_

H TOTD e M3MeDeHIH.

Ilxa ogHopogHOM auddepernpyeMoi QYHKIKY K3MEPERNA Nt cnpaae,a.rmnu

COOTHOWIEeHHE (Meopexma Jirepa)
xf (%, y) + yf Lx, y) = nf(x, ¢)

HaitTy yacTHble IPCH3BOAHBIE PYHKIWH:

1801.z = x° + y3 — 3axy. 1807. z = acrtg %

1802. 2 = 27 ¥ 1808, z = x7.

Xty

1803. z = 1809.z = ¢ *,

2

Y
X
2 p
1804, z =»J'xz—y2 : 1810. z = arcsin xz—y :
X
I|| 2
X

X +y
1805,z = %, 1811. 2 = Insin 79
2+y . . Y
1812, u = (xy).
1806. z = in (x+ x> +7°%).

1813. u = 277,

1814. Haiitu 7 (2; 1} & f;(Z; 1), ecnm f(x, y) = /xy+ 5
1815. Haiirn f(1; 2; 0), f’y(l; 2;0), 1" (1; 2; 0), ecnm
flx, ¥y, 2} = In{xy + 2).

1819):

1816. f(x, y) — Ax” + 2Bxy + Cy’. 1818, f(x, y) = *2¥ .

1819. f(x, y) = In g

_ X
1817. 2z = —
x5+ Y

1820, Hanitu 9 [H , THQ I = sz + yz +2°.
dx \r)

dx dx
or oo
dy dy
ar do

1821. Briuucnuts , BCJIM X = rCcos M y = rsin g,

[IposepuTs Teopemy Jitnepa 06 ogHOPOAHBIX hyHKUMAX (NeNe 1816 — !'j:;

§ 3. YacTHEIE NPON3BROIHEBIE 181
1822. TITokaszaTs, 4ToO ng + yg; 2, ecau

z=ln(x +xy+y2).

1823. [Ioraszars, ¥TO % 4 yﬁf = xy + 2, eciu

dx dy

e

zZ=xy+ xe .

du | du | du _ = 0, ecnn

1824. [TorazaTs, 4ITO 5 E}y az

u=(x-yly - z)z —x).
du au

1825, Ilorkaszars, 4To + = 1, ecnn
dx ay 32
u=x+ ¥,
y—2z
1826. Halitu z = z(x, y), ecnn
dz _  «x
Y L2 +y2

1827. Haijitu z = z(x, y), 38Hai, UTO

dz _ x” -I—yz

Jx

1828. Yepes Touxy M(1; 2; 6) nOBePXHOCTH 2 = 2x" + y2 IIPOBEAEH b

MIOCKOCTH, NapajUleJbHble KOOPAHMHATHHIM ItockocrsaM XO0Z u YOZ.

OupepenuTh, KaKHe YIABL 00pa3yioT ¢ OCAME KOOPJAHHAT KacaTelbHbie
K TOJIYIMBINHMCA CeYEHHSM, NPOBEJEHHEIe B UX 001nel Touke M,

1829. [Tnoulans Tpallelliy ¢ OCHOBAHWAMHU a, b ¥ BHICOTOH ! paBHA

u 2(x, y)=siny opu x = 1.

S = -1.(a + b}h. HailiTH E;LS! E,i—S, o3 M, MONB3YACE YEPTEXKOM, BbIACHUTE
2 dga db ok
HX reoMeTpUYecKHH CMBICH.
1830%, [Tokasark, 4TO GyHKIIUA

ﬂi, e x° + yziﬂ,
f[x? y}"_ x +y

I 0, ecmnx=y=0,

MMeeT yacTHble npoussoansie [ (x, y) U f; (x, i) B roure (Q; 0), xors 1

DaspbieHA B 3TOH Touke. [1ocTPOKTh reoMeTpHUecKnil o0pas sTo#l dyHK-
uuy gonuzu Touru (0; 0).
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§ 4. Tloanstii guddepennnan pyHKIKH

1. Tlosxucoce npupamesnve GYHKIUHKHU Jloanwm npupalieHtiem &
yHKINN 2 = f(x, ) Ha3bIBAETCA PA3HOCTE

Az = Af(x, y) = flx + Ax, y + Ay) — fix, y).

2°. Mlonuelit auddepennuan QyErUUU [Torumsm Juddepen-
yuaaoxm byERIHE 2 = f(x, y) HASBIBAETCA IJI&aBHAA YaCTh HOAHOIC OPHPAIIEHHA ':.Z
A 2, nMHefHAA OTHOCUTENBHO MPHPAMEHNH aprymenTos Ax ¥ Ay,

PasHoCTh Me3KY TONHBIM IPHPAIIEHMEM H HOJIIBIM JU(xhepeHIaNCM QVHK-

- 3
(UM ecTh GECKOHEeYHO MANAS BEICIIETO NOPAJKA 110 CPaBHeHUIO ¢ P = JAx + Ay~ . &

DOYHKIEA 3aBeJOMO UMeeT NoAELIH auddepeHnnal B C/yyae HeIPePEIBHOCTH
£¢ YACTHBIX IPOMSBOAHBIX. Eeau dyHKUNA MMmeeT NOMHHIE Audgpepenunai, To &
oHA HasLIBaeTcA dugrdepernyupyenoi. InddrepeHunaNbE HE3ABHCUMEIX I€PEMEH- %
HBIX, 10 ONPEeREIeHUID, COBNANAIOT ¢ UX MpUpalleHuamMy, T. e. dx = Ax u dy = Ay. :
Tonuwli guddepernuan pyexkuun 2 = f(x, ¥) BLIUHCAALTCH TIO HopMyne

dz = -a—zd::‘.-l— %dy.

ox dy 2|
AHajorMyRo, noaHbH auddepennuan YHKIHM TPpexX aprymerTos u = f(x, y, 2) f
BBEIMHCAAETCA 110 hopMyie |

_ du du du
du = a—xd:\‘:+ é-gdy+ é—gdz.

Opumep 1. ODna GyHrUUA
. .
flx, y)=x +xy -y
HailTH [OJNOE HpUpalleEne U NoOJHsIH AuG(epeHIIEa.
Pemeunue flx+Ax, y+tAy)=(x+ .&x]z +{x + Ax)y + Ay) — (¥ + ﬁy)z: :f?"-;ff

Af(x, y) = [(x + Ax)° + (x + Ax)y + AY) — (y + AR ] — (=" + 2y ~ ) = §
=Zx'&x+&x2+x'&y+y'ﬁx+&x'ﬁy—Zy'.ﬁy—:ﬂy2=
= [(2x + Ax + (¥ — 29)by] + (Ax® + Ax - Ay - AY). E

Breck Bapasenne df = (22 + y)Ax + (x — 2y)Ay ecrs monEn auddepernnan ¥
? g
GyHEIHH, a {Ax™ + Ax - Ay - ﬂyz} €CTL DeCKOHEUYHO MAJEA BLICIIETC MOpAAKE W

5 .

A PO Z 3
10 CPABHEUHIC ¢ DECKOHeUHO MANVUH ) = JAX™ + Ay . ®
[IpuMep 2. Haiitu nonunil gnddepesuman QyHKIME E ¥

z = x2+y2 .
Pemewue 92 = __*% .92 __ ¥ . . §
dx 7z 2 dy 2 2 tE
x +Yy Xty N |
dz= — %  dx+ 4 gy- ¥dx+ydy %
£ 1

§ 4. IMongeiit gnddepeHnHan QYHELMK 183

3. IllpumMmedeEue NOANHOro oguhhepennnana QYEKIHHE K
npubaMmxeHHENM BEHUKCHeHnuaM. Ilpn aocrarouno mameix |Ax| 1 [Ayl,

a JHAYHT, OpPH AOCTATOYHO MAMOM p = ﬁ.l'&x2+!}.yz anA pudibepeHIIHPYEeMOH
PpyExnmM z = flx, y) umeer Mecto OprOIIKEHHOS PABEHCTBO Az =~ dz man
dz dz

= — Ax + — Ay.
Az axx ayy

IIpumep 3. Boicoraronyca H = 30 cm, paguyc ocrosasnda R = 10 cm. Kax
H3MEHHTCA of’heM KOHYCa, ecii yBeau4uTh H nHa 3 MM i ymensmuTe B Ha 1 Mm?

1_,2
Fewrenue Obbem KOHycapasBeH V = 3 nR " H. A3verenne ofnema 3aMeHUM

npubrymerno quddepennmanom

AV = dV = %n{ZRHdR+R2dH}=

_ %n(—E ©10-30-0,1 + 100 - 0,3} = —10m ~ —31,4 (cm°).

IIpumep 4. Borunenurs npubAHKeHHO 1,{]23‘{]1.

Pemenue PaccmorpuM dyHrmmo 2 = x’, HekoMoe YMCI0 MOMHO CHMTATE
ASpallleHEBIM 3HAYCHMeM 370l Gpyurumu npu x = 1, y = 3, Ax = 0,02, Ay = 0,01.
3
IlepBoHavuANLHOE 3HA4YeHHe GyHKRIUN 2 = 17 = 1,

Az~dz=ya’ Ax+x'InxAy =8-1-0,02+1-1n1-0,01 =006

CregogaTeNbHO, 1,023'{}1 =1 + 0,06 = 1,06.

1831. lnxa dysrnun f{x, y) = xzy HAHTH DONMHOe IPUPAILeHNe | TI0JI-

HolH guddepenunant B rouke (1; 2); cpaBHHATE UX, ECIAH:
a)Ax = 1, Ay = 2; 6)Ax = 0,1, Ay = 0,2,

1832. TTorkaszaTk, uTO A48 GVHKIHA U ¥ U HECKOJLKHX (Hanpumep,
IEYX) HepeMeHHLIX CIIPaBEXJUBE O0LIUHEBIE NpaBuna AuddepedinpoBa-
HUSHA:

ayd{u + v) = du + dv;

6) d{uv) = vdu + udv;

B) d(E] _ vdu —~udv _
v

2
(K

Haiity nonnsie fuddepeHIHANb! CAEAVIOLIUY QYyHKIIAH:

1833.z = x° + §° — Sxay. 1837. z = yx’.

1834. z = x°y°. 1838.z = In (x° + ).

1835, z = xz_yz' 1839. f(x, y) = In [1+£).
2y’ y

1836. z — sin” x + cos” Y.

1840. z = arcig % + arctg E
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x Z
1841.z =Intg Z. 1845. u = (xy+§) .
X
1842. Haiiru df(1; 1), 1846. u = arctg =7 .
x Z

ecau f(x, y) = .
1843. u = xy=.

Y 1847. Haiityn df(3; 4; b),
1844, u = sz + yz + 28,

<
f 2 2
X +Yy

1848. Oxna cropoHa npAMoyroasHuka ¢ = 10 ¢, a apyras b = 24 cM.
Kax usMeHHTCA AMAroHaJ b ! IpAMOYTOJLEMKA, €CJIH CTOPOHY @ YAJIH-

ecn f(x, y, 2) =

HHUTH HA 4 MM, a cTOpoHY b yKOpoTHTE Ha 1 Mm? Hajitu npubnmxeHHy0 - |

BeJIMUHHY M3MEHEHHH U CPABHUTH C TOYHOH.

1849, 3arpeITHIL ANTUK, MMEIOLIUMI Hapy»KHaLe pasmepsl 10 cM, 8 cMm
1 6 cM, cjenaH U3 ¢adepst Tonmurocit 2 mM. OnpeaennTs IPHOIHKEHHO
00BbeM 3aTPAYEHHOTO HA ANIHK MATEpHala.

1850*. IleHTpanbLHbli YroX KPYroBOro ceKTopa, papueii 80°, :Kenazor
yMeHLIIUTS HA 1°. Ha ¢KoMBKO Hag0 YAAHUHUTE PAJUYC CEKTOpa, YTODBI
IVIOMIANE €T0 OcTaNach 063 UBMeHeHnd, ecJIM NIePDBOHAYAIbHAA JJIMHA pa-
Iuyca paBHa 20 em?

1851. BriuucauTe GpHOIHIKEHHO!

a) (1,02)° - (0,97)%  6) (4, 06)%+(2,93)%; B)sin 32° - cos 59°

(IIpM 11epeBojie PPafiycoB B PAJMAHEI ¥ OpH BhivucaeHUM sin 60° Opars
TPH 3HAYAIHEe MAQPHI; HOCTeAHAH 3HAK OKPYIJIMTD).

1852. [Tokasars, YTO OTHOCHTEAbHAA OINHOKA OpoU3BegeHNA IpUDIH-
MeHHO PABHA CYMME OTHOCUTENBLHBIX OLIMOOK COMHOMHTEICH.

1853. Ilpx usMepeHHN HA MECTHOCTH TpeyroabHuka ABC nomydyeHH
creyIomue JaHHpie: cTopoHa a = 100 M * 2 M, croposa & = 200 m &
+ 3 M, yron C = 60° + 1°, C xaroii cTenenbl0 TOUHOCTH MOJKET OBITH BhI-
YHUCJIeHa CTOpOHA 7

1854. Ilepuon T rkonebaHHsAg MadTHHKA BHIYHCISeTcA 110 popMyie

T:Emﬁ,
g

rae | — AJMHA MasTHHKA, £ — ycKopeHue ceoboguoro najenuns. HaiTH
MOTrPEeNIHOCTh B onpeAeseHuy T, MOAy4aeMy0o B pe3yabraTe HeGoabliuX
omubor Al = &« u Ag = [} npu uameperun ! u g.

1855. Paccrosnme Mexay TouxaMu Pu(x,, ¥,) n P(x, y} pasHo D, &

——
yroJ, o6pasopanHu# BeKTOpoM P,P ¢ ockio OX, pasen «. Ha CKOJIBKO

H3MEHHTCH YroJa ¢, eclIH ToYKa P, npyd HEeH3MeHHOHN TOYKEe Pﬂ, zaiimMeT
nonoxenue P {x + dx, y + dy)?
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§ 5. Inddepenuuporanne cnoxubIX GyHKIHH

1°.Cnyua#t oanoii HesaBHcHMOUd nepemennoit. Eom z = flx, y)
ecTb AHGHpeDeHITHPYEMAA (PZYHKIHA aDryMeHTOR X U f, KOTOPLIE B CBOX Q4eDenh
ABAAIOTCA AU(HDEePEeHIHDYEMBIMN PYHKIIMAME He3aBUCHMON liepeMeHHOH !

x=¢t), ¥ = i),

TO NPOM3BOJAHAR CHOHOH dvHEUMYH 2z = f[@(t), W({)] momeT OBITH BLIMHCAEHA
10 opmye

dz _ dzdx | dzdy
0c = 2D 2 4 ZEVY 1
di dxdi dy di (1)
BuacrHocTH, ecK { cOBagaeT ¢ 04 HUM H3 APTYMEHTOB, HATPUMED X, TO < [10JI-
HaA» ODPOMIBOAKAA DYHKLHH 2 110 X OyieT
dz _ dz ,dzdy
mE = UE 4 el
dx dx dydx (@)
. dz
ITpumep 1. Haittu 37 eCIIH

dx + 2 2
z=e" " raex=cost,y=1".

Pemenue. Ilodopmyne (1) umeem

dz _eshzy‘3(

a —sin £} + e T . a9 =¥ E'U[4t ~ 38in i) =

4
= gt B (4t — 3sin t).
Ilpumep 2. Hafith HACTHYI OPOU3BOAHYID g_z ¥ HOJHYI IIPOH3BOA-
X
HYIO dz , echn
dx

z = e, rae iy = ¢(x).

Pemenue. g_% = ye'. Ha ocHOBaHHEK hopmyasl (2) nonydaem
dz _ ye¥ + xe™p'ix).
dx

2°°Cnyvyall HECROJBKHX HE3ABHCHUMB X NepeMeHHB X. Boan
Z eCTh CHOM¥HAA PYHKUMA HECKOJbKUX HE3aBMCHMBIX IIePEeMEeHHEIX, HAIDHMED
2= flx, y), rae x = @(u, v), y = Wu, v) (& 1 v — HezaRHCHMEBIE IEePEMeHHEIR; [,

¢, ¥ — pudbepenuupyemeie QYHKIIMY), TO YACTHLIE NPOM3BOAHRBIE 2 IO U H D
BLIDAMKAOTCA TAK:

dz _ dedx | dzdy
Ju  oxdu | dydu (3)

dz _ dzox | dzdy
3 dxav © dgiv (4)
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Bo BcexX PACCMOTPEHHBIX CAYYAAX CODABENNUBA (hopMyJa

dz=§fdx+%dy

ax ay
(coilcmBo UNBAPUARMHOCMU NOAHO020 Juddepenyuana).
. Oz 0z
I1 mep 3. Haitraa == u =, ecan
L P du  ¢v

z = f(x, ¥), PI[EI=ILU,H=E.

Pemenue. [Ipumedsasa dopmyias (3) 1 (4), moJyuum

L AR R ACY
H
2 —f, (xopu— T, D%
IIpumep 4. IlokasaTrs, ¥TO QYBKLUHA 2 = <p{x2 + yz} yIOBRJIETBODAET YPaB-
HEHWIG yg—i - xg—; = ],

Peure H¥e DYEKIUSQ 3ABHCHT OT X H i HePed IPOMEKYTOUHBIN apryMeHRT

xz + y2 = {, MIO3TOMY

oz dzdi y 2 o
— = = = + y)x
x  dige e ty)
| 53
0z dz ot . 2 2
02 - 20 + ¥9)2y.
5 didy o(x" + y Yy
IloACTABHE YACTHEBIE TPOMIBOAHBIE B JIERYIO M4CTH YPaBHEHHA, Oy/eM UMeTh
ya—z - yo'(x” + y9)2x — 29'(x° + y)2y =
ox oy

s 2 2 r 2 2 R
= 2xy@(x” + ¥°) — 2xyp’(x” + ) =0,
T. e. hyHELHA 2 YIOBISTBORAET NAHHOMY YPaBHEHHIO,

1856. HaiiTy dz , eCTHA

dt

zZ= ,rﬂex=et,y=lnt.

IR

1857. HaliTi %% , ECJIU

uﬂlnsinjx:, rne x = 3t°, y = JtP+1.
¥

1858. Hatita fc‘l_j, ecH

u=xyz,mexﬁterl,y:lnt,z:tgt.

§ 5. luddepenunporanre COOMHBIX GVHKIHHA
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1859.

1860.

1861.

1862.

1863.

1864.

1865.

1866.

Haiiru ﬂE, ecnu

dit

=2 roe x = RHcost, y= Rsint, z=H.

x2+y2
Haiitu dz , eCnH

dx

z=uu, rZe £ = sin X, U = €OS X.

Halitu dz 5 d—z, eCIIH

dx dx

= y -
z—arcth HY=Xx".

Haittu 9-2- 51 51—3:, ecny

dx  dx

2= x%, rae y = @(x).

Haittu dz H @%’ ecnn

dx oy

2

z=fu, v), tneu =x —y°, v=e"
Haiitu dz 51 a_z’ ecJIH

du dv

z = arctg g, rae x = u Sinv, y = HLCOS V.

Hairui dz u 9.‘3, ecJIH

dx  dy

z=fu), Tneu=xy + %,
X

[ToxasaTs, 4TO ecau

u= fD(x2 + yz + 32),

rnex = Rcospceos W, y = Hcos¢sinvy, z = Rsin @, To

1867.

ou _ ou _
% 0n v 0.
Haitrn du , €CJIU
dx

u=flx,uy, 2), roey=0(x), z=yx, y)
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1868. IToxazaTe, 4YTC €CHH
z = f(x + ay),
rae f — audgrbepennupyeMada PyHKOUA, TO
0z _ az
ay a:c
1869. [ToxasaTe, YTO GYHKIMNA
w = flu, v),
rae u = x + at, v = y + bt, y,uos.:rie'rnnpﬂe'r YpaBHEHHIO
ot ax oy
1870. IlokasaTh, 4To QPYHKLMUA
2 2
z=yo(x" —y)
VIOBJETBOPAET YPARHEHUID

1871. Tllorasars, 4TO PyHKIMAA
= ¥
xy + x(p(x)

VAORJETBOPAET YPABHEHHIO

0z oz
— T

dx yay

1872. IHokaszaTe, 4yT0 PYHRIUA

x
y 2y°
2 = e’Pplye
VilOBJETBOPAET YPABHEHHI)

2 yz]gi + xygz = XYZz.

x = xy + z.

(x

B N e L TP S R A

A i S S SRR BRI 0

g

1873. Cropona npamoyroabakka ¥ = 20 M Bo3pacTaer ¢o CKOPOCTHIO
5 m/c, apyras cropona i = 30 m yOeiBaeT co cKopocThio 4 m/c. C KaKoi

CKOPOCTBIO M3MEHAITCA NEPUMETD U IUIOIAAh IPAMOYTOIbHAKA?
1874. ¥YpapHeBUA ABMIKEHHA MATEDHAIbHOH TOYKH

3
x=t,y=t,z=1".

C kakoif cKOpPOCTLI0 BO3PACTAET PACCTOSHNE 2TOH TOUYKHM OT HaYajla KO-
opauHAT? _

1875, JIBa TeOJN0X0A4, BBIIIEAINKE OAHOBPEMEHHO U3 NIYHKTA A, ABH-
KYTCH OAMH Ha CceRep, APYroil Ha ceBepo-BocTOK. CKopocTH gBuKeHHd 4
renoxonos: 20 km/u um 40 Km/u. C KaKoil CKOPOCTHIO BO3pacTaer pac-
CTOAHHE MeXJy HUMHT &
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§ 6. IIpousgogHAA B FAHHOM HANPABJIeHMH
H I'pagHenT (PYHKUHK

1°.MlpousBoguasd PYHKIIMHE B JAHHOM HaTpaBAeHHu. Ilpo-
—

uiso0uol hyuruuu z = f(x, y) 6 dannom wanpasrenuu 1 = PP, uasnipaerca
92 _ i [PD-P)
dl  pP—0 PP ’

rae f(P) »n f(P,) — snavenns pyurumum B rourax P u P,. Eciu byuknus 2 qud-
QepeHUHpYeMa, TC CIpaReAInBa GopMyaa

02 _ 92 s+ Zging, y P(xzy,)
9 Ox dy /f(“
¥4
THe O — yroJ, o0pasoBaHHulld BeKTopoMm 1 ¢ ocrwo OX Preay
(puc. 67). (x4)
AHATOTHUHG oNDefeNAeTCA NMTPOM3BOAHAN B JaHHOM Ha- _
rpaBiaeHnd { AnA OYHKOMH TPeX aprymeHTos & = f(x, y, 2). © X
B oTOM Ciayuae Puc. 67
du _ du due du
cOSU + —cos P + cos Y, 2
3 = oy P T oy @)

riae ¢, B, ¥ — YIJBI MeXAY HaOpagieHHeM [ ¥ COOTBETCTBYHOIIMMH KOODJMHAT-
HbIMHU ocAMM. JIpOM3BOAHAA B JAHHOM HaNPABJIEHMH XapaKTepH3YeT CKOPOCTD
HIMEHeHEHUA (QYHEIMH B 3TOM HalpaBIeHHH,

ITpumep 1. Hafitu npoHaBoAHYIO QYVHKIIMH Z = 2x° ~ 3y2 B TouKe P(1; 0)
R HATIPABJEHHH, COCTABIAIIIEM ¢ ocslo OX yrox 120°,

Penren ue. HalileM YacTHEIE NpOM3ROAHEIE HAHHOH (PYHKITHH U X 3HA-
YeHuA B TouKe P:

B_z = 4x; (a_z) = 4:
ox dx/ p

dz 0z

— = —6y; (—j =,
Yy dy/p

3aech

cos &t = ¢os 120° = %,
sin ot = sin 120° = izg ]

Ipumenas dopmyny (1), moayuaum

dz _ , {1 J§ _
by 4(2]+0 L=

3Hak MHUHYC [IGKA3bIBAST, YTO DYVHKIHA B JAHHOM TOUKe M B JaHHOM HANIpABMe-
HHUH vOLipaer.
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2° T'pagzueHrT dyBKIUuU [paduenmom dyuruun z = f(x, y) nazvira-
eTCH BEKTOP, NPOCKIIHAMHK KOTOPOrQ Ha KOOPAMHATHEIE OCH ABIAWTCHA COOTRET-
CTBYHMI{MUE YACTHLIE IIPOM3BOAHEIC AAHHOH QYHKIIHH:
gz . , dz.
gradz = <1+ Z]. (3)
dx dy
IIpousroAHAA AAHHOK PYHKI MK B HAIIPABMEHHH [ CBA3ZaHA € I'PAAHEHTOM QYHHK-
UMK chaedyiomei (hopMyJIci:
dz
=— = np, grad z
ol * ‘
T. €. IPOH3BOAHAA B JAHIIOM HAIIPARMeHHH PABHA IPOSKIMH MPAJHEHTA QYHKLNA
H4 HAIpaBIeHHe Au(pepeEIHPOBAHHA.
'pagierT QYHKIMHE B KaXK/J0H TOUKe HANpPaBJeH IO HOPMAJM K COOTBETCT-
BYIOIel AMHEN ypoBEA (yHKUKN, HanpasreHue rpaguedTa PYEKIIMHA B AaHHOR
TOUKE eCTh HAIPABIEHNe HAMGOABNIIEH CKOPOCTH BOIPACTAHKA QYEKIHMH B 3TOKR

s .

dz
TOYKe, T. €. upH [ = grad z npouasoguan 3 IPHHUMaeT HaubonkIIee 3HAYEHHE,

ICECE

AHagOrHYHO onpelenAeTcA rpaJHenT PYHKIIMK TPpeX NepeMeHHBIX u = f(x, 4. )

pagsHoOe

du.  du. . du ;
= = k. 4
grad u ax”ay”az (4)

I'pagredT PYHKIMHA TPeX NEPeMEHHBIX B KA 0 TOYKE RANDARJCH 10 HOPMAIH

K IMOBEPXHOCTH YPORHA, MPOXOAALIEH Tepe3 9Ty TOUKY.

. 2
IMpumep 2. HaitTh ¥ nocTporTh rPpajuenT GyHKIEH z = x y B Touke P(1; 1).
Peure 5 e, BeIUMCAMM 9YACTHEIC NPOR3BOJHBIC M MX 1§ |

3HAYEeHUA B TOUKe P: v
a2 [8‘2\
92 = 2xy; —J = 2 :
9z _ 2 [az)
=< = x" =] =1, :
oy dy/p "i

.

Cnegoratensso, grad = 2i + j (puc, 68).

" 2 :
1876. Haiitn npousBoguyio GyHKIHHA 2 = P xy — 2y B Touke P(1; 2} ;
B HANPABJECHHKH, cOCTABNAKLEM ¢ ockio OX yrona 60°.

1877. Haiitn OPOUIBOAHYIO QYHKIHE Z = <~ 2x2y -+ xy2 + 1 B TOUKE
M(1; 2) B HanpaBJeHHH OT 3TOI TOYKH K TouKe N(4; 6).

1878. Haiity npouasoanyio $yExnuy z = in Jxt+ y2 B Touke P(1; 1) 3

[RELEPETNIN T W

B HallpaBJIEeHHHA 6HCCEI{TDHCBI IIepEOTrO KQOPAHNHATHORG YIJIA.
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.. 2

1879. Hajitn npoussoAnyo GyHEOUM u = ¥~ — 8yz + 5 B TOuKe
M(1; 2; —1) 8 HanpaBJeHHH, COCTABJIAIOIIEM OJHHAKOBBIE YTl CO BCeMH
KOOPAHMHATHBIMY OCAMH.

1880. HaliTu npouspoguyio QyHRUHEKA U = Xy + yz + 2X B TOUKe
M(2; 1, 3) B nanpaBieHuH, HEYILEM OT 3TOH TOUKH K Touke N(5: 5; 15),

1881. Haiitu nponsBoguyic GyHrnuy & = In (e + ¥ + ¢° ) B nauane
KOOPAWHAT B HANPaRJIeHHH, o0pasyouleM ¢ ocaMH Koopauuar OX, OY,
OZ yriaei, COOTBETCTBEHHO, (X, 3, .

1882. Touka, B KOTOPOH NpoYaBoAHAR PYHKUMY B MI0BOM HANpaRJe-
HMH paBHa HYJIO, HASBIBACTCA CMALUCHAPHOE MOYKkoil 3TON DyHKHHH,.
HaiiT cTanmpuoHapHble TOYKH CAeVIOIHX GVHRIMIL:

a)z=x2+xy+y2-4x~2y;
ﬁ}z=x3+y3—-3xy;

B)u=2y2+22~xy—yz+2x.

2
1883. Ilokazarte, 4To nponsBoaHas GYHKUMH z = L., B3ATan B M0G0
X

Touke snaunca 2x° + yz e BAIONE HOPMAJIH K 3JMANICY, paBHA HYJIO,
1884. Haittu grad 2 B Touxe (2; 1), ecnn
z==x3+y3-3xy.
1885. Haittu grad z 8 Touke (5; 3), ecan
z= Jx°- y2 .
1886. Hajitu grad u B Touke (1; 2; 3), ecau u = xyz.
1887. HaliTu Mmogynb 1 Haupagaenue grad u B Touke {2; —2; 1), ecnn
.2 2 2
u=x +y +2z2.

1888, Haiiru yron Mexay rpaguentTamMu dyueknun z = In £ B Toukax
X

A[%; ﬂ u B(1; 1).
1889. Haiiru yron HaknoHa HapOOJLIUIETO IIOABEMA NOBEDXHOCTH
z=x + 4y2
B Touke (2; 1; 8).
1890. [TocTpouTE BEKTOPHOE HOJIE€ IPAAHMEHTA CAERYIOMMUX (hYHKITHH:
a)z=x+y; B)z=x2+y2;

1

7 2 5
Nty vz

6) z = xy; rfu =
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§ 7. Ilponssoansie u AuddepeHINANB] BRICIUMX NOPAIKOB

1°.YacTHble IPOMIBOAHELE BBICIIHMX NOPALKCOCBSE. OacmHubl-

MU RpoussodnstMu 2-z0 nopadwa QyHKIHU 2 = f(x, ) Ha3BLIRAIOTCH JACTHEIE

IPOM3BOAHBIE OT € YACTHBHIX MPOM3BO/HEIX 1-TO MOPAAKA.
JJit TPOM3BOAHBIX 2-TO NOPAAKA YNOTPEHAAIOTCH ofozHaUeHHH

d a’z . azz _ it .
2 (5;) 0L = f

2 (%) 9z
dy \odx

dxdy
AHANOTHYHC ONPeAeAAIOTeA 1 0003HAYAIOTCA YACTHLIE IPOU3BONHEIE IIODALKA
RBINIE 2-TO.
Ecau 9acTHBE IPOMSBOAHBIR, [OAMEMKAIIUE BRIYHCICHIID, HENPEPLIBHEL, TO
pesyabmam MHO20Kpamuozo Gu@depenyuposarua He sagucum om ‘nopadxa
dudpepeHUUPOSAHUA.

= f;’y {x, ) U T. A

Npumep 1. HaiiTu 4acTHbie NPOB3BOAHEIE 2-ro DopAAKa oT MYHKIHY

z = arcig x.

Pemende. HaiifeM cHauana TacTHbie IPOUIBOIIRIe 1-10 MopATKa!

dz _ 1 1 _ Yy
ox TN 2’
¥
1+
Y
9z _ 1 (-ﬁ]h x
B, ) 2 2 2
Y X Tty
1+
Y

Tenepr auddepenypyemM BTOPHIHO:

’'z | 3 () - -2,
axE ax x2+y2 {x2+y2)2
az_z =_3_ (_ x N 2Xxy
oy’ W IEWEJ oy
¥z _ 2 [ y ] _L Py -2yy 2 -y
dxdy Oy -x2+y2 (x2+yz}2 {x2+y2)2 ¥

JaMeTHM, YTO TaK Haamna'emym +CMEIIAHHYIO» HAaCTHYHD IIPOH3EBOIHYHD M- £

HO HAHTH 1M KHEATCE, 4 HMEHHO.
2 2
X =Y

2 E
(x*+y?)

3’z _ 3%z _d [_‘ X ):1~(:r2+y2]—2x-x _
Z

dxdy  oydx dx ay [x2+y2}2

AT R IR - iy S S p T A S L R
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2. IugpdepeENMaNAL BEHCUIHX I0DAAK OB, [fuppeperyuaron
v-20 nopadica QYHKIUE 2 = f(x, y) HazbiBaeTcA JHbPepeHIHAT OT AudpepeH-
giana (1-ro nopaaxka) 3Tol GyHRITHE

d%z = d(da).

AHANOIMYHO cnpegenaloTes pudihepeHnuansl PyHKIINHA 2 DOPAJKS BHIIIE
2-ro, HAIIDHMED
3 2
d”z = d(d"z}
¥, BOoDIIE,
1

d"z = d(d" " "2).

Ecau z = f{x, y), I'ie¢ X ¥ § — He3aBUCHMBIE IepeMeEEEe B QYHKIMA [ uMeeT
HeOPepbIBHEIE YaCTHHIE TTPOM3BOAHEIE 2-T'0 NMOPALKA, TO AHDGEeDEeHIHAN 2.To mmo-
pAIKA QVHKLIUHE 2 BRYMCIAeTeAa 10 GopMy e
2 2 2
2 2
dz=a_‘; L4297 drdy + 92 4t (1)

dx 0xdy 3y’

Boobie, 0py HANWYHE COOTERETCTBYIIIHX NPOM3BOAHBIX CIIDABEAIMEA CHUM-
BOJHIECKAH JopMya
d an"
d"z =(dx z,

— 4+ dy=—
dx yay
xoTopai GOpPManLHO PA3BEeDTHIBAeTCA 10 OMHOMHANBHOMY 3aKOHY.

Ecnu z = f(x, iy}, rie apryMeHTHL X B § CYTh (PYHKITHH OTHOTC WK HECKOIBKHX
HE3QBHCHUMBIX [IEDEMERHEBIX, TO
2 2 2
2 2
a2 =92 a v 292 qeqy+ 42
2 dxo 2
dx Y oy

dz .2

9z Fy. (@)

2 2
at+ 92 g+ &2
A R

2 2
Ecniu x U y — He3apuckmbie nepemensnie, To d'x = 0, d'y = 0 u dopmyna (2)
CTAHOBHTCA TOMACCTBeHHOI dopmyne (1).

Mpumep 2. Haiitu noausie gudxbeperitaansl 1-ro U 2-ro NOPAIKOE (GYHKINK
2 2
z=2x" —3xy -y .
Pemeunne, 1-fft conocob. meem
0z daz

— = 4x — 3y, — = —3x — 2y.
dx ¥ aif ro e
TloaToMy
daz dz
dz = — dx + == dy = - -
5 x P y = (4x - 3y)dx ~ (3x + 2y) dy.
daee,
2 2 2
Tz _4, 02 _ 3929
3x dxdy dy®
OTKYAA CAesyeT
Pz o2 3"z 3z 2 2
Fz=%Z2dx’ +2° 2% dedy+ L2 dy" = - — 2dy*
z - x 3%3g x dy ayz dy” = 4dx” - 6dx dy — 2dy".

¢ Bagaun g ynpAKEEERA
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2-1 cnocob. JuddepernrporatueM HaxogHM
dz = dx dx - 3(y dx + xdy) — 2ydy = (4x — 3y)dx — (8x + 2y)dy.

HudbiepeHIHDYA eIlle Pas 1 NOMHA, uTo dx ¢ diy He 3aBHCAT 0T X U I, IOIYUMM
d°z = {(4dx — 3dy) dx — (3dx + 2dy) dy = 4dx” — 6dx dy — 2dy".

3z 3%z ¥z

1891. Haittu , . , @CJaH
5x? Odxdy y*
e yz
2= ¢ [(—+7,
az bz

¥z 3%z
1892. Haittu = z . 2 , BCIIH
gx? 9xdy 3y

z=1n (x2 + y).

2
1893. Haitru 22, ecxn
oxoy
z = na'2xy+y2.

2
1894. Hastrn 22 | ecnu
dxdy

x+y
1-xy’

z = arctg

2
1895. Haittu a—-; , 8CJH
dx

r= Jx2+y2+:-:2.
1896. Haliti Bce yacTHbie OpousBoAHble 2-T0 NOpAZKa QYHKIIMH
U= xy+ yz + zx.
3

1897. Haiitu T*Ia

, eCJIH

u = xuyﬁzT.

3

oxdy

1898. Haiitu

5 » €CJTH
z = sin {xy).

1899. Haiiru [, (0, 0), f;y (0, 0), f!;; (0, 0}, eciu

fx, =1+ )"0+~

3¢z _ o’z
1900. ITokasars, 4TO %95 3y9% " ecau

z = arcsin [F_¥ .
x

§ 7. Ilpoussoatinie H AddgePeRIHANL BEICOIHX NOPAAKOB
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3z _ 3%z
1901. IToxazars, 4YTO Sxu 5795’ ecJIn
z = x%.

1902*, TloxazaTk, 4TO ANA QYHKIHH

2 2
f(x, y) = xy ==Y,
X +y

¢ nobapounsiM yenosueM f{0, 0) = 0 umeem

f;-; (0, 0) = ~1, fy”x (0, 0) = +1.
%z 3%z 9%z
ax2 oxdy’ ay2

zZ = f(uv u)!

1903. Haiitu , BCJIH

o
r,ueu=x2+y,u=xy.

2
1904. Haiitu a—l’; , ECNH
dx

u = f(x, y, 2), TAe 2z = @(x, y).

¥z 3%z 9%z
Jx2  dxoy’ 8y2

1905. Haiitu

, ECHIH

z = f(u, v}, re u = @(x, y), v = WYX, y).
1906. IToxasare, YTO PYHKIIUA

= arctg ¥
u = arctg &

VIOBJIETBOPAET ypaBHeHHI0 Jlannaca
2 2
a_Ez + 98 g,
dx dy
1907. ITokaszaTh, 4TO PYHKIHA

u=1nl,
-

rne r = J{x — a)z +(y— b)z , VAOBJETBOpAeT ypaBReHUo Jlanaaca

2 2
a_‘g+3_£'=0.

dx ayz

P —r——————————
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1908. Tlokaaats, yro GyHKIMA
u(x, t) = Asin {aAt + @) sin Ax

YAOBIETBOpgeT ypaBHEHNAO KoJeDaHUN CTPYHH

at* 3x”
1909. Ilokasats, 41T0 QVHKIIMA
fx- ol + (g - ug) +(z2-20)"
u(x’ ¥, 2, t) _ 1 e 4a°t

(2a. /1)’

(x4s Ygs 2 @ — MOCTOAHHBIE) YAOBAECTBODAST YPABHEHHIO TEIIIONPOBOJ-
HOCTH

du _ 2 fazu+82u 82?

+
at lox? 3y a2
1910. Iloxazars, yre HyHRLUA
i = @{x — at) + y(x + at),

TAe @ ¥ Y -— 3pOUSBOJIbHBIEe ABaxAbl AMdpepeHIUpyeMble (PYHKIIHH,
VIOBIETBOpgeT YPABHEHUIC KOJe0aHHA CTPYHEL

2

iu
=

3 u — g2
at’

CL:
b

X

1911. Iokazate, YTO HVHRIIMA

(g vy

YAOBAETBODsAET yPABHEHHIO

1912. llokazare, 4To DyHKIIHA

u = p(xy) + Jxy v (f—cj

VAOBIETBOpAeT YPABHEHHIO

e et et T Y i Iy S g e et e i el
A i e L AR e S e S S T
.

Sy
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s

1913. Ilokagzark, uTo PyHKIHA 2 = flx + ¢{y}] vAOBIETBOpPAET YDAaB-
HEeHHIO

92 9%z _ 020%z
dxdxdy dY g’
1914. Haditn u = u{x, y), ecnin
Fu _
dxdyy

1915, Onpemenuth BUA QYHEOHH u = (X, y), YAOBJIETBOPAIOIIEH
YPABHEHUIO

2
I8 _ g

dx

1916. Haliti dzz, ecJaH
Xy
2 =488 .

1917. Hairre d°u, ecan

' U = xyz.

1918. Haiitu dzz, eCJH
z=14(t), raet = xg + yz.
1919. Hatitu dz n dzz, ecJHu

&
zZ=u, rgeu=7=>=, v=xy.

R

1920. Hairru d°z, ecan
2 = f(u, v), rae u = ax, v = by.
1921. Haijitu dzz, ecru
z = f(u, v), Tae u = xe’,
1922. Haiitu daz, eCcJau
z=¢" cosy.
1923. Haiitu guddepeHuuan 3-ro HOPATKa QYHKIUM
z=xcosy + ysinx,

OTIpeiesIuTh BCE YACTHBIE IIPOM3BOZHbIE 3-T0 MOPAAKA.

1924. Haitru df(1, 2) u d’f(1, 2), ecou
flx, y}=x2+xy+y2—4lnx- 10 In y.
1925. Haitru d°f(0, 0, 0), ecamn
flx, y, 2) = X+ Zyz + 32° - 2xy + dxz + 2ya.
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$ 8. Hurerpupoeanne nmoamkix gupdepeHnuaios

1° Yenosue nonunoro auhpdbepennuana. Jiaa roro uTobel Bhr- H

paxenue P(x, y) dx + Q(x, y) dy, rae dyuxuun Plx, ¥) n Q(x, y) HenpepLIBHEY ®
B OQHOCBA3HOHN ofnacTi ) BMecTe co CBOMMHM YaCTHBIMH ITDOM3BOAHEIME 1-r0 no- &
paAaka, opeacrasBnanc coboil B o6xactu D nonuelil AudipepeEnHAN HEKOTODOH % |

DyHEUHH u{x, ¥), HeobOXOAMMO U JOCTATOYHO BBINONMHEHHE YCIOBHA
@ _ oP
dx dy
IIprmep 1. ¥YoeguTecd B TOM, UTO BRIPAYKEHHE

{(2x + yydx + (x + 2y)dy

eCTh MOJAHBIH AudbepeHIHAN HEKCTOPOH (PYHKIIMH, M HARTH aTY GYHEIHKI.

Pemwsedue. B pasHom cayuae P=2x+y, @ =x + 2. HDBTGM}TaE =92

dx  dy
H, CJIeJOBATEIbHO,
_ _ du du
(2x + ydx + (x + 2y)dy = du = = dx + = dy,.
dx dy
rje i — HCKoMada QyHRIHA.

ou
Tlo yenoBHI, — = 2x + ¥, cleJoBaTenLHo,

ax
u=j{2x+y]dx=x2+xy+(p(t).

Ho, ¢ Apyroi cTopoHsI, ‘;—u =x+¢'(y)=x+ 2y, oreyaa @'(yy) = 2y, o(y) = yz +CH
y

u=x+xy+y +C.
OROHYATENBHO
(2x + Pdx + (x + 2y dy = d(x" + xy + ¥ + C).
2°.Cayuail Tpex DepeMeHHE X. AHAJTOTHYHO, BRIPAXKEHUe

P(x, y, 2)dx + Q(x, y, 2)dy + R(x, y, z)dz,

rae P(x, y, z), &(x, y, 2), R(x, y, z) — HenpepbliBHLIE, BMECTE CO CEOMMH Ya-
CTHBIMH NIPOM3BOAHBIMU 1-ro mOPAAKA, PYHKIMHM NePeMeEHBIX X, i H 2, TOTAA %
H TOABKO TOrAa Npeicragindaer co0oH TONXHEI AU(ppepeHINAT HEKOTODOH GyHK- B
nuy u(x, ¥, 2) B OpOCTPAHCTBEHHEO OJHOCRA3HOH olnactu D, xorga B D Beimoa- 3

HeHbl YCJIOBHSA
WP R _WQ
dx dy dy Oz oz

Ilprmep 2. Y0eAUThCA B TOM, YMTC BRIDAXKEeHHE

(8x2 + 3y ~ Vdx + (2° + 32) dy + {(2yz + 1) dz

eCTh TIQJHEIA AMdbepeHINAN BeKoTOPOH (2WWHKLHMH, M HAUTH 2Ty (yHEIHIO,

3P _ IR
ox ¢
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JE——

Pemenwe. 30ecs P = 3x” + 3y —1,Q = 2t + 3x, R=2yz + 1. Ycrauas-
1HBAEM, UTO

dx Oy gy oz
1, ClenosaTenbHO,
{3;1:.:2 + 3y — Ddx + {22 + 3x)dy + (2yz + 1} dz =

0P _ 3R _

z,-g-z—é;{}

=£dx+%dy+g—:dz,
e i — RCKoMad IyHKIIMA.
Hmeem
0 _ 3% 48y -1,
dx
JHAYHAT,

u=-[ {3x2+3y—1}dxnx3+3xy-x+(p{y.z).

C Apyro# CTOPOHBI,

ou aQ 2

U _3x+ 29 = 2%+ 3x,

3 X T z x
du _ o
— N ot = + 1,
dz  dz 2yz

oTHYOA g—w = m ‘3—{p = 2yz + 1. 3agaua CBOAUTCA K OTHICKAHHIO PYHKIHE ABYX
i 2

mepeMedHerXx @y, Z), YACTHBIC NPOU3BOAHLIE KOTOPOH M3BECTHLI M BBINOJAHEHO
VCIOBHE HOAHOTO gH(MdepeHIHaa.
Haxoaum ¢:

oy, 2} = J. 2 dy = y2* + ),
E;_cp = 2yz + y'(2) = 2yz + 1,
2
yiz) =1, y(z) =2z + C,
T. 6. Py, 2) = yzz + z + €. OROHYATEABHO DOAYIUM

u=x3+3xy—x+y22+z+0.

V6equBIIHCL, YTO NAHHBIE HHXXe BRIDAXKEHUH ABIAAKTCH IIOJTHBIMH
AuddepeHIHAIAMHE HEKOTOPHIX DYHKIUH, HAUTU 2TH QYHKILHHA.

1926. y dx + x dy. 1929. X*2Y gy — 2X¥°4 gy,

2 2 2 2
X +y X +y
1927. (cos x + 3x°y) dx + (x° — y*) dy. 1930. ;— dx - £ dy.
Y
1928, (¥ +2y)dx+ydy 1931, =% dx+ Y. dy

(x+y)?
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1932, OnpepenuTsh 1NOCTOAHHEBIE ¢ U b TaK, uTOGBL BEIPAKEHHE

(ax2+ 2xy+y2)dx— [x2+ 2xy+by2)dy

2 2 2
(x +y")

6BLI0 MONMHBEIM AUGOEpeHITATOM HEKOTOPOH (DYHKIMM 2, U HANTH N0- &

clle THIOH.

YBeauBIUNCH, YTO JaHHBIE HH/KE BBIPRYKEHUS ABIAIOTCH NOJHLIMH ¥

AudpepeHIHaANTaMi HEKOTOPBHIX DYHKITUH, HAUTH 3TH PyHKIHHA.
1933. Cx +y + 2)dx + (x + 2y + 2)dy + (x + y + 22) d=.

1934. (3x” + 25" + 32)dx + (dxy + 2y — 2) dy + (8x — y - 2) dz.
1935, (2xyz - 3y22 + Sxyz + 2)dx + (xzz — Bxyz + 8x2y + 1)}dy +
+(x’y - 3xy” + 3) da.

1936. G-i_] dx + [1_ij dy + (LE] dz.

I e yz x 2
1937. xdx+ydy+zdz_
.:vc'2+y2+z2
1938%*, JJaHbI IPOEKIIUHA CUJIL! HA OCH KOODAHHAT:
X = Y 5 Y = }t—xz,
(x +y) (x+Yy)

rge A — DOCTOAHHAA BenuunHa. KakoB gommen 6bITh KoahPHILEHT A,
yToOBl CHJIA MMEJIA [IOTeHI AT T

1939, KaxomMy ycroBuio JOMKHA YOOBIETBOPATL MyHKuMa f(x, y),
4TOOE]I BEIp&HEH e

f(x, y) (dx + dy)

OeLnO monHBIM guddepesnuaaom?
1940, Hajity GyERKIHKW U, ecad

du = flxy)(ydx + xdy).

§ 9. Inddepenuuposanne vHegsHBIX DYHKL M

1°°Chayuaii ofHOMK He3aBRHCHEMOU NepeMeHHO k. Ecau ypas-
neHve flx, y) = 0, rge f(x, y) — auddepeHuMpyeMas GVYHRIUA NepeMeHHBIX X
W I, onpegenfaeT y KAK QYHKIHIO OT X, TC NIPOU3BOSHAA 3TOH HeIBHO 3aJaHHOM
GYHKIIME OPH YCNIOBHUH, UTO ,f; (x, ) # 0, Momxer OpIThL HaRAeHa mo dopMy.Ie

dy _ ()

dx T {ny) (1)

IIpou3BOAHLIE BBICIINX HODAKOBR HAXOJAATCH NOCHE10BATENBHEIM aupdeperIE-
posaHuem dopmynn (1).

§ 9. uddepesLHPORBAHHE HEABHRIX PYHKOIHH 201

dy _ 4a°
Mpumep 1. Haiiri &Y u —%, eCiIH
& dx
l[;vc2 + yz)a - 3(x2 + yE) +1=0.
Peme s ue OBosuauas JCBVIO YacTh TAHHOIO VpaBHeHHS twUeped f(x, y),
palieM 4acTHbIE ITPOHIROJAHLIE

e, gy =30 + 4" - 2x -3 2x = 6x[(x° + ¥ - 11,
£ (e, p) = 3 + g7 2y - 3 2y = Gyl + ) - 1),
Orciona, npuMenaa Gopmyay (1), MoIyYuM

2
dy _ _HL'(xy) _ 6xl(x"+y") -11 _ «x

dx =9 syteyh -1 Y

YOkl HAHTH BTOPYIO TPOUIBOTHYIO, PO (dhepeHINDYEM 110 X HAHAEHHYIO IIep-
RYIG TIPOH3BOAHYIO, YUHUTEIBAA IIPH ITOM, UTO i eCTh (PYHKIHA X:

I R )
dy _ i(‘fj “‘1 T Tdx Y _yix”

2°.Cayyali HECKOANBLKHX HEe3&BUCHMBX OHepeMeHHB X
AnamormuHo, ecnu ypasHenme F(x, y, 2) = 0, rne Fix, y, 2} — auddepennupye-
mad QYHELKA DepeMeHHbIX X, ¥ H 2, oupegenseT 2 Kak QyBKIHWI0 He3aBHCHMBIX
nepeMeHHbx X © y U F (x, i, 2) # 0, T0O JacTHEIe NPOUIBOAHDIE ATOH HEeABHO

3agaHHOH (YHKIME MOryT ObITh HaljeHne! 00 (OpMyIaM

3z _ _Filxy2z) 8z _ _Fy(xny2) 2)
ox  F,(x,y.2) dy F({xy2)

Ipyroi cnocof HaX0MACHUA 1POUIBOAHLIX QVHKIMHE 2 CHeaymoni: gaudpepen-
1uupya ypasucave Fx, y, 2) = 0, DOIy4YEM

oF dF JdF
— + = dy + == dz = 0.
dx dx oy Y% ¢
dz _ oz
OTrcioga MoOMHO onpejenuTs dz, a CJAeJ0BATENbHD, = " 3
IITpumep 2. Haiitu dz M Q’E, eCaH
dx  dy

; 7
xz-F2yz+32 ~yz +y =10
Pemenue. 18 cunocob. 0O0o3Hauaa NeByIo 42acTh AAHHOTO YPABHEHHMA
uepes F(x, y, 2), HAlJeM HACTHEIE NPOU3ED/HEIE!
Folx,y,2)=2x, F (x, y, 2) = -4y -2+ 1, F (x, y,2) = 62— y.

Ipumenns gopmynsl (2), TONyYIUM

dz :_F:: (x, 4, 2) . 2x | dz =_F;' {x, ¥4, 2) _ *1_.._4y_2
Fl (x4, 2) Gz--y

ox  F,(x.y.2) 6z-y dy
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2-1 cnnocob. QuddepeHnupya ganpoe YPABHEHUE, OJAYUAEM
2xdx —4ydy + 62dz ~ydz - z2dy +dy = 0.

Orciona onpefensem dz, T. e. NonHLIH ZUdibepeHIIHNAN HeABHON (VHKIHH:
dz = 2xdx+(1 -4y —2)dy

y—62
.. __ oz dz
Cpasuusasa ¢ opmynoil dz = e dx + == dy, BHAUM, 4TO
Y
6z _ 2x dz _ l-4y-z
dxr y—6z" dy y-6z

3°.CucremMa HeABHEMX (P YHK I M Ecrw cucreMa AByX ypaBHeHHI
Flx, y, u, 0) =0,
Hx, y, u, v) =

onpefesAeT i K U xax guddepernupyemule OYHKIINN IePEMEHHESIX X 1 if ¥ AKobHag

oF JF
DF.G)_ | 3u 0| ,¢,
D{u, v} G oG
du ov
TO AHGGePpeEIHANE 3THX QYYHKINH (4 CAeAOBATENIBHO, H HX YACTHRIE IPOHIBOJ-
HEle¢) MOrYT OBITE HaWAeHBI M3 CHCTEMbl VDABHEHHH

r

aF oF aF oF
— d =
B:r:d +8y y+audu+avdu

a—de + dy + aGdu + aGdu =
Ju Ju

dx

(3)

Hpumep 3. ¥YparaeHusn
utv=xty xu+yv=1

o u du v
dx’ dy' dx = Oy’
Pemenuve. 1l cuocob. I[th{l)epermnpya ofta YPaBHEHHA N0 X, HOJVIHM
Ju
U L0 _ g
dx E}x
du du

434 -0,
W X T Y5

ONpefesialoT ¥ B U Kax QYHKIWH OT X M y; HAHTH

OTCIOBA

du _ _u+y du _ u+x
dax x-y dx x-y

TR R E R

AT R T R oy A SR

.
b

s
|d

v

L

R M e P A L R

e
=

S

Lt
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et —

2.1t cooco0b. dubdeperaHpoBAHHEM HAXOANM A B4 YPABHEHHA, CEAILIBAK)-
e AuddepeHnINaNbl BCeX YeThIPeX IIepeMeHHbIX!
du + dv = dx + dy,
xdu + udx + ydv + vdy = 0.

PeInnB pTy CHCTEMY oTnocHTeabHO Auepennpanos du u dv, HOAyIHM:

du = m{u+y)dx+(u+y]dy! do = (u+x)dx+(v+x)dy

x-y x—Uy
OTCIOA
du _ _u+y du _ Uty
dx x—y dy x-y
dv _ u+x dv _ Uty

dx x-y Wy x-y
4° TlapaMeTrpHuccKoe safaHue @ yHKI KUK Eciu audiepeHud-
pyeMas QyHKIHEA Z OT ePeMEHHBIX X M ¥ 3alaHa NapaMeTpHYeCKH yPAaBHEHUAMU

x = x(u, v), ¥y = ylu, v), z = z{u, v)
5
0 o
D{I,H) — au aU i[},
D(u, v) oy dy
Ju v

To guddepeEnnaa 9Toit PYHKIKH MOMXKeT ObITh HAHARH U3 CHCTEMbL ypaEHeHHH

r

dx = axdu +a—xdu
dv
L dy = a_ydu + gy, (4)
ou au
dz = %du +Zqv.
N dv
dz
3uan gudpeperiinan dz = pdx + pdy, HaxoaA¥M YaCTHEIE IIPOH3BOAHEIE i P
dz
H — =
oy ¢
Npumep 4. PysruuA Z apryMeHTOR X U ¥ 33JaHa YPABHeHUAMH
x=u-+u, y=u2+u2, z=u3+03 (u = v).
HaiiTu _a_z H -—

ay
Peutegue. 1-81 cnocod. NubpbepeHunupoBaHHEM HAXOOUM TPH YypaBHe-
HUA, CBA3bIBAIOITHEe AHddepeHIHANBL BCEX MATH DEPeMeHHLIX!

Fdx = du + dv,
dy*Zudu+2udu
dz = 3u° du + 3v° do.
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M3 nepBsIx ARYX vpaBHeHHI onpenenuMm du u du:

2vdx —dy _ dy —2udx
2{v—u) 2(v—u)

IToacrapuMm B TpeThe ypaBleHHe HalifleEHbIe BuIpaxkeHnda du o duv:

du =

dz — 3u22udx—dy + Suzdy-2udx _ 6uu(u—u)dx+3{u2—u2)dy _
2(v—u) 2(v - 1) 2(v-u)
= —3uvdx + g{u + v) dy.
OTtcona
az dz _ 3
— = —3uv, = = ={u + v).
e 78 35 2{u v)
2-% cnocob. Ha rpersero sagjaHHoro ypaBpHeHHA MOMKHO HAWTH:
9z 2 du 2 0v, dz 2 du 2 gv
— = 3u + 3v = =38u" == + 3v
Ix P 'y " &y 5y
ITpoaudybepernypyem nepepic ABa YPABHEHHMS CHAYAJA II0 X, 3aTeM IO i:
du  du ' ou 81}
1= 1=
8x+ax J ay dy’
du v du
0=2u-"+2v— 0=2u—+2p-_"
uax+ de ] ua + UE}y
W3 nmeproil cHCTeMBI HABLAEeM
o v W w
dx v—u ox TR
W3 Bropoit cHcTeMEI HalJem
g;f _ 1 E}_E _ 1
dy 2(u-v) dy 2v-u)
dz oz
IlogcTapnaaa BeIpadeHUH o H 5 B hopmyny (5), momyunm
¥
~a—z- R TR, VLS S —3uv,
dx v—u t—v
dz z 1 2 1 3
== =30 — 4+ 30 = Z(u + v
w ey T oy TtV

1941. IlycTh y ecTh QryHRIMS X, onpejeaseMasl ypaBHeHUEM

(3)

g
,:;
Ly
*

r

e
f:.
i
f
:
&
i

L
§

zi 4

!

-
)
3
A8
W
by
&
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1942, IIycTh ¥ ecTh HYHKLUA, OIpeendaeMasn ypaBHEHHEM
x2+y2—|—2axy=0 (a = 1),

2
[Hoxazars, 4TO d—z = 0, 1 O0BACHMTEL IIONYUEHHBIH DPE3YALTAT.

dx

1943, Hailitu Eil_y, ecruy=1+y.
X

d?
—yz,ecnny=x+lny.

1944. Haiiru 3¢ »
dx dx

d a%y
1945. Hatitu &Y H [_HJ , ecIn
Te=1 dxz r=1
2 2
x—-2xy+y txt+ty—-2=0.

IHonpayAch NONVIEHHBIME Pe3yaIbTaTaMul, IPUOIHKEeHH0 U300Das3uTh
rpaduK JaHHOM KPHUBOH B OXKPECTHOCTH TOYKH X = 1.

1946. @vHKIIEA ¥ onpefessaeTcd YPaBHEHUEM

In Jx°+ y2 = g arctg % (a = 0).
2
Habdtu dy H d_y
dx de
2
1947. HauTtu dy , dy , BCJIR
dzx dx’
1+xy - InE@® +e¥)=0

1948, PyHKIHA 2 IepeMeHHLIX X U § 33/1aHa YPABHEeHVEM
x3+2y3+23—3xyz—2y+3=0.
az

Haittia oy u a_y
0z

1949. Hatitu == u --, ecyIu
dx dy

xcosy +ycosz+ zeosx = 1.

1950. @yukuuda z 3aaHa ypaBHeHHEM

x2+y2—22-—xy=0.

Haiiru SE 5] gf LA CHCTeMBl 3Havenuit x = -1, y =0, z = 1.
x ¥
2 2 2 2 2 2
1951.Haﬁ'rﬂa—z,a—z d°z 92 ,az,ecnux—? +y_2 +E§ = ],

-

dx’ oy’ axz’ dxdy ayz a b
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dx , dy , 9z _

1952, f(x, y, 2) = 0. IToraszaTs, 4TO 5% 3z % —1.
1953. z = o(x, ¥), rae y ecTh PYHKLUHNA X, OOPEZLIAEMan YPaBHEHHEeM
_ . dz
vix, y) = 0. Hautu iz’

1954. Haittu dz 1 dzz, eCcJIN
x2+yz+22=a2.

1955. IlycTh 2 ecTh GyHKELMS NEpeMeHHBIX X | I, ONpefiesnaeMas Ypas-
HeHHeM

2x2+2y2+32—8xz—z+8=0.
Hajitu dz u d°2 A cucTeMbl gHaveHuit x = 2, y =0, 2 = 1.

1956, Haittu dz u dzz, ecau Inz = x + y + 2 — 1. YemMy paBHBI 1po-
M3BOJHEIE 1-70 1 2-10 IMOpAAKOB hyHKIHH 27

1957. Ilyere @yHKUHA 2 OpeAensieTcd YPDABHEHHEM
x + y2 + 22 = plax + by + c2),
r7e ¢ — nNpou3BoaAbHadA anddepennupyeman Pyukuua, a, b, ¢ — mocro-
aAHHkele, [TokazaTs, uro

(cy—bz}g—i Jr{u:z:e—a:::\:)a—‘a = bx — ay.

dy
1958. Ilokaszats, uro GYHKIMA 2, QUpeAeseMad YpaBHEHHEM
Flx —az,y—-b2)=0

rae F' — npounssoncaan gudepenumpyemMas QyHKEHA CBOUX APryMeH-
TOB, VAOBJIETBOPHAET YPABHEHHIO

dz dz
9% 4 = 1.
aax b= 3 1
1959, F[E E) — 0. Tloxazars, uto %% + y%% —
2z dx 3y

1960. Ilokasars, yro QyHKUMA Z, oOpejensdeMad YpPAaBHEHHEM I =
= x@{2) + Y(z), VAOBIETBOPHAET YPABHEHHNI)

9%z (93] 329z 3’2
ax? \dy

b 3
YL

3"z (az] _
aAad + = =0.
dx dy dx oy Ay 2 \ox
1961. ©yHKUMY ¥ U Z HEIABUCUMOMA IIEPEMEeHHOH X 3a/1aHbl CHGTEMDﬁ
YypaBRHeHUU
xz—l—y2—22=0, x2+2y2+322=4.

Hakrru d_y, dz

dx’ g

dy d*z

a7 g7 HDH-I-'—]. y—Uz 1,
X dx dx

E
2
1
i
0
.
%
A
1
E.
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1962. PyHRONU i K 2 HE3ABUCHMOM NI€pEMEHHOY X 3aJaHbl CHCTEMON
VPaABHEHHH

xyz = a,
Haiitu dy, dz, dzy, a%z.

1963. ©DyHKIMHE ¢ U U HE3ABHCHMLIX IIePpEMEeHHbBIX X H Y 3aJIaHEI He-
ABHO CHCTEMOK YpaBHEHWH

x+y+z=~4.

w=x -ty uv=y.
2 2 2 2 2
BquHMHTLau du d°u ,Bu’ar:.iigg’a_u,au’ a’v aUHpHI 0,
dx’ Oy’ 5,2 dxoy ay’ 9% 0y 9y’ dxdy’ &y”

y = 1.
1964. PyHKEWHM 1 ¥ D HE3AaRUCUMLIX DeDeMeHHBIX X W ¥ 3aZAHBL HE-
ABHO CHCTEMOH VPABHEHHH

u+v=x, u—yv=0.
Hafity du, dv, dgu, dzu.

1965. ©PyHKIMK i ¥ U MIePDEMEHHBIX X H J 3aAaHLI HEABHO CHCTEMOH
YpaBHEHHH
x = @u, v), ¥=y, v).
. du du dv dv
Haiitu e E}‘;’ o @
1966, Hairn:

a) 0z H %: BCHIH X = U COSU, Yy = usinv, z = cu;
ax  dy’
6)_ H?E,ECJIHI=H+U,y=H‘—U,2=HU;
ox oy
B)dz, ecnmx=¢“" ", y=¢" ", 2 = uv.
1967. z = F(r, ¢), rAe r 1 ¢ — QYHKUHK NepEMEHHLIX X U [, OIpe-

JesieMble CHCTEMOH ypaBHEHHIH

X =rcosy, y=rsin Q.
Hagiru % u 92,
M o K 7
1968. PaccmaTpnBas z Kak GyHKEHIO X U ¥, HAWTH gz 5 gz eCaH
x ]

x=gacoscosy, y=>bsin@cosy, z=csiny,

§ 10. 3amena nepeMeHMBIX

IIpu samMeHe mepeMenHLIX B AWihepeHIIHAILHBIX BhIPDAXKEHHAX BXOJAINE B
BHX 1IpOHUBBOAHBIC CAEAYET BLHIPASHTE YePEe3 NPOHIBOAHLIE M0 HOBBIM [epeMeH-
HbIM, ucnonssyda npasuia suddepeHUIUPOBAEHA CNOKHEBIX QYHKOMH.
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— —

1°.3aMena mepeMeHHBIX B BERIDANKEHNAX, COAEP KA KX [1oACTABUE HTH BHIPAMKEHUS NTPOM3BCOAHBIX B aHHOE YpaBHeHHe, OyAeM MMeTh

OBBIKHOBEHHLIE MPpOH3IBCIAHEILEC.

IIpumep 1. IlpeobpasoBaTh YpaBHEHHE d_"‘z"'
dy 1 1
2 2 x| - + - — =0,
ngl_% +2xd_y+%y=0, dxy? dxy® dx
dx dx 4 dy dy dy

1
menaraf x = g Hil¥ OKOHWATENRHO

: ] d? dx2
Petenne. Bripasum npousBoAHsie OT ¥ 10 X Yepe3 TPOM3BOAHLIE OT ¥ 1O &, &L 1+ (_x) = (.

HnmeeM dy’ dy
dy  dy IIpumep 3. IlpecbpasosaTs ypaBHEHHE
dy _dt _ 3t __pdy d
dx dx 1 dt’ X . Xty
T _t_z dy x—y
d [dy] nepeiiga K NOMADHBIM KOODAUHATAM
2 di\dx 2 2 x =rcosQ®, y=rsing. (1)
dy - = (g_y) - - —[2ffi_y+t2 d_g] (-3 = 2° ‘(11_5’ rtdy g *y
dx x x E.%: t di t dt : Peule Hue. PaccMarpusaa r Kax OVHKIIHIO @, M3 GopMya (1) noayuum

” dx = cos ¢ dr - rsin @ do, dy = sin ¢ dr + rcos @ dg,
IlopcraBnaA HAKJAEHHBIE BLHIPAMEHMH IPOHIBOSHBIX B JAHHOE YDABHEHME H 34-

1 & OTCIOLA
MEHAA X 4yepe3 e TIOAYUHM fé dr -
. sin—— + rcos i
R i dy _ singdr+reosede _ q]dql v
12 -1 2d—y+td—g + 2 - L { ? El-gj + aztzy =0 ’i’ dx  cosgdr-rsingde cos{pg—rsinw
s s IMoperarnas B JaHHOE YDABHEHHE BBIDAMCHHUA INA X, i H g% , 0y eM HMeTh |
é—g + ﬂzy =0 Nf - sint.pdr + reos@
« ? 1 dg __ rcos¢+rsing
IIprmep 2. IlpecbpasoBaTk ypaBHeHHe z cos(pg _ rsing reosp — rsing
2 3 g dq
xd__E + dy}" _dy _ 0 E
dxz dx dax ! B HIH TIocie VIPOILERHH
I
z dr
OPHEAR Y 34 API'YMEHT, a X 3a GVyHKIHID. *% gp =r.

Peme s ue. Brpazum upousBOAHBIC OT ¥ OO X Yepe3d IPOH3BOJKbIE OT X IO I &

iR
Y

2°. 3aMeHa MepPeEMEHHKLI X B BHPAMKEHHAX, COAeDMAMHUX

d 1 %
a“;%:‘(ﬂ; UaCcTHEE DPOWIBOJHELE,
dy I[Ipumep 4. Ypasuenue konebauuii cTpyHbI
2 2 % 2 2
. . . d_-";’ } £z & a_‘; = a“?_’; (a =0)
dy . d{1y_d _(1ydy _ | dy ! 1 _ dy ot dx
2 dx|dx| d dx | dx 2| adx dx)
dx 'd—J Y dir (EJ = [d_xj B ! 1peo6paszoBaTE K HOBHIM He3aBMCHMBIM IIeDEMEHHBIM O H 3, r1e o = x — af,
Y Y dy dy Y e f=x+ at.
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Pemienue. Boipasum wacTHble TPOM3BOXHBIE OT & NG X U { Yepe3 YacTHbIE -
NPOM3BOAHBIE OT ¥ 110 o B . [IpumMenas dopmy sl AUdihepeHIHPOBAHMA CACXKHONR . §

OYVHKIEHN
du _ dudo , du 9B du  dudx , du B
ot odudt op ot 9x dadx dp ox’
TOJYIEM
du au (au S‘u)
ubad + =a| =-—1,
- e 382”43
Ju _ du du du | du
ou . Ou 4 01y _Ou oU
= e 1T 3o 9P

HuddeperiupyeM BTOPHYHO, OPHMEHEAA Te e QOPMYJIHL

SRR IGEFCE A

dadf P P dadp aBz
I Pu  *u
OACTABMB — U — B RHHOE YDABHECHHME, OyZeM HMeTh
> dx
2 2 2 2
G20 g +8_u=a2&u g du  07u

302 E]U.HB op>2 def  oudP gt

HJIN
’u 9
dodf
29z 20z 2 : 3
IIpumep 5. IlpeocbpasoBares yparHeHME X 3 + 3 = z , IpHHAR 38 &

1 1
HOBLIE HE3ABHUCHMBI€ [EPEMEHHBIE U = X, U = — 2 W 32 HOBYK) (DZVHKI[HIO “§&

¥y oox

w=

L

1
=

s i 220

1

o g

R
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0z z
Penren ne. Brpasnm 4acTHLIE NPOM3IBOOHBIE — M =- YePE3 YACTHAIE NPO-

dx  dy
oL dw
H3BONHLIE 3 " EE . Jdna atoro npoaudipepeENHpPYeM AaHHBIE COOTHOOIEHHA
¥4
MeWAY CTAPLIMHA K HOBRIMH HNeDEeMeHHBIMH!
dx dx dz dz
du =dx, dv= 5 - =, dw=— - —
x Y x z

C Apyrod cTOPOHSI,

_ow diw
dw = T du + ~ dov
IToaTomy
oL Jw dx dz
+ = &x _dz
Ju du v dv = x2 22
HIH
dur ow (dx dyj dx dz
i + 2= E) = 2o - 2
Ju dx v yf = 22
Oteoaa
_ 1 dw 1dw 229w
dz—z(? 5 'x_zgjdx—'_;ﬁﬁdy

H, CHeJOBATENLHG,

3z =zz(1 Jw l@_w‘)

dx £ du L Zov
i

oz _ 2w

By pa

Hopcrasnan 3TM BHIpaXKeHuA B JAHHOe ypasHeHMe, MOMAYIUM

xzzz(_l... — a_w —_ la_w) -+ zz_a.E - 32
2 du L Zavu ov
H.1H

Jw

el 0.
1969. IIpeobpasosart yparHeBHe

2
ng—% + 2x3¥ + y = 0,
dx x

{
HOnarag x = e .
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1970. IIpeobpaszoBaTh ypaBHEeHUS

2
(1 - x)4¥ — 44 — g

dx? d_;r
noxaras x = cos t.
1971. IpeobpasosaTe CIeAYIOUIE YPABHEHNA, IDUHSAB 34 APTYMEHT Y.

2
d’y [dy)z - dyd’y _ ofd’y| _
a)&?+2g,ra--:JE 0, 6)(Et;§ 3@ 0.

1972, Tauresc yria i, 00pazoRaHHOTO KACATENE-
goit MT 1 panuvcoMm-pekropoM OM TouKH Kacanus
(puc. 69), suIpaykaeTcs caeaywLMM cbpasom:

y' 2
tgp = —.
1+ 9y

X

Puc. 69.

TIpecOpazosaTh 3TO BLIpaXKeHNe, Nepeidd K IOJAP-
HBIM KOODAUWHATAM: X = FCOs (¢, Iy = 7 $ih (.

1973, OopMyny KPUBH3HBL JUHKUU

L] L

K = Y
11+

BBLIDA3HTL B IMOMAPHBIX KOOPAHUEATAX X = I'COS ¢, ¥ = rsin .

1974. IIpeoOpasosaTt K HOBBIM HE3ABHCHMBIM [epDEeMEHHBIM { H U
VpaBHEHHE

dz _ 0z _
Yoe .1&:3E 0,

2 2
eCIU U =X, v=X + Yy .

1975. [IpeocOpa3cBaTE K HOBLIM HE3aBMCHMbLIM IIeDeMEHHLIM U H U
ypaBHEHWE

oz dz
V2 4yl 2=
X ox yay 2=0,
ecm u = x, v =2,
X
1976. Yparueune Jlannaca

P4 2

+ =
dx oy

npenﬁpaaoﬂa'rb K NONAPHBIM KOOpAHBATAM + ¥ ), 11074arad

au
=
bl
=
=

|

b
b

X = recosg, y = rsin .

I

EF
7
3

o R B 5L S i
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R

1977. IIpeobpasoBars YpaBHEHHE

xch_.z — zf—i =0,
ax oy
[OJMATAN U = XY B U = g
1978. [IpeoOpazoBaTh ypaBHeHHE
yg—f-: - Ig—; ={y — %)z,

BReJA HOBLIE HE3aBHCHMELIE NIePDEMEHHBIE

u=x2+y2,u=%+

-

H HOBYIO dvHKIUIO w = In 2z — (x + y).
1979. [IpeobpazoBaTs YPAaBHEHHE
3_25 . 322 4 322 _ 0,
dx2 dxoy ayz

IPHHSAB 34 HOBbIE He3ABUCHMDBIE IEPEMEHHBIe L =X + Y, U = Y u3a HoBYIO
x

QVHKIHIO W& = z,
X

1980. IIpeoOpazoBaThy ypaBHEeHHE

2 2 2
Ea_§+2az +aj=0,
3x dx dy dy

Imnaranu.=x+y,u=x—y,w=xy—z,r,uew=w{u,u).

§ 11. KacarensHas® IIOCKOCTh H HOPMAJAEL K IIOBEPXHOCTH

1> YpaBHeHHR KacaTelpbHOH NACCKOCTHM H HOpPpMAanH
Ins caydYad SBHOQro 3afAaHHA INIOBEPXHOCTH. Hacamenvuoii
RAOCKOCTNLH0 K TIOBePXHOCTH B ToUKe M (Touka KacaHUA) HAIHIBAGTCH IIJIOCKOCT,
B KOTOpOIl JIeMKaT BCe KacaTeApHble B Touke M K DASAHYHBLIM KPWUBLIM, fIpoBe-
ACHHLIM HA [NOBEPXHOCTH 4epes aTy TOUKY.

Hopmaabio K 10BeDPXHOCTH HA3BIBACTCH UEPIEHAHKYIAD K KaCcATEIbHOM naoC-
KOOTH B TOUKE KaCAaHUS.

Feny ypapHeHME NOBCPXHOCTH B HEKAPTOBOH CHCTEME KOODAHMHAT 34J4HO B
ABHO thopme 2 = f(x, ¥), rae f(x, y) — nudipepeHrpyemMas QYEKLKA, TO YDAB-
HeHMe KacaTelBHOH IJIOCKOoCTH B Touke M{x,, ¥, Z,) NOBEDXHOCTH €CTh

Z - Zh = f;{xgs yg){x - x;]} + f;r{xgi yﬂ){Y - yg) (1)

3aecw z, = f(x,, Yo)r 8 X, Y, Z — TeKymmne KOOPAHHATEI TOUKH KAaCATeAbHOM

NNOCKOCTIH,
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¥paBHeHHA HOPMAJIH HMET BHA
X-x9 = Y-y, _Z-2z
fe (Xo» Yo) (%9, yg) -1

rae X, Y, Z — TeKyuile KOOpPAUHATEL TOUKH HODMAJH.

Hpumep 1. Hanucars ypasHeHMA KacaTeJbHOHM IJIOCKOCTH M HODMANH K
2

IIOBEDXHOCTH 2 = 52— — yz B ee touxe M(2; —1; 1).

Pemen ue. HatieM YacTHBIEe MPOUSBOAHEIE JAHHOH (PYHKIHHM ¥ HUX 3HAa-

yeHNA B Touke M:
%2 _ 4, [33) =2,

: (2)

*

RLL LWL AT e

dx 0%/ py

Jz dz

-_#—M,LJ _ 2.

dy O/ ar

Orcioga, npumMensas Gopmynet (1) # (2), 6yaeM umerb 2 — 1 =2(x — 2} © 2{y + 1} -

win 2x + 2y — 2z — 1 = 0 — ypaRHeHNe KacATeJbHOH IJIOCKOCTH 1 ad ; 2 - y; 1_
_z-1
= — VDARHEHUSA HOPMAJIH.

2°.¥paBHeHHSHA KACATEJNAHLHOH NJAOCKOCTH M HODPMAaIH
AnNAd cnydad HEABHOTO 3AJaHMA NNOoBepXHOCTH. B ToM cayuae,
KOrEA YPABHEHHE TIAJIKOH HOBePXHOCTH 3ajaH0 B HEABHOM dopme

Flx, y,2z)=10

U F{xﬂ, Yo zﬂ} = 0, COOTBETCTRYIOUIHE YDaBHeENA OYAYT UMeETh TAKOM BUA:

F.‘:'{xl]’ Yor 20}(X B xﬁ) +F!:r [x{)" y{]’ ZOJ(Y - yg} + F;(x;}r Yoy ZU}(Z - z[}} =0 (3) ;

— YDaBHCHHE KACATEALHOH [JIQCKOCTH H
X — x4 _ Y-y
F - r - #
F. (X, Yo 20) Fy (%o ¥o29) T (%4, Yo 2¢)

Z 2z,

— YpaBHEHHA BOPMAJH.

MNIpumep 2. Hamvcare ypaBHeHHA MAQCKOCTH ¥ HOPMANH K MOBEDXHOCTH .

3 3 .
3xyz — 2z = a B TOUKe, gad KoToped x = 0, iy = a.

Pemien e Haligem annjiumEaTy TOYKH KACaEHdA, Oojcraeue x = 0, y = 4
3 3
B ypaBHEHHUE 1IOBEDXHOCTH: —2 = & , OTKyAa 2z = —a&. Takum obOpasom, Touka
racadua ecte M{(0, a, —a).
Obozgauue yepe3 F(x, y, 2} NeByl0 4acTe YPABHEHHNA, HAWeM YaCTHbIE [1PO-
H3ROAHBIE H UX BHaYeHHA B Touxe M:
)
’ £ [
F, = 3yz, (F ) = 327,
¢ —
F; = 3xz, {Fy Jye = 0.

F' = 3xy — 322, (F )y = ~34°,

_ (4) i

T eI - f&"_'-_-'45?5‘??_j“_.*.':'i%;u;.:a*?'.ii.t.'-»_-' i
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i

[IpnMennsa hopmyasl (3) 1 (4), ToayIEM
BaHx -0+ 0y -a) -3¢ (z+a)=0

HIR X + 2 + @ = ) — ypaBHeHHe KacaTelbHoil IJIOCKOCTH,

x-0 _y-a _ z+a
-3a° 0 _3f

X _Yy—a _z+a
WIM T = $om = —— - YDABHEHHMH HOPMAJH,

1981. Hanucary yvpaBHeHHe KacaTeJIbHOH IIJIOCKOCTH W YPABHEHHSA
HOPMANH K CAeIVIOIHM IOBEPXHOCTAM B YVEKA3AHHEIX TOYKAaX:

a) K napaboJouay BpaAIEHUA 2 = x2+y2 B Trouke (1; —2; 5);
2 2 2

6} K KoHyCY .f—ﬁ % - ‘% = () B Touke (4; 3; 4);

B) K chepe X+ y2 + 2° = 2Rz B TouKe (R cos o; R sin a; R).

1982, B xakHxX TOYKAX DILIHICOHAA

2 2 2

x Y Z2
b ¢

=

HOPMAaAb K HeMy ofpaayeT paBHEIE VIVIBI ¢ OCAMH KOOPAHHAT?

1983. Yepes rouxy M(3; 4; 12} cihepnr  + yz + 2% =169 IIPOBEJEeHEI
ILIOCKOCTH, NepneaAuKkyaapusie ocam OX u OY, Hanucare ypaBHEHUE
ILIGCKOCTH, IIPOXOAAINel yeped KACATEABHDIE K [TONYIABLINMCA CeUeHH-
AM B ux obuleit Toure M,

1984. Iloxa3aTsh, UTO ypaBHEHMHE KACATEJBHOH ILJOCKOCTH K LEHT-
DANLHOH HMOBEPXHOCTH Z-r0 NOpAaKa

ax’ + by2 +ez” =k
B ee Touke M(x,, y,, 2,} umMeer Buy

ax,x + bygy + czz = k.

1985. K nosepxHocTH x + 2y2 + 8x% = 21 IIPOBECTU KAaCATEJLHbie

ILTOCKOCTH, IapajieibHble IOCKocTH x + 4y + 6z = 0,
2 2 2
1986. K sanuncongy x_2 + EE + 3—2 =
a b C
KOCTH, OTCEKAIHE HA KOOPAUHATHBEIX OCAX PABHEIE 110 BEINMYHHE OT-
peskH.

1 npoBeCTH KacaTelbHELe TLIOC-

2 2 2 “
1987. Ha nopepxHOocTH X + Y ~ 2 — 2x = 0 HAJTH TOYKH, B KOTOPLIX
KacaTeMbHbIE IJIOCKOCTH NapaAlNeNbHb KOODJAHHATHBIM ILTOCKOCTAM.
1988. JoxazaTh, 4TO KACATENbHEIE IIJIOCKOCTH K NOBEPXHOCTH XYz =

- .3
= m o6pa3yioT ¢ IJOCKOCTAMHA KOODAWHAT TETPAYAP NMOCTOAHHOI0 006-
&Ma.




216 Tnapa V1. ®VHKIIWH HECKOJLKHX IIEPEMEHHBIX § 12. Popmyaa Teitnopa ANA PYHKIRH HECKONLKUX NEPEMEHHBIX 217

p—

& 12. ®opmyna Teiltnopa maun
1989, IloKa3aTh, YTC KACATENbHLIE IJICCKOCTH K HOBEDXHOCTH J;c +37 § Py pa A PyHKIMK HECKOMLKHX MePeMeHHLIX
IlycTe dyHKIUA f(x, YY) EMEET B OKDECTHOCTH TOUKH (4, b) HenpepepiRHBIE Ya-
¢THBIE IPOH3BOAHEBIE BCeX HOPAAKOE Ko (n + 1)-ro RrnwuY#TeAbHo. Toraa B pac-
cMATPUBAEMOMN OKPECTHOCTH cnpaBeinuBa gopuyra Teitaopa:

+ Jy + Jz = Ja orceraoT Ha 0CAX KOOPEUHAT OTPESKH, CYMMa KOTOPEIX
TIOCTOAHHA. b
1990. IToxazaTk, “TO KOHYC

2 Ly z_z fx, y) = fla, b} + -1—, [f{a, b)(x — a) + f (a, By — B)] +
2 bz
a ¢ + LI 0 - @ + 27}, B)x — a)y — B) + 17/(a, By — b)) +
u cepa '
2 2.2 2 + . .}..
x +y2+(2—b :c] B b—z(szrcz) -t [(x a) PRt 5% ] fla, &) + B (x, ), (1)
L

rge

KacawTcA ApYyr Apyra B toukax (0, b, ¢) 1

i P d n+l
f Rix, y) = ——— ~a)— — b)) - _
1991. Yzaom mencdy 6yma nosepXHOCIAMIL B TOUKE UX IePeCeYeHUA § A% 9) (n+ 1) [{x )5+ b)ay] fla+8(x—a) b+ 6y - b
HA3LIBAETCS YrOJ MeXK/y KacaTelbHBIMH TIOCKOCTAMU, LIPOBEEHHBIMH § 0 <06<1)
K JAHHBIM TIOBEPXHOCTAM, B PACCMATPUBAEMOH TOUKE.
3

B apyrux o003HAUEHHAX:
IMox xaKuM YIJIoOM IIepeCeKalOTCAd IMHUIHHIAD

EINER fr + by y + B) = fx, Y) + 5 [RFG 9) + KE G, )] 4

It .ccbepa v + --u[h f”(x y) + 2}1;2}:”{1' y} + & f”{x y}] + .

L]

L:!uc:—R)2+5,~'2-I-,22=}Ter

FA ) i

Wﬂ%ﬁi%%w%m&w5-_~

1 [haiﬂk_] fx, y) + 2 [himi]“lﬁx + Oy y = Ok), (2)

B TOHKeE M[R B3 o) ) n! m+ 1)\ ox oy

2" 2

1992. TloBepXHOCTH Ha3BIBAIOTCHA OPMOZOHAALHBIMU, €CNIH OHH IIe-
peceKaloTest NoJ IPAMBIM YIJIOM B KaXXJ0H TOYKe JHHHU MX lepece
HeHH .

HIH

Af(x, y) = dftx, y) + %dzf(x, y) + .

1
{(rn+1)

Hactasel cnyuait gopmynsl (1) upu ¢ = b = 0 nasoisaerca popmynoii Max-

1 .» .
IToxazaThk, 4YTO nonepxnoc'm X+ _r,.r2 + =7 (chepa), ¥ = xtgtp + = d flx, y) + d" " f(x + Oh; y + OF). (3)

(ILIOCKOCTR) H 2 = (x + y )tg VW (koHYC), ABJAOIMINECT KOODAMHAT- %

.>-

HBIMH IIOBEPXHOCTAMH cthepUIeCKHX KOOPAMHAT r, ¢, W, B3AUMHO Op- "% Aopena
TOTOHAJBHEI. % AHagorMuHble GopMYNsl CIPABEAINBE A4 PYHKIMH TPeX H DONbINero 1ucia
1993. IToxkasaTh, YTO BCE MAOCKOCTH, KACATEIBHBIE K KOHHMYEeCKON I[G-* H% uepeMeHHBIX.

II pumep. Haltre npupamerue, nonyuaemoe byurueit f(x, y) = < = 2y3+
+ 3xy npu nepexofe or aHaueHHH x = 1, y = 2 K sHAYEHHAM x,=1+hy, =21k

. Pemeunune. Hexkomoe npupasiieHHe MOMXKHO BAlTH, upuMenaa opmyay (2).
BIYHCIHM IPeABAPDHTENLHO IOC/eJ0BATENbHEIE YACTHBIE OPOHIBOAHEIE U MX

BEPXHOCTH 2 = xf[—) B ee Toure M{x,, ¥, 2g), '€ x # 0, npoxoaar t{epeﬂ
x =:.-_ I
HAYAJIO KOODAMHAT.

1994%, HaliTi 1IPOEKITHHA JAMIICOHIA sHauerm B ammof Touke (1; 2)
L+ —xy-1=0 f.(x, y) = 3x% + 3y, f(1;2)=83-1+3-2=9,
11 y - — 2 r . e p— - a —
Ha KOODAMHATHRIE ILIOCKOCTH. fe,!(x, y) = -6y + 3x, fgr{li 2y=-6-4+3-1=-21,
1995. MokazaTh, YTO HOpMAJNL B JIO00H TOUKE INOBEPXHOCTH BpaJ.IIE' T x5 y) = 6, [ (1;2)=6+1=86,

folx w) =3, [l 2) =38,
HUA 2 = f(f\i'x + i } {(f # 0) nepecexaeT OCb BPAIIEHHSA. - f %y =-12y, [,(1; 2)=-12 - 2 = -24,
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fro (2 ) =6, [, 2)=6

£ y) = 0 7 -0,

£ (x, gy =0, fo(152)= 0 3
£ (x, y) = -12, £ (5 2) = —12, ks

i

Bce ganpHellIMe OPOM3BOLHBIE TOMKAEGCTBEHHO PaBHBI HYJIO. HoncTaBnaa

Hai{ieHHEIe pe3ynbTaTsl B hopMyay (2), HonyyuM
Afx, ) =Ff1 + B, 2 + By - f(1,2)=h -9+ k(—21) +

+ %[hz -6+ 2hk 3 + kE(—24}] + --‘I;;l?[h,3 g+ 3}12}3 0+ 3hk2 -0+ k‘;(_lz)] -

— Oh — 91k + 3h% + 3hk - 12k% + 1* — 2&°.

1996, Paznoxurts f(x + k, y + k) 110 DeJEIM OOJIOXKHATEIBHLIM c*rene-;-f

HAM h u k, ecnu
flx, y) = ax’ + 2bxy + cyz.

1997. PyEKIHIO
flx, y)

pasaokuTE 10 dopmyne Teiysopa B OKPECTHOCTH TOUKH (-2; 1).

r—x2+2xy+3y2—6x—2y—4

1998. Haiiru OpupAILeHKe, moayuaemoe dyngnmei flx, y) =x y npn

1, ¥y = 1 k sHAUECHUAM
=1+h, yy=1+k

nmepexofe OT 3HaueHHH# x =

1999. dyuknuio
flx, y, 2 }—x2+y2+22+2xy—yz—4x—3y-z+4

PABIOKHTE [0 GopMyne Teisopa B OKPECTHOCTH TOYKH (1; 1; 1).
2000. Pasnoxutk f(x + h, y + &, 2 + I) mo Henxbm HDHDH{HTEJI];HHM

crenedsaMm i, k u l, ecnin
flx, y, 2} = X+ y2 + 2% - 2xy — 2xz — 2yz.

BEJOUYHATENEHO DYHKIKID
f(x, y) = € siny.

2002. PasnoxuTs 0o gopmyne MakiopeHa J0 4ieHOB 4-T0 HDpHILE

BEAIOUYHTEIbHO (DYHEKIIHIO
f(x, y) = cos x cos y.

2003. Paznoxurte o dopmyse Telnopa B OKPECTHOCTH TOUKH (1; 1
10 YJIEHOB 2-T0 NOPAJKA BKIIUKHTEIBHO QYHKIHIO
X
flx, ¥) = ¥ .

2004. Paznoykuts 1o gopmyne Telnopa B OKPECTHOCTH TOYKH (1; ‘1
16 YIEHOB 3-TO NMOPAIKA BKJIIDUMTEIBHO QYHKILIIO

fle, yy=¢" " ¥

..

2001. PaziokuTs no dhopMyie Makiopesa Ao 4IeHOB 3-T0 NOPAAKEE
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—r—

2005. BrigecTr npubnusxenubie GOPMYIRI ¢ TOYHOCTLIO A0 YIEHOB
9.10 HOPAAKA OTHOCHTENLHO BEJUUHH ¢ U [ AMA BRIpAXKEHWH:

ta. &) (L+o)”" +(L+ )Y
—B 9 }
ecmi |of u |B] Mans no cpapmenuo c 1.
2006*. Ucnonwzya gopmyny Telnopa a0 4ieHoB 2-T0 NOPAAKA, BhI-
yHCAHTE IPHUONIHIKEeHHO:

a) /1,03, 3/0, 98; 6) (0,95)>"L.

2007. IIycTe 2z ecTs Ta HeapHAA MVHKIHA OT X H Y, onpejfenseMasn

3
ypaBHeHHEeM z — 2x2 + y = (), xoTOpas NpUHHMAET 3HAYeHHe 2 = 1 npu
=1 u y = 1. HanucaTes HeCKOJBKO YJIEHOB Pa3iOKeHHs GYHKIHH 2
10 BO3PACTAIOIIHNM CTEIIeHAM pasHocTed x — 1 my = —1.

§ 13. OxrcrpemMym PYHKUHM HECKOJIBKHX IIePEMEHHEBIX

1 Oupepenciue 9KCcTpPpeMyMa @YV HEKL XN [oBopar, uro QpyHK-
nua f(x, y) uMmecT Mawcumym (munumym) fla, b) B roure Pla, b), ecnu gna scex
OTIHUHBIX OT P Todek P'(x, y) B A0CTATOUHOG MATOR OKPECTHOCTH TOYKH P BhI-
nonHeHo HeparseHceTBo f(a, b) > f(x, y) (1nu coorsercrrenso fla, b) < flx, ).
MaKkcHMYM I MUENMYM (3WHKI{HH HASLIBAETCA €€ 3KCMPEMYMOM . ARATIOTHYHO
OUpCAeaAeTCA SKCTPeMyM (IVHKELHWH TPeX M DOABINEro YHCHA NepeMeHBhIX,

2 HeobxoaumMple YCIAOBMA 3KCcTpPpemMymMma. TOUKH, B KOTOPEIX
nadidepeHuupyemas GyHKOIHA f{x, i) MOMKET JIOCTHraTh SKCTPEMyMA (TAK HA3BI-
BAEMBIE CMAUUOHOPHbIE MOYKIL), HAXOAATCA IIYTEM PelIeHEA CHCTEMbI YPARHEHMH

flx, ) =0, flx,p)=0 (1)

(Heodxodunmsie yeansud sreTpemyma), Cucrema (1)} aKBHBAJIEHTHA OIHOMY YPaBHe-
Hui0 df(x, ) = 0. B ofiem cayuae B Touxe axcrpemyma P(a, b) dyvurnun f(x, y)
unu df(a, &) = 0, unu df(a, db) ve cymecTeyer.

3°. JocTaToYHHEe YCIHOBHA 9KCcTpeMyma. Ivers Pla, b) — cramu-
Duapras touka dyarimu f{x, y} 1. e. df(a, ) = 0. Torpa:

a) eciu d° fla, ) < 0 npu dx® + dy > 0, to f(a, b) ecTs MaKCUMYyM PYHKIIEH

fx, i

2
’ &) ;E‘GJIH d“f(a, b) > 0 mpe dx° + dy® > 0, 1o fla, b) ecTs MunUMYM DyHKIHN
X, i),

{ B) eclin d? f(a, b) menaer 3uaK, 10 f(a, b) He ABNASTCH IKCTPEMYMOM (PYHKIKH
<, ¥
Hpusenentpie yOIOBHA SKBHBATEHTHEL CASNYIOIHM: TIVCTh [ {a, b)= f; (a, b) =

A= f(a, b), B = fry(a: 0), C = [, (@, b)- CocraBum ducipumunanm

A=A-C- B

" Torga: 1) ecotr A > 0, To @yHKIUA HMeeT JKCTpPEeMYM B TouKe P(a, b), a UMeHHO
akcnmyM, ecau A < 0 (mau C < 0), u MuEEMYM, ecan A > 0 (uan € > 0); 2) econ
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A < 0, To aKcTpeMyMa B Touxe P(a, b) HeT; 3) ecnu A = 0, 1O BOOPOC O HANHIUN
aKCTPeMYMA (DVHKUNWHY B TOTKe P(a, &) ocTaeTCA OTKPHITHIM (Tpebyerca pansHeH-
iee HCCASLOBAENE).

4°. Cnyuafi YHKILMHE MHOTHX mepeMeHHBX. Jiaa QyHKIKN
Tpex H GOJNBIIEro YHCIS8 MepeMeHHbIX HeoOXOAMMEbIE YCIOBHA CYIeCTBOBAHHA
JKCTDEMYMa AEALOrHUHEL yeaoBuaM 1°, (1), a focraroudbie yCA0BHAA AHANOTIHIHEL
yeropuam 3°, a), 0), B).

IIprmep 1. Heenegosark Ha sKcTPeMyM GHyHKIHIO
x=x + 3::¢:_:,;r2 —- 15x — 12y.
Pemen e Halizem dYacTHbIe DTPOHIBOJHEIE ¥ COCTABMM CHCTEMY yDaBHE-
nui (1):

az_

+ 3
P 3x y

_15-0, % =6xy-12=0
dy

HIHY

i;:r:?'i-;:,rz—5='l]',
1 xy—2=0.

Pemasa cucTeMy, TOJYYIHM YeThIpe CTAUWOHADHBIE TOUKH!

P(1; 2 Py(2; 1) Py(-1;-2);  Py-2;-1).
Hailirem npouasogsbie 2-T0 DOPAIKA
2 2 2
Tz _gp 92 gy 92 4y
5x® dxoy dy’

2 " -
H COCTABHM AMCKPUMHHAHT A = A'C — B ana Kay/CH CTalLHOHAPDHOH TOYKH.

d°z 322 a2z
1) Ina rouku P, 1 A = [ax ] =6, B (Bxay)P 2, C = [ } 6

oy
A=AC - b =
2)narouku Pr A=12, B=6,C= 12: A= 144 - 36 > 0, A > 0. B Touke P,

(GYHKINA HMeeT MUBKMYM., MHUHMMYM 3TOT PaBeH SHAYEHWIO (PYyHKIME HPH X = 2,
y=1:

36 -114 < 0, BHaqHT, B TOUKe P, SKCTpEMyMa HeT.

=8+ 6-30-12=-28.

zmin
3) Inaroukn P:A=-6,B=-12,C=-6;A= 36 — 114 < 0. OxcTpemMyMa HeT.
4) ina Toukm P A = 12, B = -6, C=-12; A=144 - 36 > 0, A < 0.
B rouxe P, GyHKIUA KMeeT MAKCHMYM, paBHBIH

z =-8§ -6+ 30+ 12 = 28.

max

5°. VCJIOBHBIH 3KCTpeMyM., B rpocredmeM Caydae ycIosHuM IKc:
mpemymom GyHKLEM f(x, ) HA3LIEARTCA MAKCHMYM HIH MUHUMYM aToil QivHK-
1Y, AOCTHUTHYTHIH IIPH VCJIOBRMH, UTO €€ APIYMEHTH! CBA33HBI yPABHEHHEM

olx, y) =

0 (ypasnenue caau). Yrobrl HANTH YCAOBHBIA OKCTpeMyM (YHKIINH

TR LT
R ST LR
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i

f(x, ¥) IDPH HANKMYHH COOTHOmEHRA O{x, y) = 0, COCTABNAIOT TAK HASLIBAEMYIO
pyrnruuio Jdazpanma

Flx, y) = /(1) + A - 9( y)

rige A - HEONDEAEJACHISH MOCTOAHHEBIN MHEOMNTENb, B HIIYT OOBIYHBIN 3KCTpE-
MyM 3TOH BCTOMOraTensHOH OyEKDNH. Heobxoaumeie yenosus akcTpeMymMa CRO-
1ATCA K CHCTEMe TPeX YpaBHeHMIik: '

oF _3f 30 _

dx “ax a -

| OF _3f . dp_ - )

5 oy oy s
P(x.y)=10

¢ TPEMH HEHIBECTHBIMH X, Y, A
3TH HeU3BECTHEIC.

Bonpoc¢ o cymecTBOBAHUY H XapPAKTEPEe YCAOBHOIO 3KCTPEMYMA PellaeTCa HA
OCHOBAHHUM H3Y4YeHUH 3HaKA BToporc gHdwbhepeHuyana Gyurmun Jlarpamxa

, U3 KOTOPOI MOKIO0, BOOOIIe rOBOPA, ONpeJeluTh

fﬂnyy—dFdf+ZaFTddy+aF

d
I’ dx oy ay y

AJIA HCIBITYeMOH CHCTeMBI 3HaUYeHHH X, Y, A, MoXy49eHHON K3 (2) npu ycaosuu,
uyre dx ¥ dy cBA3aHLI YPARHEHMEM

dg gQ . _ 2, 2
o (cl;:c+6l§r dy = 0 (dx” + dy” # 0).

A nMeHHO, GyHRIHA f(X, y) HMeET VCAOBHBLIH MAKCHMYM, CCIH d2F <0, u ye-

JOBHBIH MHHUMYM, eCJTH dEF > (. BuacTHOCTH, eclH AUCKDEMHAHAHT A /18 QyHK-
OHH F(x, i) ; CTAMOHADHON TOYKe NONOMKKTENIeH, TO B 9T0H TOUYKE UMEETCH V-
JIOBHBIH MarkcHMyM byHRIUA f(x, y), ecnu A < 0 (unu C < (), ¥ yCoI0BHBI M-
HEMYM, ecau A > O (mnu C > Q).

AHaIOrNYHO HAXOAHTCA VCIOBHEIN 3KCTPpeMyM QYHKITH TpeX MiIH BOALINEro
UACTa [epeMeHHERIX InpH HAITHYHMH OZHOI'0O HIH HECKOABHKHX fﬂ]&EHEHHﬁ CBA3H
(4men0 KOTOPEBIX, OAHAKO, AOMKHO OBITh MeHBIIE YMCIA [epeMeHHBIX), 3xecs
HpquDﬂHTcH BBOAUTE B IVHKNKIC JIArDaHXKa cTeNLKC HEOOpeAeTeHHbIX MHOMH-
TCleH, CKOJMLKO UMeeTCH YPABHCHHH CBA3H.

IIpumep 2. Halitu sxcrpemyM GyERIMH
=6 —4x - 3y
DM YCJACEHH, YTO NEPEMEHHBIE X H [ VAOBISTROPAT VPABHEHHIO
X%+ y2 = 1.

Peuenue. TeomerpMueckH 3ajaya cBOZNTCH K HAXOMKAeHUIC HauGoXbITe-
T0 ¥ HaMMeHhII1ero 3HAYEHHH alIJIMKATs] 2 IA0CKoCcTH 2 = 6 — 4x — 3y 11A Tovek

a
I¢peceyeHHA ee ¢ UMAMEAPOM x  + yz =1,
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CocrasngeM GYHRIMIG Jlarpamka:

Flx, y) = 6 — dx — 3y + Ma® + ¥ - 1).

Umeem %E = -4 + 2Ax, g—F = —3 + 2Ay. Heobxoaumbie ycﬂnﬁnﬂ OAKT CHCTEMY
x Y
YPABHEHHH
—4 + 22x =0,
-3 +2ry =0,
2 2
boxT+y =1,
petliasg KOTOPYIO Halinem:
B 4 3
}“1=§! xl_'g! UI“E
H
5 _ 4 3
}u2=—§, Iz—‘“g, yz—g.
Tarx Kak
2 2 2
IF _gp, OF g 9E_g,
ax’ dxdy Ay
TO

d°F = 2a(dx” + dy®).

Ecnu A = g y X = % Ny = -35- , TO dEF = (} i, CIeACBATENLHO, B 9TOH TOUKE QyHKIUA

. - .o . . Lot Lo e Wt g Ep e

v 5 4 3 2
uMeeT yCJAOBHBIAR MUHMMyM. Ecau A = ~50 x = g Y= “E o d°F < 0 n,
C/eN0BATENBHO, B DTOH TOUKe QYHKIMSA MMEET YCAOBHBIN MAKCHMYM.
Taxum o0paszom,
i6 9
z =6+—+ 2 =11, :
max 5 5 2
—6-18 .24
“imin 5 5
*
6° . HaufOoNnboiee W HAMMEeHBIIEEe 3HAYEeHHA PyHKIHH. b
Dyurnndg, AubepeHIHpyeMan B OTPAHNYEHHOH 3aMEEYTOR obnacty, focTHraeT &
CROEro HARGOILIIero (HAMMEHBIIET0) 3HAYCHUA HAN B CTAlMOHADHOMU TOUKe, MK %

B TOUKEe ['DAHMILEI 00JaCTH.

Mpumep 3. Onpegennts HauboAbILCEe H HAKMMEHBIIIES 3HAYEHHA QYHKIHHE °

z=x2+y2—xy+x+y

B 00NACTH

r<0,y<0,x+y> -3

AR e

L
-

§ 13. DxerpeMysM GYHKINN HECKONBKHX IepeMeHHBIX 223
PemeH e ¥Yxkazauuasg o0IACTh €CTh TPEYIOMh- Y
vr (pue. 70). -3 4. l
: : -30) 5oy 4
1) HaBnem cTaniHMOEADHBIE TOYKH: -
, (0-4)
2. =2x-y+1=0, 2
2 mZ2y-x+1=0;
y =Y ( g
orcfa x = —1, y = ~1; nonyyaem Toury M(-1; —1).
B rouxe M snaveHwe QyHRuum z,, = —1. Hcene- (0:-3)

JAOBAHHE HA 3KCTPeMyM He o0A3aTenbHO.
2) Hecneayem GOYHKIMIO HA MpaEMNax obracTu.

2

IIpr x =0 uMeeM z = y" + y ¥ 38444 CROAUTCA K OTRICKAHHIO HARDONBIETO
¥ HAHMEHBINEro 3HAYEHHH 3ToH (VHKUMMY OgHOro apryMeHTa HA OTpe3Ke
-3 < y < 0. [Iposeas uccnegoranme, HafgeM, 4TO (2, .c), _ g = 6 B rouxe (O; —3)

Puc. 70.

1 1
(2 e = 0 = T BTOUKe [0;——2] .

2 o
Ilpn y = 0 nmonygaem z = x” + x. AHanorudHo HaigeM, 410 (Z

Hﬁl’!ﬁ)y = =6 B
Touke (—3; 0); I[zmlm}ﬁf g = —i B TOUKE [—%;D) .

Ilpxt+y=-3ummy=-3 — x BygeMm UMeThb z = 3x° + 9x + 6. AHANOrHYHLIM

. __3 3.8y,
ohpaszoM BaitneM, 1To (Zumds + g~ a = — B TOUKe (—-E;‘E) ' (Zrans)y g3 =6

copanaer ¢ (z,, ) _ o K {znanﬁ)y _o Ha mpaMoii x + y = —3 M0XKHO OBLITO OBI

HCCACAOBATE (PYHKIMIO HA VCAOBHBIH BKCTPEMYM, He OPHBOAA K (PYHKIHH GAHOIG
apryMeHTA.

3) ConocTapnasa Bce NOJYUSHHEIE 3BHAYCHHA PYHKUHUK 2, 34KJIQYAEM, YTQ
Zyums — © B TOUKAX (05 -3) ¥ (-3; 0); 2z, = —1 B cramuonapHol TouKe M.

HecnenoBaTh HA SKCTPEMYM CleVIOINYe PYHKOHH ABYX ITIepeMeHHbIX !
2008, z = (x — 1)° + 24°.

2009. z = (x — 1)° - 2,°.
2010.z=x2+xy+y2-2x—y.
2011,z =246 -x-y) (x>0, y > 0).
2012, z = x* + y4 ~ 22 + dxy — 2y2.
2013. z = xy [1-"‘:—“—2.

a b

2014, z = 1 — {(x* + H¥'*

2 4
2015, z = (% + yhye TV,
2016, z = . L+*—y

1+;J:'.2-|—y':3
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2016.1. z = ?_L_ + ; +y(x >0,y >0
2016.2. z = & Y(x* — 24°).

HaiiTu 3xcTpeMyMbl QYHKIHH TpexX MePeMeHHbLIX!:
2017.I£=Iz+y2+zz—xy+x—22.
2 2
2018. u=x+ ¥ + % + 2 (x>0,y3>0,z>0).

4x i z
HaiiTu akcTpeMyMBI GYHKEIMHA 2, 38JaHHLIX HEABHO!
2019%. x2 + gt + 2" - 2x + 4y — 62 — 11 =
2020.x° —y* ~3x+dy+ 2 +2-8=0.
OnpeseMuTs VCIOBHBIE 3KCTPEMYMEL (hYHKIMIE:
2021.z=xyupu x +y=1.

%

2{]22.z=x+2ynpnx2+y = B.

2023.z=x2+y211pn%+3 -1

3
2024. z = cos’ x + cos yrnp]ay*—.:r:—“‘:zI
2025.1¢:$x+2y+22ﬂpnx +y +20=09.
2 2 2
2026. u=x +y +2° npun 5 + L+ 5 =1(@>b>c>0).
a b
2027. u=xy'2mpax +y+z=12(x>0,y > 0, z > 0).
2028. u = xyz upn ycnoBuax x + y +z =5, xy +yz + 2x = 8.

2029. JlokazaTs HEpaBEHCTBHO

X+ty+2z > 3

xyz,
3 Y

eccin x 20,y 20,z 2 0.
Vkasanue HckaTs MakcuMyM (BYHKIHK ¢ = XYz IpH yenosun x +y +z2=8.

2030. OnpenennuTs HauboIbIee sHAYeHUe DYHKIUM 2 = 1 + x + 2§ =

B 00JI1ACTHX:

a)x>0,y20,x+y<l; x>0, y<0,x—-y<1,

2031. OupegenuTs HaNGONBIINE K HaHME‘HLHIHE 3HaueHHA quHKuHH

a)zrxyﬂﬁ)z—xz—y B OBIACTH X +y < 1.

":. .
fr
L
-I- '
i
K
&
z
o
o
E
__.gi
3
¥
i
at
]
- F
I
£
Tl

2032. Oopepennrts Haubonbiiee ¥ HaMMeHbIIEe 3HAUEHUA q::},rHEH.HH

xim

z=sin x + siny + sin{x + y) B cbmactu 0 < 0 < g

2033 OIIpe;:e.rmTh Hauboaslllee 1 HAHMEHbLIIee 3HAUYECHHA cbyHKIim‘
z=x —l—y - 3xysobractm 0 < x < 2, -1<sys< 2,

..zt'

o
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§ 14. 3agaym HA OTEICKAHHE HAHOOILIINX
H HAMMEHBHIMX 3HAYeHHH (PYHKIHI

Illpumep 1. Ilomomurensnoe wuenc a Tpebyerca pasbuTs Ha TPY HeOTDH-
pATENbHBIX CJAATAEMBIX TAK, YTOOBI MX MPOM3REAeHHe BBLIN0 HANBONLIOIHM.

Pemenune IIveTe MCKOMEI® claracMbie ovayT x, U, {
a — x — y. Aiiem maxenmym dynroun f(x, y) = xy(a — x — y).

ITo emprcny 3afgaum GyHrmus f(x, y) paccmaTpuBaeTca
BHYTPM 3aMKHYTOrQ Tpeyroneuura x 2 0, y 2 0, x +ty < a
(puc. 71).

Pemaa cucreMmy

folx. nt=yla-2x-y) =
fx.P=ala—x-2y) =

NOJYYHM AJi BHYTPEHHOCTH TPEYTOJbHHKS eIMHCTBEHHYIO CTAIIHOHAPHEYIO TOUKY

a a
(3 3) Ana Hee npoBepaeM BHIEIONHEHNE OOCTATOYHAIX yeiaoBuii, Hmeem

faxl, 9) =2y, [olx, ) =a~2x-2y, [, (x,y)=-
CneaoBaTebHO,
A= ffaa]__z, B=~(E E)=_1 =~[E E]=_E
f (3 3 3¢ T2\ 3 3% = Twlz 3 3¢
H

A=A-C-B*>0, A <0,

a. a
Hrak, B Touxe (5; §j PYHKIHA JocTHraeT Maxcumyma. Tak KaK Ba KOHTYpe Tpe-

¥yroasHUKA dHyHKOHEA f(x, ¥) = 0, To 3TOT MaKCUMYM ByfeT HaHOOBIINM SHAYCHHEM

byERUEY, T. 6. npou3BefieHNe OyZeT HAHOONBIIMM, eCM X = y =4 — ¥ — y = g,
3

npuyeM Haunbonboiee 3HAYEHME NPOM3BEACHHS DABHO a .

[ipumeusanue. 3agauy MoMHO ObLIO PEIIATE METORAMH VCIOBHOTO BKC-
TPEMYMa, OTBICKHBAH MaKCHMYM MYHKIUHH # = XyZ OPH YCAOBRUK X + y + 2 = a.

2034. 13 Bcex mpAMOYroNbHBIX HADANJIEJENHNEA0B, KMEHIHX KAH-
HelH 06BeM V, HaliTH TOT, MOJHAA NOBEPXHOCTH KOTOPOre HAMMEHDBINAS.

2035. ITpu kaKkuX pasMepax OTPHITAA NIPAMOYrolLHAS BAHHA AAHHOM
BMeCTUMOCTH V HMeeT HAMMeHBIIYK HOBEePXHOCTE?

2036. U3 Bcex TPEYroNbHUKOB JAHHOTO IePUMETDA. 2p HaliT™! ToT, KO-
TOPBIA UMeeT HAMOONBINYIO HJIOIAKE.

8 Janaam 1 YOPAHEEEH A
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2037. HajiTu npsaAMOYroOJbHBLIL lIapadieaenuie) ¢ FaHHOU NA0TAIbI0
IOBEPXHOCTH S, MMEIONHA HauDoNbIIHH 00beM.

2038. ITpeacTaBHTL DONOAKUTENLHOE YHCNO @ B BUAE IPDOH3BEACHUA
YeThIPeX MOJXOMKUTESLHBIX COMHOMHTENEH Tak, 4ToOHl MX cymMMa Obliaa
BHauMeHBIIIeH.

2039. Ha nnockoctu XOY maliru toury M(x, y), cyMMa KBafpaToB
paccTOAHEH KoTopoh oT Tpex mpampix x =0, y =0, x —y + 1 = 0 6rina
OBl HAUMeHBbIIeH.

2040. HaiiTu TpeyroJibHHK JaHHOIO IIEPAMETPA 20, KOTOPBIIL NpH Bpa-
IIEHWH OKOJO OJHOM 13 CBOMX cTopoR o0pagyeT Teno HauGoabiero 00h-
EMA.

2041. Ha nioocKoCTH ZAHEL TPH MaTepHanbHble Touru P, (x,, 4,)s

Pz(xg, 92)- Pg(xa, 9'3) MACCAMM ML, My, My, IIpu KAKOM NOJOXKeHUH TOUKH
P(x, y) xBajipaTHYHLII MOMEHT (MOMEHT MHEPIYN) HAHHOU CHCTEMBL TO-

4eK OTHOCHTENBEO TOURHM P (T, e. cymma m |P, P °+ m,|P,P * + m, PP %

ByaeT HAXMEHbLIIUM T

2042, Yepez touky M(a, b, ¢) IpoBecTH IJIOCKOCTh, 00PA3YIOINYIO C©
NIOCKOCTHMH KOODANMHAT TETPAAP HAMMEeHbilero ofbema.

2043. B 311MncoH;]] BIKCATL IPAMOYTOABLHEIN llapalnesenunes Ha-
HOOABILETO OO'BEMA.

2044. OQupegeanTs HAPYIKHBIE Pa3dMephl OTKPBITOTO IPAMOYIOJILHOTO
SIAKA ¢ 3aJAHHON TONUMHON CTEHOK O M1 €MKOCThIO (BHYTPeHHeH) V TaK,
yrofisl HA €ro M3TOTOBAEHHMe DBIIO 3AaTPAaYeH) HAUMEHLIICE KOMUUECTBO
MaTepHAala.

2045. B Kaxoii TouKe IJIJIUIICA

yz
+ % = 1

b

T

EIH
5=

KacaTes bHAs K HeMy o0pasyer ¢ OCsMH KOODAKHAT TPEYyroJbHHK Ha-
uMeHblUel IIoHazu?
2046%. HajiTu ocn 37mMncCa

5x° + Sxy + 592 =0,

2047. B maHHBIH IAD BOMCATH OUNHHAP ¢ Hauboaslled MONHON IIO-
BePXHOCTLIO.
2048. Pycna AByx pex (B npefenax HeXoTopoit ofmacTH) npubamxeH-

HO NPEJACTABIAAKT napadony iy = x*u npamyw x — y — 2 =0, Tpebyerca
COEAMHMTDL KaHHBIE PEXH NIPAMOJMHEHHEIM KAHAJIOM HAKMEHbILEH JITK-
ubl. Yepes KaKkue TOUKH €r0 HPOBECTH?

2049. Haiitu kpaTdaiinree paceroanne ot Touxkn M(1; 2; 3) 1o npamoit

x _ Y _

- Y -z
1 -3 2’

§ 15. Ocofble TOYKH DAOCKHX KPUBBIX 227

2050%. Touky A u B pacnojoeHb! B Pa3JIH4-
HBIX OIITHYECKHX CpefaX, oTJAeJeHHBIX OiHA OT
apyroii mpamoi (puc. 72). CKOpOCTh PacipocT-
paHeHHs CBETA B IIEPBOM cpejie paBHA Uy, BO BTO-

T

X

poil — v,. Ilonbayace npuuuunom Pepma, co-

raCHO KOTOPOMY CBETOBOH Jy4 PacIpoOCTpaHH-
eTcA 1o JUHMM AMB, nnsa npoxoxieHHI BAOJD
®OTOPOMH TpebyercAd MUHMUMYM BPDEMEHH, BRIBECTH
SAKOH TIPEeJOMJAeBUA CBETOBOrOC JY4a.

2051. Hoanaysack npuHIUIOM PepMa, BEIBECTH
3aKOH OTPAMKEHUA CBETOBOIO J1y4Ya OT NJIOCKOCTH B
oaHOponHoi cpeae (puc. 73).

2052%, EcJiu B 2JeKTPHUYSCKON e, MMeruiel
corporuBieHue R, Teder Tok I, TO TemjuoBas

2
moinHOCcTE B Hemwm pasua [I°R. OupenenuTb, KaK
craeayer paspeTBUTH ToK [ ma Tokm I, I,, I, npu

MOMOIIM TpexX NPOBOJAOB, CONPOTHBIEGHMA KoTopkix R,, R,, R,, 4ro0n
TETNIOBAA MOITHOCTE Obizia OpI MHHHMANBHOH.

§ 15. Ocofsnie TOYKHM IIOCKHX KPHELIX

1°.Onpenenedne ocoBo#d TOYKH. TquaM{xﬂ, yﬂ} OJOCKOH KPH-

BOI f(x, y) = 0 Ha3wIBaeTcA 0co00i MOYKOIL, €CIH ee KOOPDAHHATEI OJHOBPEMEHHO
YIOBIETEOPHIOT TPEM YVDABHEHHAM!:

g ¥g) = 0, o {xgr Uo)

2°. OcHoBHBEe TUNE 0CoB b X ToueK. Ilyers B ocoboit Toure M(x,, ¥,)
IPOM3BOAHBIE 2-TC MOPAHKA

f;, (-ru.s yg] =0,

A= f;; {x(}! yg}q
B =1 (xg Yo
C =17 (xg )
He Bce paBHHL Hymo U A = A-C — BE, TOTA&:
a)ecnu A > 0, ro M — uzonupoaannaa moyixae (puc. 14);
6)ecan A < 0, To M — y3ex (deoinas mouxa) (puc. 15);

B) ecan A = 0, To M — mnm moska 6038pama 1-ro popa (pue. 76}, uu 2-ro poga
(pie. 77), MU U30AUPOSAHHAR MOYKA, BIK MOLKG camonpuxocrosenus (puc. 78).

y
M M M .
y NS

Puc. 73.

Puc, 74, Puc. 76.

Puc. 77.

Pnc. 8.
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[Ipu perueHu# 3apad 3TOr0 pasAena IpeaneaaraercA 00A3aTeNBHBIM IOCTDO-

eHHe KDHBDBIX.

2 2 3
Il puMep. Hoxasare, 910 KpEBas § = ax + X HMeer: y3en, eciu a > Q; &

H30IMPOBAHHYIO TOYKY, ecan a < 0; Touky posgpara l-ro poaa, ecnu g = 0.

2 3 2 " g
Peumenue. 3xecs fix, y) = ax” + x° — y . Haiijgem uacTHeIe NPOH3BO/JHEIS &

¥ OpHpPARHAEM HX HYJIO!
fr(x, y) = 2ax + 3x° = 0,
f,x,)=-2y=0.

31a cucTeMa nmeeT Aka pemennsa: O0; 0)u N (—%a; 0) , HO KOODAWHATEI TOY-

ki N He YAOBAETRODAIOT YDABHEHHIO AAHHOH KDHBOM. SHAUWT, HMEETCR €AMH-

crBeHHas ocofan Touka O(0; 0).
HaiifeM BTODEIe IPOM3BOJHLIE M MX 3HAUEHHA B Touke O:
fllx, y)= 2a + 6x, A = 2a,
f;;y{x, ¥y =0, B=20,
f’;y{xt y) = _21 C = _21

A=A C—-B®=—4a.

CnegoBatenbHO,
ecnm o > 0, To A < 0 1 Touka O — yaex (puc. 79);
eca @ < 0, 10 A > 0 u Touxa O — u3oNupoBaHHad TOYKA (pHc. 80}

] 2 3 I-.
ecait a = 0, To A = 0, ¥YpapHeH¥e KDPHBOMH B 5TOM chaydae Gyjer ¥ = x HiIn §

k| - e
y=T4x", rpe x > 0; KpUBAA CHMMETPHYHA OTHOCUTENBHO OCH OX, apnqaomeinca ¥
xacaTenxpEoi. Chegorarennuo, Touka M — Touka BozBpara 1-ro poga (puc. 81). ¥

Yi Yi
el a<(
Pl — —
X 0 X
Puc. 79. Puc. 80, Puc. 81.
BricHUTL XapaxTep ocoObIX TOUEK KPHUBBIX. ?
2 £
2053. y° = —-x° + x". 2055. a'y® = a’x" — 2°. ;

b

2054. (y — x°)° = x". :

2056. x’y" — x° — y° = 0.

2057. x° + y3 — 3axy = 0 {(0exapmos aucm).

2058. yz(a - X} = x° (uuccouda).

§ 16. OruGarnias . 229

et

2059. (:\:2 + yz)2 = az(xz ~ yz) (remurucramal.

2060. (a + :t:}_z,f2 = (a - x}x2 {empogpouda).

2061. (x° + ') x — a)° = b°x° (a > 0, b > 0) (xonxouda). PaccuoTpers
rpu caydas: 1ya > b, 2)a =5, 3)a < b.

2062. BoIACHUTL M3MEHeHHe Xapaxrtepa 0cofoll TOUKM KpPHUBOH

yz = (x ~ a)(x — b){x — ¢) B 3aBMCUMOCTH OT 3HaueHun# a, b, x (a < b= ¢
BelIeCTBEHHLI).

§ 16, Orudarwinas

1> Onpegenenuc orubawomoed. Ozubawnuweil ceMeiicmsa nAOCKUX
KpiL6blX Ha3bIBAETCH KPUBAA (MIH COBOKYIRHOCTh HECKOMIBKHX KPHBRIX), KOTODAA
acaeTCA BCeX JAMHMIl ZAaHHOTO ceMCHCTBA, IPDHYEM B KamIOd CBOEH TOYKe Ka-
caeTcs KAKOH-nuByAh JMHHH pacCMATPHBACMOPO CEMeHCTBA.

2°. VparpHeHHe orudawnge. Ecau aasucdnlee oT OJHOTOC NepeMeH-
HOrQ IAPAMETPA O CeMEeHCTBO KPHBBIX

flx, y, x) =0

pMeeT orubaAuIyIio, To TapaMeTpUyecKue ypaBHeHIA NOCHeAHeH OnpeaeIAITCA
13 CHCTeMBI YPABHEHHH '

flx, y, 0) =0,
7 (%, y, @)= 0. (1)
Herniouaa us cucteMel (1) napameTp o, DOJYYHEM YPABHEHHE BHIA
DXx, y)y=0. (2}

CJeAyeT 0TMETHTh, YTO GOPMANLHO ToNyYaeMas Kpusad (2) (Tak HasplBaeMad
OuCKPUMUHARMHAA KPUGLL) HApALY ¢ orHOAOIeH, €CIN TAKOBAA IMeeT A, MO-
MeT CONEPIKATh MeOMEeTHMYecKoe MeCTO0 0coDBIX TOUeK NAHHOTG CeMeicyRa, He
BXO/(MLUEe B COCTAR OMKDAICHIEN 3TOrO CEMEeUCTRBA.

IIpu permeHMM 3a4av 3TOrO naparpadha PeKOMeHAYeTCA JeNaTh HepTeHH,

Il pumep. HailTe orubawinyio cemMedcTsa NPAMBIX

xcoso +ysina —p=0 (p=const, p> 0).

Pemrenue. JlaHHOE ceMeiicTBO NPAMBIX 3ABHCHT OT Napamerpa (. Cocra-
BUM cHCTeMy ypaBHeHHH (1)

xcosca+ysina—p=0,
—xsinca+ ycosa=10.

1
|
1
%

Penmus cucreMy OTHOCHTENBHO X H Y, ITIOAYYUM IapaMeTPHYECKHE YPABHECHUA
orubargeit:
X =pcos, ¥ =psind.

Bozroas 0b6a ypaBRHeHHMS B KBafpaT U CKJIaALIBasA, HCKIKYHM IIapaMeTp o

2
x2+y =p2.
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¥i Takum obpasom, orubawineil ZaHHOrC ceMEHCTBA

{puc. 82).
Ol p N X 3
2063. HaliTn orufamiiyic ceMelicTBa OKPyXK- ‘&
HOCTeH _
2
Prc. 82, (x — a)z + yz -2

2
2064. HaiiTn orubanoniyn ceMelcTRa TIPIMBIX

= kx + £
Y 2%

(k -—— mapameTp, p = const).

2065. Hafitu orubaioinyio ceMeilcTBa OKPYKHOCTEH 0JJHHAKOBOTO pa-
auyca B, HIeHTPEI KOTOPBIX HAXOAATCA Ha ocH OX,

2066, Haitu Kpueyio, KoTOpyI0 oriubaeT oTpe3oK AJUHEL {, KOrZa ero
KOHIB! CKOJIBEIAT IO OCSM KOOPIAHAT.

2067. HaiitTu oruGaiiyi ceMeiicTBA NPAMEKIX, 00PA3YIOLINX C OCAMU
KOOpPAMHAT TPEeYIrOJLHHMK IOCTOAHHOH NJIomagn S,

2068. Hajitu ornbaiolyio sIIHIICOB MOCTOSHHOH ILomans S, ocH
CMMMETPHH KOTODPBIX COBIIANAIOT.

2069, Hceoeopate xapaxrtep <«AUCKPUMHHAHTHBIX KPHBEIX® Ce-
MEeHCTE caenyomux Ui (C — napaMetp):

a) kybuuyeckux napabon y = (x — C)g;

0) nonyxybHyecKHux mapadoJ y2 ={x — C}S;
B} napafoa Heiins y3 = {x — C}z;

r) erpohou (a + x)(y — €)” = x*(a - x).

2070. YpapHeHHEe TPACKTOPHH ABHMEHH CHAPALA, BLINYIIECHHOIO B3
TOUKHY O ¢ BAYAJBHOH CKOPOCThIO U, [IOR YTJIOM O K FOPU3OHTY (Des yuera

CONIPOTUBIEHUA BOo3ayxa), Gyner
2
y=xtgo— ———fx —
2vgcos O

IIpyHuMasa yroa o 3a IapaMerp, HAHTH
OorubarI Yo BCeX TPAeKTODHH cHapsaxa, pac-
NOMOMEHHBIX B OAHOH U TOH )Xe¢ BEPTHKAIb-
HOH TIocKocTH (napatona GeszonacHocmu)
{puc. 83).

OPAMBIX CAYXKHT OKPYIHOCTE pafHyca p ¢ LIEHTPOM B
Hayajle Koopaundar. JlampHoe Ke CeMeHCTEO NPAMBIX #
€CTh CeMeHCTBO KACATENbHBIX K BTOH OKPYXKHOCTH i

A, e AR R0 R RTE

§ 17. Jlnuua 1yrn HDOCTPAHCTBRHROM KPHBOH 231

§ 17. JIsuHa Ayry NpoCTPAHCTREHHOM KPHBOM

uddeperiyuan 0yzu NPoCTpaHCTBEHHOK KPHBOH B NPAMOYIO/BHBIX JeKaD-
TOBBIX KOOPAMHATAX paseil

ds = dez +dy2+ dz*,

rae X, Y, 2 — TeKyIuie KOODANHATH TOYKH KDHBOH.
Ecnn
x = x(8), y=yt), z = z(f}

— mapaMeTpHuYeCcKHe YPABHEHHA IPOCTPAHCTECHIION KPHBOH, TG AIHHa AYTH yYa-
eTRa e OoT § = tl Ao t = {, paBHA '
Tt

AT dy)z dz]z
s ”[a) (G HE)
i
B zagauax NeNe 2071 —2076 mafiTé ANUEY Iyrd KPUROMH:

3
2071.x=t,y=t2,z=f% ort=0nm0t=2.

3
n

2072. x=2cosf,y=2sint,z2= ~torit=0xn0t=Tm,

2073. x = ecos t, y = e'sin t, z= e or t = (0 10 IIPOUBBOALHOTO ¢.

2 3
2074, y = %,z= %- orx =0p0x=06.
2075. x° = 3y, 2xy = 9z ot Toukn O(0; 0; 0} no Tourn M(3; 3; 2).
2076.y = a arcsin ¥, z = ¢ In 22X or Touxu O(0; 0; 0) no TouKA
il

ad—-X

M{xg, Yo 24)-
2077. Nonoxxkerue ToukH Ang noboro MmoMmenTa ¢ (¢ > 0) onpeaensdaercsa
VypaBHEHUAMH

x=2t, y=1Int, 2=t

HaiiTi cpeHon CKOPOCTh ABMMKEHHA MexR Ty MomeHTamu &, = 1 u i, = 10.

§ 18. BekTop-GpyHEIHY CKANAPHOFO apryMenTa

1°. IpoussonHas BeXTOP-QVHKIUH CKANAPHOIrO ApryMeHTA.
Bexmop-@ynrxyus a = a(l) mosxer ObITL ONpefileNeHa NYTEM 3AJaAHHA TPeX CKa-
nApHLIX dyEROUH a (f), ay(t} u a,t)— ee NpOSKUMHA HA KOOPAMHATHEIE QCH:

a=ga/(th+ ay{t}j +a (t)k.
IIpousBogHas BeXTOP-MYHKOHH a = a(f) Ho CKaNAPHOMY apTyMEnTy ! ecTh

HOBaA BeKTOP-(WVHKLHA, ONDejendeMan PABEHCTBOM

da _ ;. a(t+a)-a(e) _ des(t), da,(t). . daz{t}k.
dt ,L.I:]Tu At at ar? dt
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Mogynb NpoM3BOAHOH BEKTOD-(OVHKIIHHM PaBeH

-G G &

Konen nepeMeHHEOr0 painyca-BeKTopa r = r{!) ONUCEIBAET B OPOCTPAHCTEE KPHEYIO

da
di

r = x(1)i + y(£)j + 2(t)k,
HA3BLIBACMYIO 2odozpadioM BEeKTODA L.
ITpouzgoayanA % npeacTaeaAeT coboil BEKTOP, KACATENBHEIH K roaorpady B

COOTRETCTRYIONIEH TOUKE, NMPUUeM

drl _ ds
e
dt|] d¢f
rie § — KNHHS AVTH rogorpada, OTCYMTHIBAEMAA OT HEKOTOPOH HAYANBHOH TOu-
k#. B wactHoCTH, gf = 1.
3

ar
Ecnm napamerp ¢ ecTh BpeMA, TO T: = v — BeKMop CKOpocmuU KOHLA BeK-

TOpa I, a d_&_r = dv _ () — BEKMOP YCKOPEHUA KOHIA BEXTODA I
dfz df
2°0OcHOBHEe npaBunaa ARPdepeHIMNPDOBAHHUSA BEKTOD-
q}}FHK]J,HH (:P-:a.nﬂpﬂurﬂ aAapryMeHTA.

db _ de,
2) _c_i_ {(ma} = md—a TAEe M — NOCTOAHHBIH CKALAP;
dt dt’ ’
3) — {tpa} = dt Pa+ -:p% , TAe @o(f) — cxansapHad (BYHHIUA OT ¢,
da db
1) = = +a
]I {ab) b dt
d da db
_ = + ———
5) (axb) dtxh axdt,
da  do,
6 g; 2 lot) = 2 - 52
da -
T} A = 0, ecnu la| = const.

IIpumep 1. Paguye-BeKTOD ABHKYIIEHCA TOUKE B M0G0 MOMEHT BRpeMe- ¥

HHY 3871aH VPABHEHUEM

= 1--__-'~:twﬁﬂ%m?ﬂ;-.1:5" ." .._-__._.- ""'I:.':r-',- -.-:'

By}
1
5l
=
™

r=i- 4t + 3t°k. I

D]’IPE,ILEJIHTI: TDAaeKTCDHH) NBHAHEeHHA, CKOPDOCTE H YCKOPeHHe JBHEKEHUH.

§ 18. BexTop-{yHKIIMH ¢cKANAPHOTC APTYMEHTA 233

Pemenue. Ha ypapueHnsa (1) umeem:

x=1, y= —4t2, z = at”.

Hcxnwoyan BpeMa 1, HAXOXHUM, 4YTO TPASKTOPHSA ABMIKEHUA eCTh NPSMAd

x~-1 _ gy

N
0 -4 3
Uz ypasaenns (1), AndwpepeHUMDYH, HAXOAHM CKODOCTE ABHKEHH
dr

dr _ _gii + 6tk
d: ]
H YGKUPEHHE ABHEHEHHA
2
d'r )
dr _ _gj+ 6k
dz ]

CKOpOCTS: pasHa

= Ji-8) 1 (61)% = 10f1|.

OTMeTHM, YTO YCKOpEeHMe OOCTOAHHO H PABHO

d’r| _ J-8)¥ +6° = 10.

de’

2078. IlokasaTk, YT0 BEKTOPHOE YpaBHeHMe r — r, = (r, — Iy)t, rae r;

H l."2 — DMHYEH-BEHTODH ABYX NaHHBIX TOYEK, EBJARETCH YDEBHEHHEM
OpAMOMH.
2079. OnpeaenuTs, Kaxue JUHKHM ABIAITCA TORorpadaMu CIexyio-
X BEKTOP-QYHKEHIM:
a)r = at + ¢;

6)r — at” + bt;
B)r =acost+ bsinf;
rfr=acht+ bsht,

’ae a, b ¥ ¢ — IOCTOAHHBIE BEKTOPEHI, 1IPAYEM BEKTOPEL 4 H b nepneH-
AHUKYJIAPHBL ADYT APYTY. .
2080. Halitn nponsBoHye BeKTop-byHKuMIo 0T GyHKnuy a(t) = a(f)a (1),

rge g(t) — cxkanApHasa PyHKLMA, a au(t) — eAWHHMYHEIM BEKTODP, B CIY-
Yagx, KOIAA BeKTop a(?) msmeHserca: 1) TOMBKO IO AJNHHE, 2) TOIABKO IO
HallpapjJeHHI0, 3) 10 AKMHE X 110 HAIpaBreHHIo (00mui cryyan). Brrsc-
HUTEL TeOMETPHYECKHHA CMBICH IMOJYUYEHHBEIX DE3YVILTATOB,

2081. [Ionsayace npasunaamu pudpepeHINpPOBAHUA BEKTOP-QYHE-
UMY no CKaJAPHOMY apryMeHTY, BRHIBECTH (POPMYyJIy ZJd audepedm-
DOBAaHUS CMEINAHHOTO HPOMSBELEeHNA TpeX BeKTop-byHKuMI a, b ¥ c.
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— k

2082. Haiity Npou3BoJHYIO NO NapaMeTpy t ofbema napajnenenane- &
14, ODOCTPOEHHOTO HA TPEX BeKTOPAX:

a=1i+¢+ £k
. 3

b=24H—)+ t'k;

c= 11+ tBj + k. b §

2083. YpaBHeHUe ABHMEHUSA

r=3icost + 4)sint,
rge t — Bpemsa. OLpegenuTh TDACKTOPHIO ABMKEHUA, CKOPOCTE M VCKO- 3§
peHMe ABMKeHNHA. [IocTpOUThL TPAeKTODHIO ABMMKEHUS M BEKTODH CKO- 3B

POCTH U YCKOpeHHdA AJA MOMedToB t =0, § = E Hi= g

2084. YpagHenHe JBHKEHHA
r=2icos i+ 2jsin ¢t + 3kt.

Oupeneanth TPAEKTOPHIO ABMIKEHK A, CKOPOCTh M YCKOPEHHe NBHKEeHH S, x
YeMy paBHBI CKOPOCTh M YCKODEHHE JBUMKEHUSA M KAKOBBI HX HAIIpaBlie- 4§

HUA 0048 Mmomentos t =0 u f =

2085. YpasHenue ABHKeHHA
r = ICDS{ICDSﬂ}fT]SIDEIC{}S[ﬂt+1{SIHﬂ]t
e ¢ M () — AoCTognHEle, t — BpeMsa. OnpedenuTh TPaeKTOPHUIO [IBHKE- '{.-.;
HUA, CKOPOCTh M VCKOPeHMe ABMIMEHHA U UX HanpaBIeHUA.
2086. YparHeuHe npuxKeHEA cHapAaaa (6e3 ydeTa COILDOTHRICHUA BO3-
Ayxa) 4

gt”
r = “rﬂ_t - -é-nk,

X

re Vivy,s Vg, Ug,t —

HAYaNbHAA CKOPOCTL, HaliTH CKOpPOCThL M yCKODe- &
HHE CH&[JH,H& B nmﬁﬂn MOMEHT BEpeMeHH.

2 R
X 45
2087. loxasaTp, YTO €CNIH TOYKA ABMMKETCA Mo napaboie y = - 2

= () TaruM 00paA30M, YTO IpOEKIIHA CKOpOCTH Ha ock OX ocTaeTcH 10- 3

CTOSAHHOUI (ﬁ? = mnst) TO U YCKOpPEHHE TOUKH OCTAeTCA NOCTOAHHBIM. %!

2088. Touka, HAXOAAUIAACA HA HAPE3KE BHHTA, SABMHYMBAEMOTO B
Dasiky, OIIUCLIBAET BMHTOBYIO JTHHUIO '

x=acosB, y=asind, z =510,

rAe 0 — yroJ noBopoTa BUHTa, ¢ — PAJHYC BHHTA, & # — BLICOTAa IOAHEEMA S|
IIp¥ IOBOPOTE Ha OEHMH paguad. OIpeaeanTh CKOPOCTh ABKMKEHUA TOUKE. I
2089. HaiiTli CKOPOCTE TOUKH HA OKPYHHOCTH KOJIeca paauyca a, Bpa-y
NIAICLIEer0cHA ¢ TOCTOAHHON YIVIOBOH CKOPOCTRE) (0 TAK, YTO eT0 IeHTD HPH 3
3TOM JABHKETCH MPAMOJIHMHENHO ¢ ODOCTOAHHOW CKOPOCTBIC U,. '

s
R

".-

§ 19. EcrecTBeHHBIH TPEXIPAHHHK MPOCTPAHCTREHHON KPHBOL 2356

§ 19. EcTecTBeHHBII TpeXIPAHHHK NMPOCTPAHCTBEHHOH KPUHBOIML

Bo Bcakoi geocobenrol Touke M{x, y, 2) upocrpaHCTReHHOH KDUBOH r = r{{)
MOCHO MIOCTPONTD CMeCMBeRNBIIL mpexzpaHuK { mpusdp ), CocTORNINM 13 Thex
BAAHMHO NePOeHIHKYISPHBIX IJIOCKOCTEH
(puc. 84}): o M,

1} conpuxacawweliica NDNOCKOCTH B

d d CODAMITHEMIAH
r I' MI0CKOCTE
MM M ,, conepxaieit BEKTOPs! — ¥ —3
dt d c
t M,
2) Hapmanbuoi nnockoctu MM M.,

HODMANLHAA
ILIUCKOCT &

4 dl‘ O
HEPIIEHI[HHF.TIHPHDH BEHTOP}? a—f—; d

3} cnpamanowei nwnockoctn MM M.,

UepIeHJAHKYIADHONR ABYM HEepPBBIM IILIOC-
KOCTAM.

B nepeceuyeruH noxyuaroTca TP Npamelie; 1} kacamenvnar MM ; 2) zaaenaa
noprars MM ,; 3) bunopraae MM, onpenensemble COOTRETCTEEEHD BeKTOPAME:

DT = % (eermop racamenvroil);
2)B = dr d r (Bexmop SurnopManu);
df dfz

3YN = B x T (gexmop 2aasr6i HOpMAlU).
CoOTBETCTEYIOUIHE eJUHHUHBIE BEB:TGpLI

|'E| IEI IN|
I'-'IUI'}'T ﬁLITL BEIUHC/AEHET I1I0 IZIJDI]M}'JIH.M
d_-r
dr ds
= i Y= " = 1T X V.
ds @ P
ds

Ecou X, Y, Z — rexyiuue XOOPAHHATE! TOUKH KaACATeNLHOH, TO YPaBHEHHA
RacaTenbuoil B Touke M{x, i, 2} uMe0T BUA
X-x _Y-y_Z2-z2
T T T

, (1)

x ¥ 2
Lne 7' = % . Ty = fl_g » I, = ?ii ; U3 VCJIOBHA MepIeHANKYJIAPHOCTH NpAa-
MO} ¥ OJ0CKOCTH IOJVYAEM YPABHEHHE HOPMANBHOMH MJICCKOCTH

TAX -~ x)+ T(Y —p) + T(X - 2)=0. (2)

damensa B ypaBHennax (1) n (2) T, Ty, T ua B, By, B uhN, Ny, N, mo-

T¥yum ypasHeHuUH GUHOPMANH M JIABHOM HOPMAJAH #, COOTBETCTBEHHO, COITPH-
Kacawineiica OJICCKOCTH ¥ COPAMAAMLEH NIOCKOCTH.
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IIpumep 1. HaitTu ocHOBHBIE eJHHUYHBIE BeKTOPEL T, V U  KpuBOH

BTogke t = 1.

Hamnucare YDABHEHUHA KEI.G&TEJIBHOH rIIaBHOR HOPpMAMH K ﬁHHDpMﬂJIH E BTCIH

TOYKE,
Pemesnaue HMmeem:

r=ti+t§+tk

%}
dr _ ., . 2
= =1+ 2tj + 3t'k,
a
2
d—2—2]+6tk
d¢
Otcioga npu ¢ = 1 moayuyum
dr .
T=>"1r =1+2j+ 3k
@ A
2 ijk
B=Exd—¥= 123\—6! 6j + 2k
dt dtd
026‘
i j k
N=BxT=|g_g 3| =—22i - 16j + 18k,
1 2 3

ClneoRaTeIBLHO,
=i+2j+3k B=3i_3j+k v=—11i—8j+9k
J14 J19 266

Tak gag npr t = lumeemx =1, y=1,2=1, ro

x-1 _y—-1_2-1

1 2 3

— YpaBHeHHEe KacaTeJLHOi,

x—1 _y-1 _z-1

3 -3 1

— ypaBHeHHe ODUHOpMaTH,

x-1 _y-1_2z-1

-11 -8 9

— YDABHEHHE IJIABHOH HOPMAMNH.

Ecny npocTpaHCTBEHHAR KDHMBAA 3aJaHa Kax nepecedeHye NBYX nusepxﬂoc'r‘&‘ﬁ

Flx,y,2)=0, G{x, 4, 2} =0,

o
i

§ 19. Ecrecrrenuslii TpeXrpaHHHMK IPOCTPAHCTEEHHOR KPHEBOR 237

2
p0 BMECTO BeKTODOB d_lt‘ H ar MoxHo Gparh Bextopsl dridx, dy, dz} u
dt

2 2 2

dzr{d x,d y, d"z}, oppnyeM oaAHY M3 NEPEMEHHBIX X, Y, 2 MOMHO CYMTATH He3a-
RHCHMON H HONATATE ee BTOPOH auddepeHnHan PABHBIM HYIH.

IIpumep 2. Hanucarsh ypaRHeHUe CONPHKACAIOILENCA TIHIOCKOCTH OKDYIK-
HOCTH

2 2 2
Xty +2=6,x+tyt+tz=20 (3)

B TouKe ee M(1; 1; —2).

Pemenue. Juddeperuupya cucremMy (3), cuxTad X HeIaBUCHMOH fiepe-
MPHHOM, DyiemM MMeTh:

xdx + ydy + zdz = 0,
dx +dy +dz=10

4
dx” + t:'ly2 + ydzy + dz° + 2d°z = 0,
dzy + d%z = 0.
Homaraa x = 1, y =1, 2 = -2, noayuum:
dy = —dx; dz =0

dzy = —% dx®; d%z = % dx’.

ChefoBaTenblio, CONPHKACAOIIAACA NINOCKOCTE ONPEREAAETCA BEKTOPaAMNK

idx, —dx, O} u { 0, —2dx% gdxz}
739 3

HNA

{1, -1, 0} u {0, -1, 1}.

Urciofa HOpMaRbHEI BEeKTOD CONPHKACAIOINENCA TIOCKOCTH eCTh

ij k
B=)1_10]=-i-i-k
0-11

H, CACAOBATEJBHG, £€ YPABHELHE
“Hx-D-(w-1)y-€(z+2)=0
x+y+z=0,

YTO g [OMHO ORITE, TAX KAK Haula KPHBAA PACHOJIOACHA B 9TOM 1IJIOCKOCTH.

2090. HajiTy 0CHOBHBIE eMUHHYHLIE BEKTODPHI T, V, B Kpuroi

=1-cost, y=sint, z=1

B Toyge t = g
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9091. HaliTH e {MHHUHBIE BEKTOPS KacaTeIbHOH M MIaBHOH HOPMATH '
KOHUMYECKHH ClHpalHn

r=et(icost+jsint+k}

B IIPOM3BOLHON Touke, QUpeJesNTh YIAsl, COCTABIAEMbIE STUMI HpA-

MBIMH ¢ oceio OZ.
2092. HafiTH OCHOBHEIE €UHHYHBIE BEKTOPH! T, Vv, B KpuBO
2
y=x", z=2x
B TOUKe X = 2.
2093. [lia sUHTOBOH JIHHUU

x=acost, y=asint, z =20t

HANMCATE VPABHEHMA NPHEMEIX, COCTABIAINUX pedpa eCTeCTBEHHOrO
TPEXTPAHHKKA B MPOUIBONLHOMN TouKe uanu. JUpeaeauTh HAllpaB/1aio-
e KOCHHYChl KACATEJLHOH ¥ IJIaBHOM HOPMANH.

2094. HanucaTs ypaBHeHHS IJIocKocTed, oOpasyloInnux ecTeCTEReH-
HBIH TPeXTPAHHKK KDPHUBOH

x2+y2+22=6, xz—y2+zz=4
g Touke ee M(1; 1; 2).

2095, CocTaEHThH VPABHEHMA KACATEeNbHOH, HOPMANBHOH 1JIOCKOCTH
U CONMPMKACAIMENCA TLIOCKOCTH KPUBOM

x=1%t, y= tz, z = t° B TOUKE M(2; 4; 8).

2096. CocTapUTsE YPaBHEHUS KAacarexbHOl, HOPMAIBLHOH ILIOCKOCTH
M CONPHKACAIIEHCH] MIOCKOCTH KPUBOU
3 3 2
2 i t
x = ' y i 4 z = _ .
4 3 2
HaiiTH TOYKM, B KOTODBIX KacaTeinbHAd K 2T0H Kpupoil fynper napai-

genbHAa mnockocTH x + 3y + 2z — 10 =0,

2097. CoCTAaBNTEH YPABHEHUA KACATENBHOM, CONPUAKACAIOILEHCA III0C- ¥

KOCTY, TJIABHOH HOpMAaJM M OHHOPMATH KPHBOIR

B Touke ¢ = 2. BHIYMCINTD HATPABISIOLAe KOCHHYCH GrHOPMany B 8ToH B

"

TOUKE.

K CIeIYIOUINM KPHBLIM:

H

a)x=Rcosgt, y=Rsintcost, z=Rsint nput =

H=l 3

6}z=x2+y2,x=yBTmﬂ{e (1; 1; 2).
B}xz+y2+22=25,x+z=55*r0111ce(2;2J§;3}.

s o BN T o e R R R S R, AT RS N Gt R

o

2098, Hanucark YpaBHEHHA KACATENBHOU i HOPMAaJbHOH IOCKOCTH 1§

§ 20. KpuBu3Ha ¥ EpvYe¢HHe IPOCTPARCTBEHHONH KPHBOA 239

. - " 2 2
2099. Haiiry ypaBHeHHe HOPMILHOM [JIOCKOCTH K KDHBOH 2 =X — ¥,

iy = X B HAuaJI¢ KOOPZHHAT.
2100. HaiiTu vpapHeHHe CONMPHMKACAIOIENCS NIOCKOCTH K KPHBOIM
x=ei,y=e_t,z=tﬁ B Touke t = 0.
2101, HailTy ypaBHeHUS CONPHKACANOIIEHCA IMIOCKOCTH K KPMBERIM:
a).ar:2 + yz + 2% = 9, xF - y2 = 3 B roure (2; 1; 2}
0) xz = 4y, x° = 24z B TouKe {6; 9; 9);
B} L= ag, y2 + 2% = ° B moBoit TouKe KPUBOH (X, Yy 2p)-

2102. CocTaBHTh YPABHEHMA CONPUKACAIONIeHicA I0CKOCTH, IIaBHOH
HOpMAaJH U OMHOPMAJH K KPUBOH

y2 = 1, x° = z B TOUKE (1; 1; 1).

2103. CocTaBUTh YpaBHEHUA COMPHKACAIOIEHCHA MIAOCKOCTH, IJIaB-
HOl HOpMAJM ¥ GUHOPMATIK K KOHHYECKOH BUHTOBOH JUHUHE X = { COS i,
y =tsin ¢, z= bt B Havane KoopauHaT. HaliTy eAMHHYIEDBIE BEKTOPHI Ka-
caTenbHOHM, rNaBHONH HOpMAJAW U DHMHOpMAAW B Hadane KOODEUHAT.

§ 20. KpuBRH3HA H Kpy4yeHHe MPOCTPAHCTBEHHOH KPUBOH

1°. Kpususua. Hog kpugusHoill KpUBOH B Touke M nOHNMaeTCA THCIO

THAE @) — YTOJ IOBOPOTA KACATENLHOM (20 CMENCHOCMU) Ha YYACTKE KPHBOA M N,
AS — JUTHMHA AVTH 3TOTO yUacTKa KpHpeoi. R maswisaeTca paduycom KPUGUIHYL,
Fenu kpuBad 3afana ypaBHeHueM r = r(s}, rae s — AJWHA AYTH, TC

1 _ d’r
ds”
Mg cnyuag ofuiero napaMeTPpH4ECKOorD 334aHNd KPUBOK MMeem
dr, s
1 _ |9t df® {
- TR (1)
dt

2°.Kpysuenne, [on kpytenuem (6mopoii xpusuiiol) KPUBOH B TOUKe
M nouumaeTca uuncio
3

T=-= lim —,
0 as— 0 As
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—

3. Gopmyas Ppene
dt _ v dv=_t+[3 df _ _v

ds R’ ds R p ds p’
2104. MoxazaTs, YTO €CJIH KPHBH3Ha& BO BCeX TOYKAX JHHHWN paBHA
ayJ10, TO JHHUA — NPEMAad.
2105. J{okazaTs, 4TO ecIM KDy4Y€HHE BO BCEX TOUYKAX KPHUBOI PABHO
HyN|0, TO KpHBad — IJIOCKadH.

2106, ITokasarTk, UTO KPUBAA
143t 4 26, y=2-2t+5t5, z=1-1¢

__ OaoCKas; HAHTH IIOCKOCTH, B KOTOPOH OHAa JIEXKHT.
2107. BIUKCAUTE KPUBU3HY JHHKH:

rige 0 — yroa nopopora OHEODMAN (201 CHENHOCTIL 6MOp020 poda) Ha YyHACTKe

KpuBOH wMN. BeluuuHa p HagbIBARTCHA pAJUYCOM KPYULEeHUA UIN paduycor 6mo-
poll kpusuaiel, BEcnn r = r(s), To

rae 3HaKk MHHYC ﬁEpETCH B TOM CJIV4Ae, KOI'JA BEKTOLEL g—ﬂ HYHAMEXT OAHHAKOBEOE
s

HENPAaBJAeHNe, H 3HAK IJKC ~— B [IPOTHROMNOIOMHOM CiAydae.
Ecau r = r(t), rhe { — NIPOMIBONBHLIN NApDaMeTp, TO

=

g
o
B
i:.l

=
N I. )
-

drdrdr a)x =cost,y=sint, z=chtnoput = 0;
1 dt g% g 2 2. 2 2
- (2) 6)x —y +z°=1,y" - 2x + 2= 0 pToure (1; 1; 1).
P dr a’r = 9108. BLIuMeINTh KPUBH3HY B KPYUEHHNE B JII000H TOUKE KPHEBLIX:
a: .z & t £ ¢
dt g4 : a)x =e cost,y=¢€ sint, z=¢e,;
Iprmep 1. HaitTH KpUBHSHY ¥ KPYUEHME BUHTOROH JIMHUH ’,g | 6) x =acht, y=asht, z=at (cunepforuneckda BUHMOBAA AU-
r=iacost+ jasint + kbt (a > 0). ;-‘E-* HUL).
Pemewnue. Hmeenm: 5 2109. Haiite paquychl KPUBHU3HBI M KPYUYeHUA B IPOHS3BOJILHOM TOUKE
dr ¥, (x, Yy, 2) IAHHA:
— = ~ia si j 2 3 2
T iasint + jacost + kb, . a) x = 2ay, x° = 62’z
2 o 3 a2 .2
d r = —ig cos it — ja sin 1, 3 O)x —=3py, 2xz=p.
di? 7 2110. Tlorkasars, YTO TAHMEHMANbHAA I HOPMAaJILHASR COCTABIAIOIINE
a3r ¥ .  BexkTOpa YyCKOPEHMS W BBIDAXKAKTCA (POpPMynaMu
—3 = —ia sin ¢ - ja cos £. A d g
di 2y = av s
Oreroaa ;; Y T YT R Vs
b
dr d i j k % rie v — CKOpocTh, R — paguyc KPpHBUBHBI TPDaeKTODHH, T H V -— €AH-
a4 X — = | ~asint acost b| ~ igbsint — jabcost + a‘k £ HHYHBIE BEKTOPHl KACATENBHOH ¥ I'IABHOK HOPMAaNH K KPHBOH.
dt —gcost —asint 0 % 2111. ITo BUHTOBOMH JIMEXHK T = i cos ¢ + ja sin t + btk nBuxkeTca pas-
" ,-g: HOMEDPHO TOYKA €O CKOPOCTLIO U, BHIYHUCINATE e¢ YCKOPEHHE W,
] % 2112. ¥YpasHeHue NBHUKEHUA €CTh
dr d%r d% ~asint acost b , g 2, 3
di d_E d_t_ - ~agost -agsint 0] =& b § =i+ t7) + k.
asint -acost 0 & OnpenenuTh B MoMeHTHl Bpemernu ¢t = O u ¢t = 1:
3 1) ®*pUBUBHY TPAEKTOPHH;
CnegoBaTensHo, Ha ocHoBaHHH dopmyn (1) u (2) noayuanm & ) Kp y TP PHH,
2) TaHreHOKANLHAYIO M HOPMANBHYIO COCTABAAKIINE BEKTOPA YCKOpe-
1 _ aja’+b® _  a HUS JBMIKEHUA.
B 3/2 2 .2
B @+ ph a’+b
K ‘
1_ &% b

p az{a +E}2) a2+b2!

T. €. 1A BHAHTOBCH NNEMM KPHENM3HA M KPyUYeHUEe MOCTOHHHLL.




IF'napa VII
KPATHBIE 1 KPUBOJIUMHEVBEIE UHTETPAJILI

§ 1. IpoitHoil HHTErpaN E NPAMOYrOJLHBIX KOOPIHHATAX

1°. HenmocpeigcrBenHoe BRIYHCAEHHNE ABOUHLIX MHETErpalos,

HB0URbIM Hhme2paiom OT HEeNPePuIBHOKR QPyHERIAH f{x, ¥), pacnpochaHEHHLm"
Ha OTPAHMYEHHYIO 3aMKHYTYIO 0bsmacTe § nmaockoceTi XOY, HasklBaeTca npe,c:e.u

COOTBETCTRYIOLILEH ABYMEDHOE MHTeI'DANBHOH CYMMEI

(&) maxﬂy; ~q0 ! k F
rae Ax; = x; ,, — X, Ay, =y, , | — Y, ¥ CYMM& DaCOPOCTPAHCHA Ha Te BHATCHUS |

I Uk, And KOTOPBIX TOYKE (X, Y,) npuaagaesxkar obaactu S.

2° PaccTaHOBKA NpPegeIoB HHTETPHPOBAHMWH B nﬂcnnouf

MHTer page. PazgmmuarwTr ABa OCHOBHRIX BHIA 00JACTH HHTErDHPOBAIIMA.

1) O6nacts naTerpupoBanua S (puc. 85) orpanptdena clieBa H CIOPABRA DIPA-
MBIMHM X = X, B X = X, (X, > X}, & CHH3Y M CBepXY — HeNpPepPHBELIMK KPHUBLIMH §
¥ =9,(x) (AB) m y = @,(x) (CD) [p,(x) > ¢,(x)], Karkaaa B3 KOTOPHIX OEpECeKaeTes
C BEPTHKANBIO X = X{x1 < X< X,) TONBKO B ORROM TOUKe (cM. puc. 85). B obnacre
S mepeMeHHaA X MEHAETCH OT X, A0 X,, 8 NePEMEHHAad i NPH [IOCTCAHHOM X Me-
¢,(x). Burapcaenue uarerpana (1) moxer ObITE

HAETCA OT Y, = @{x) A0 ¥, =
NPOM3BEARHC NYTEM CESACHUA K HDETDPI—IDM}? HHTerpany no qiopmyne

Pglx)
H fi, y)dxdy—]‘ dx [ fx, ) dy,
xy ¥, (x)
Paix)
Ti€ IPKU BLIMHCICHHH I flx, ) dy BeIWMUMEY X DOJArAJOT JNOCTOAIIIOH.
iprixd
¥y _‘P?(XJ

§ 1. JIgoiiHoil HHTErpan B NPAMOYIOABHEIX KOODAHEATAX 243

e

2) O6aacTh HHTEI'DMPOBAHMA S CHU3Y OrPAHMYeHa DPAMBIMYU I = i, H Y = Y,
(4, > Y4)» @ CEBA H CLIPABA — [IETIPEPbIBHEIMM KDUBRIMH x =y () (AB)u x = y,(y)
(CD) [W,(y) 2 Wy, (y)], ®xaxad 13 KOTOPHIX IePECCKABTCS C TOPUSOHTANBIO i = Y
(g, <Y < y,) TONEKO B oauolt Toure (puc. 86).

AHAJOrMYHO NPEJBIAVILIEMY HMEEM

¥o Waly)
” 7Ce, ) dx dy =j dy j i(x, y) dx,
{5 ¥ W)

Wis(ph
rae UPH BEMHCAEHHH KHTerpana -[ f(x, y) dx BeNMYHHA y CIUTAETCA IOCTOAHHOMH,

Wiyl
Ecn 0614CTh MHTETPUPOBAHKS He IPHHEANJEHUT HU K OGHOMY U3 pasobpaH-
HBIX BhILIEe BHAOB, TO €€ cTapawTcs pasdMTh HAa YACTH, KaMAad M3 KOTOPHIX OT-
HOCMTCH K OAHOMY K3 9THX ABYX BHJAOR.

IIpumep 1. BLuMCIUTE HHTErDAK
1 1

I=dej{x+y}dy.

0 x

e [l (e

PemeHHe.
2

[ (o)

0
Ilpumep 2. OupegenuTs Ipefesbl HHTETDUPOBARHA MHETErpasia

I J f(x, y) dx dy,

{5) 2y
ecyl oBIacTh METerpypoBannsa S (puc. 87) orpasvdyena runepbonoi y —x" =
M IBYMS OPAMBIME X = 2 1 X = —2 (IMeeTcH B BUAY 001acTh, CORePHALIad Hauano

KOOPJHMHAT).

Peines ue Obracts nererpuposanuit ABCD (pue. 87)
OTpAHHYEHA MPAMBIME X = —2 ¥ X = 2 K JIByMA BEeTBAMH
renepBoasl:

y=4l+x? my=—-1+x%,

T, e, NPpUHEAAIEKUT K repsomy suay. Hmeem

2 J14 a2
H flx, y) dx dy = j dx j f(x, ) dy.
() o I
BrruncauTh ¢AeVIOIIHE FOBTOPHEIE HHTEI‘pHJII:-Ii 1
2 1

2115.] dxj xtdy

2 2

4
2114.]‘ de [ 42 2116.]’ dx
(x +y)? f

2113._[ dy J' (x2 + 2y) dx,

bot b 2 O
-
%]
[E“
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ra A

3 5 3CosQ
2117, J’ dy J' (x + 2y)dx.  2119. -[dfp I r* sin® @ dr.
-3 yz_d
‘2
2 a 1 o1 —x%
2118, Id(p J’ rar. 2120._[dx I JT-x2-y2 dy.
aaing 0 0
HanucaTte ypaBHeHHA JHHAH, OTPAHHYMBAIOIIKX 001ACTH, HA KOTOPLIE X
pacnpoCcTpaHeHbl HHAKECIeAVIONIHe ZRONHBIE HHTEI DAL, Ml BRIUEDTUTD 9TH ¥
obnacTH:
2 3 2x
2121. J dy I f(x, y) dx. 2124, Idx I f(x, y) dy.
1 x
Vet 5
3. x+9 3 4'25 x®
2122. [ ay j f(x, y) dx. 2125. J'dx f(x, y) dy.
-1 X2 ﬂ
4 10—y x+2
2123. [ dy J' f(x, y) dx. 2126, J' dx [ flx, v)dy.
¢ v 1 x?
PaccTaBuTE OpeieNkl MHTErPDHPOBAHMA B TOM H ADYIOM IOPAAKEe B
ABOMHOM HHTerpane
_[ _f fx, y) dx dy
(8)
O YKasaHHbeIX obaacTei S.
2127. S — [OpAMOYrOABHUK ¢ BeplIHHAMH

O(0; 0), A(2; O), B(2; 1), C(0; 1).

2128. S — TpeyroapHuk ¢ Bepuinaamy O(0; 0},
A(1; 0), B(1; 1).

2129. S — Ttpanenusa ¢ sepwupamu O(0; 0),
A2, 0), B(1; 1), C(0; 1).

2130. 8§ —
A(l; 2), B(2; 4), C(2; 7), D(1; b).

B(—1; 1) (puc. 88).

AORB, orpandueHnniid napatonoin BOA u orpes-

" A(L; 2) (puc. 89).

MapajLIeforpaMM C BepIIMHAMM 3

2131. 5 — Kpyroroit cexTop OAB ¢ 11eATPoM B
troure ({0; 0}, vy Koroporo xonum ayru A(1; 1) u

2132. S — npamoit napafonuuecKuii cerMenT §

s wade i, | s

it LoiniF Gt R e D il R s

KoM npaMoii BA, coeanusonam Touky B(-1; 2} &

§ 1. Iroiinoll MHTErpat B OPAMOYTONBALIX KOOPAKHATAX 245

2133. S — KPYroBoe KOJbIIO, OTPAHMUYEHHOE OKPYXXHOCTAMH pajd-
yeoB r=1u R = 2, ¢ obuum ]_I,EHT[]DM O(0; 0).

2
2134. S orpaumdena runepbooi y — X~ = 1 ¥ OKPYIKHOCTBIO ©+ y =9
(MMeeTesa B BHAY 00sacTh, copepIRallas HAuanoc KOOpAMHAT),
2135. PaccTaBUTh Opeienbl HHTETPHPOBAHUA B JIBOMHOM HHTETpane

j jf(x, y) dx dy,

(5}

ec/iit 0DNACTL S ONpefendAeTcA HEPABEHCTBAMH:

Axz0yz20,x+y<1; nyzx;xz-lyy<1; !
6}x2+y2£~2a2; Dy s x<y+ 2a; IL
B)x2+y2£x 0<y<a.
TlepeMeHHTD IIOPAOK HHTEFPHPORAHUA B CIEXYIOMMX ABOHHBEIX HH-
Terpanax: g
4 12x 24 HMax ||
2136. J’ dux J’ Fx, y) dy. 2140. _[ dx I f(x, y)dy.
3x? J2ax - x? ‘
1 3x 1 1-y !
2137. Id:r: If(x, y) dy. 2141, Idy J‘ f(x, y) dx. |
- y EI
LJaf - x? 1 3 -yt |I
2138. de _[ f(x, y) dy. 2142, -[dy I f(x, y) da. '-
- pf 0 u” |
2a 2 |
i Nlax - x*? '!
2139. _[dx j fx, y) dy.
a 0
2 i
R./[Z ;
Ty x I SJHE - gD |
2143, J' J'f{x, y)dy + j dx I f(x, y) dy. _;
6 0 R.2 0

sinx

2144. _[ dx .[ flx, y) dy.

BrruneauTs cae yoinie ARoHHBIE HHTeTDAJbI:

2145, J‘ J. x dx dy, rae S — TpeyroabHuK ¢ BepmuHaMu O(0; 0), A(1; 1)

(5)
1 B(O; 1).
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Y] 21486. I J. x dx dy, rae obnacTs HHTEIrpPH-

}
% pOBAHHA S GrpaHHMYeEa NPAMOH, IIDOXOLS-
C{o: 1)} nreit vepes touxku A(2; 0), B(O; 2), ¥ gyroi
OKpY:XHOCTH ¢ nenTpoM B Touke C(0; 1), pa-

~ auyc 1 (puc. 90).
0 A(20) X 2147. ” %, rae S — wuacts
a-x%—y
Pue. 90. (5)

Kpyra paguyca & ¢ enrpoM B rouke O(0; 0),
Jexaniaa B IepBOM YeTBEPTH.

2148, -[ J. X2 ~-_g,-'E dx dy, roe S — Tpeyroapuuk ¢ Bepumaamu O(0; 0),

(\5)
A(L; -1) u B(1; 1).

2149, I I Jxy — y? dx dy, rae S — Tpeyroaesuk ¢ Bepmunamu 0(0; 0),

(S)
A(10; 1) m B(1; 1).

2150. I I ex'¥dx dy, rile § — KpUBOJIH-
(5)

B(G:1) AGE) HelHHI TpeyroasbHuK OAB, orpaprudYeHHbIH
napabosoit yz =x u upameiMa x =0, y=1
(puc. 91).
o 2151. Hx * 424y rpe S — mapabom- ¢
ol X X2 4 yt
(S}
Puc. 01, yeCcKHH CerMeHT, OTPAHKMYCHHBIH Mapabosol

x2 "
y =S M upsMoi y = x.

2152. BeUHCANTE MHTEIPATIBI ¥ BRIYEPTHTL 001IacTH, HA KOTOPLIE OHH

PacnpoCTpaHEHE].
T 1+ cosx

a)J‘dx J' y* sin x dy;

4
y dy;

N,
S

oL

Ly

g"-—-‘p—n

=

3cosy

LI Y T e R L
[ ]

2 .2
X sin”  dx.

e
—

j=
L g
0 L,

bzl A

e e R i e BRSRA i  oms  T

g o e T LR

i
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i

IIpu pemenuu Bagay NeNe 2153 —2157 pexomenzayerca lpefBapH-
TeJbHO JeJaTh YepresK.
2153. BeruucIuThs ABOMHON HHTErpan

I Ixyz dx dy,

{5)
ecl4 S ecTsb 067iaCTE, OTpAHHYEHHAA ITapabomnoil y
2154%, BoiaMCAHTE JBOWHOI WHTErpan

I J_xy dx dy,

{5)
PACIIPOCTPAHEHHEI HA DﬁHﬂCTh S orpaHHqEHHym ocsio OX n Bepxraeu

= 2px ¥ IpAMO# X = p.

DONYVOKPYMKHOCTE (X — 2) + y = 1.
2155. BoruncauTE SBOHHOE MHTErPa

=3

2{1 x
rae S — Kpyr pagyyca @, KacalmIuHcH oceH RGDDI_EHH&T U Jexalnuii B
IEPBOM KBAXPAHTE.
2156%, BpiudcAuTh JROMHON HHTerpan

Hydx_dy, |

(S5}
rae obnacTs S orpaHuueHa oCho abCUMCC B apKOH LUKJIOUALI

x = R({t —sin t),
y=R(l—cost) (OQCQZH}

2157. BeupcauTs JBOMHOM HHTETrpan

I-[xy dx dy,

(S}
B KOTOpPOM 00JacTy MHTErpPHpOBAHUA S nrpaanqena OCAMM KOOpAHHAT
H AVIOH acTPOMAEL

x = R cos' t, y=Rsin3t [[}été g]

2158, Hajitu cpepHee 3HaUYEeHUE (bym-:unn flx, y) = :r:y B 00NnacTH
S{0<x<1;0< y< 1}

Yxazanue. Cpesnum suauenueM QPyrKunn f(x, y) B obnacru S Haaepa-
eTCH YHUCAO

f=

_[ j fe, ) dx dy.

(S) ] |
2159. Hatitu cpefiHee 3HavYeHue KBAJIPATA PACCTOAHMUA TOYKH M(x, y)
kpyra (x — a)° + g <

s, S

a
R® ot Hauana KOoOpAHHAT.
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§ 2. 3aMeHa nepeMeHHLIX B ABOHHOM HHTerpale

1°. ieofiHOol MHTErpax B NoNAPHHX RoopaunaraXx. lpu e
nepexose B IBOHHOM MHTerpasue OT IPHMOYIONEHEIX ROOPAVHAT X, If K [TOJIADHBIM

i, CBAZAHHALM ¢ [IDAMOYVIGJIBIEBIMYE KOOPAHEATAME COOTEOINICHHAMH

X = reos, y = rsinQ,

HMeeT MecTo hopMyaa

I flx, p)dx dy = ‘”.f{rcos @, rsin @) rdr de. {1) 3

{53 {5)

Ecnwu obnacte uHTEerpupoBaHnd S orpaHHYeHa ny<daMu r= g u r = P (o < f§)
¥ KpuBBIME r' =1 (¢) u r = r, (@}, roe r (@) 1 r{9) (r (@) < ry(¢)}) — opHOBHAHBIE
dyHKUHH Ha oTpeske O < ¢ < f§, To ABolHON HWHTerpan Moxcer GLITL BEIYMCIEH

oo diopmyne

f i@}
IIF({p, r)rdrd¢=I dep -[ Flo, r) rdr,
(=) o Fip)

rofp)

rge F(@, r) = f(rcos ¢, rsin ¢). [Ipy BeIUHCAEHUH HHTErPASTa J. Fio, ryrdr

r g
BEHH‘{HHY {P TOJIATAOT HDETGHHIIDﬁ.

Ecnn 06/1aCTh MHTEIrpHPUBAHKA He NIPHHAAJEXHUT K DACCMOTDEHHOMY BHUAY, _f':
TO €€ pasbHBAIOT HA YACTH, KAMIAS M3 KOTODHIX ABIAETCH 0071acThi0 JAHHOTO 2

BHAA.

B Gosee obieMm cayuae, ecnu f(x, y) HeNnpepelBHA, ¥ B ABOHHOM HMHTerpaie

Hf(x, ¥} dx dy

(%)

TpefyeTcR 0T NepeMeHHBIX X, i HepelTH K mepeMeHHLbIM i, U, CBA3AHHBIM C X,
Iy HelIPEePBIBHBIMH M gH{pepeHIUPYEMBIMM COOTHOLIEHHAMH
x = @lu, v), y = yu, v),

YCTaHaABNMHEAININME B3aHMHO OQHOJHAYHOC M B ohe CTGPOHEBI HETIDEPEIBHOE CO-

OrBeTCTBHEe Mexay TouxaMmu obuacte S mirockoctn X(OY ¥ TOUKAMH HEKOTODOH #

obnactu S’ mnocrkoctn VOV, 11pu aToM sroluaH

dx oy
;= Dl yy _ du du
D{u, v) dx dy

dv odv

COXpaHAeT NOCTOAHHBIK 3HAK B 00N&CTH S, TO cHopasegjansa opMyhna

_|' j flx, y) dx dy = J' _[ 7 [l v), Wi, v)117] du dv.

15 (51

2°. 0BolHOK HHTETrPAI B KPUBOJNHNACHHELEX KOOPAHBHATAX. &

LT

§ 2. 3aMeHa mepeMeHHLIX B ABORHOM HETeTrpae 249

[

[TpeAensl HOBOIO HHTEIPANA QUPENeNdATeS 110 O0II(MM NIPABKAAM HA OCHOBA-
nuy BUAa obnactu 87,

[TpuMep 1. Ilepefifr K nOASPHEIM KOOPAWHATAM, BBIYHMCNIHUTE
J' _[ J1—x2 - y? ax dy,
(5)

rpe obaacte S — Kpyr paauyca R = 1 ¢ neETpom B Ha-
gane Koopauear (puc. 92).

Pemenue. Ilonaraa x = rcos @, y = rsin ¢, no-
AyyaeM

J1—x2—y? = /1 —(rcosqp)?—(rsing)? = .J1-r2,

Tax kak B ofrmacTu § KoopawHara r OpH awoboMm @
uaMceHAeTca ot 0 7o 1, a ¢ namenserca ot § xgo 21, To

2n 1
If.fi—xﬁ—yz dx dy = I dtp.l. rdl-ré dr-—=§ﬂ:.
0

(5) 0

[TepeliT K MONAPHLIM KOOPAHHATAM F, () M PACCTABMTE IPEAE/ bl HH-
TErpHPOBAHHKA IIO HOBBIM HepPeMEHHEIM B CAeIVIOIIHX HHTECPAIAX.

2160, j dxj f(x, v} dy.
0 0

2

X
2161. [ de' F(Jx2+y?) ay.
0 0
2162. -[,f(x, y)dx dy, roe S — TPEYrolbHHK, OTPAHKYEHHBIH Npa-

)
MBIMH ¥ = X, ¥ = —X, ¥ = 1,

2163. j dxj' f@ dy.
LR

2164. I -[ f(x, y) dx dy, rae obnacTs S orpaHpYeHa JeMHHCKATOH
(5)

2 2.2 2. 2 2
(x +y)Yy =a{x ~y).
2165. [Iepexoas K HOJIAPHBIM KOOPAHHEATAM, BRIYHCIHTEL IBOMHOH HH-
Terpast

I I iy dx dy, Y
(8) ///
Fre S — ponyxkpyr AMaMerTpa ¢ ¢ I€HTPOM B TOUKe /////4.

a - - X
C —— *
[2 ; UJ (puc. 93). a

O

Puc, 93,
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2166, [Tepexoas ¥ HONAPHKIM KOOPAUHATAM, REIMACAXTh ABOHHOH HH-
TErpaJ . :

' -J'j(xz + yz}dxdy,
(&)

. 2 2
paclpocTpaHEeHHLIM Ha 06racTh, OrPAHHYEHHYIO OKPYIKHOCTBIO X +y =
= 2ax.

2167. Mepexoas Kk TOASPHBIM KQOPAWHATAM, REIYACIHTh ABOHHOM MH- 3

Terpat

J.j.faz-xzuyg dx dy,

(5) - i
rae o61acTh HHTETPHPOBAHMA S — IIOJYKPYT PAXHYCA & € BEHTPOM B Ha-
yasie KOOpAMHAT, Aekamui seime ocu OX.

2168. BLIuHCIHTD ABOHHOK uHTErpan ot Gyaxnuu f(r, ¢) = r no ob-
JACTH, OTpaEMYeHHOR xapmuonjoi r = a(l + cosS ¢) ¥ OKPYHKHOCTHIO
r = a. {IMeeTcd B BHAY 001aCThL, He COAEPXAIAd HOJIOCA.) '

2169. Ilepexoad K IOAADHBIM KOOPAMHATAM, BEIYHCIHTD

) Jad - x?
I dx
]

I JxZ+y? dy.
2170. TMepexogs K NOJAPHLIM KOOPAHHATAM, BhIYUCAHTH

U .
J'I Ja2—x2 - y2dx dy,
(5}

re 06JacTh S orpaHKHYeHa JENecTKOM JeMHHCKATH
2 2,2 2, 2 2

(x"+y)Y =a(x ~y) (x> 0).
2171%, BeluncruThL ABOHHOI UHTErpan

[~ xt
J.j I—EE—‘E.—E dx dy,

(5)

||
‘l‘—l

By

2 2
" x
pacTpocTpadeHHbIN Ha ofacTh S, OrpaHIYeHHYI0 BIUTHIICOM e + b-?—z-

NEePEeXOnA K 0000LEHHLIM NOAAPHIM KOOPIUHAMAM I' 1  TIO dropmyaM’

X = reos o, Y = rsin¢.
a b

2172%%, ITpeobpasoraTh

i px
f(x, y)
!dxi (x, y)dy

(0 < o < B uc > 0), BBeAA HOBrIe IEPEMEHHBIE U = X + Y, UL = Y.

R Y

AR

L -

£

!
P,
i

§ 3. Bruuncaenne nuomaneit dEyp 251

R

2173*. BRIOJIHUTE 3aMeHy NepPeMEHHBIX U = X + Y,
Terpanae

= X — Iy B UH-

1
de f(x, y)dy.
a

R

2174%%. BeIYUCIATEL ABOHHOM HHTETrpan

”dx dy,

(8}
rae S — obnacres, orpapMdYeHHad KPHBOH

3 -

a? b2

2
B
he k2

Yrazande, IIpongegecTd 3aMeHY NMECDEMPHHBIX

X =qarcos®, y = brsinqp.

§ 3. Breruncaenue maowmwagein huryp

1°, IlmomaAds R IPDAMOYIrOJARHBX KOOpAHHATAX. {laowads
nAOCKOU ofadcmu S paBHa
nﬂ.S=IIdxdy.

(S
Ecnu obnacts 8 onpefenena HepaBeHeTRaMu @ < ¥ < b, ofx) < y € y(x), To

Wix)

I dy.

pix)

b
HH.S=-[dI
a

. IInemangs, BNOIAPDHE X KOODAKHATAX. Ecou obracte S 8 no-
TAPHBIX KOODAMHATAX I M () oOpefesieHa HepaBeHCTBAME O < @ S 3, fl@) < r< F(), TO

3 Fip)
. 8 = IIrdq:dr= J. deo J‘ rdr.
(5) i f{p}

2175. ITocTpouTk obnacTH, NIQUIAAH KOTOPBIX BHIDAMAKTCA HHTET-
Danamm;

2 x+2 a .I'az_yz
a)j dx J' dy: G)I dy J' dx.
-1 x? ] a-y

Beruemurs st MACINAAM KU MEMEHHTh MMOPAAOK MHTEerPHPOBAHHMA.
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2176. IocTponTs ofiacTa, MIOMIANH KOTOPHIX BBIPAMAIOTCA MHTED-

pasIaMu:
n =

arctg 2 3secq 2 a{l + cosQ) %‘

a} -I. d I rdr; 0) I dep j rdr. %

n 0 _n ﬂ %

1 2 i

B %
BIYHCIHTD 9TH ILIOIIAAH. j
2177. BoIMSMCIUTE 1JICIIALE, OTPAHHUEHHYO IPDAMBIMHA X = I, X = 2¥, f‘
x+y=a,x+3y=afa>0)
2178. BEIYMCUTh IIOLIALD, JeKalyo Hay ocbio OX U OrpaHWYeH-

- - 2‘ -

Hy10 aT0l ochio, napaGonodl ¥~ = 4ax m npsAMol x + ¥ = 3a. 5
2179%, BEIYHCANTh LIOMAEL, OFPAHUYEHHYIO BILIHIICOM

2

{(y —x) + X = 1. %

2180. Haiitin mromans, orpaRyueHHYI0 NapabosaMu %

Y’ =10x + 25 n y’ = —6x + 9.

2181. [lepexona K NOIAPHBIM KOOPAMHATAM, HAHTH IJIOIIAZL, OTpa-
HAYEeHHAYI) JHHHAMU

x2+y2=2x, x2+y2=4x, y=x, y=20.

2182, HaitTa 11011816, OTPAHHYEHHYIO IPAMOI 1 €08 ¢ = 1 ¥ OKPYK- "
HocThio r = 2. (MeeTca B BUAY NJOIIAAb, HE COACDIKAINAA DOJI0CA. )
2183. HaiiTu nyonags, OrpaHHueHHYI0 KPABBIMU

r=a{l +cosg) u r=acos¢ {(a>0)
2184. HaiiTy maomalis, orpagiueBHYI0 JHHEEH
2185%, HaliTy Inomagb, OTPaHUYeHHYIO 3JLTHOCOM
(x — 2y + 3)° + (8% + 4y — 1)° = 100.
2186. HatiTi mroulafb KPHBONHHEHHOIO YeTHIPeXyTOABHHKA, OrpaHy-

“eHHOTo AyraMp mapabox x° — ay, x% = by, y° = ax, ¥ =Bx(0<a<b, 4*
0< o< B

VKAa3aHHe DBeCcTH HOBLIE IepeMelHbIe U M U, 1T0NaraA
2 2
x“ =uy, ¥y = vx.
v s %
2187. Haitty mionianbk KPHBOJMHEHHOrO YeThIPEXYTONbHUKA, 0rpas,

2 2 ;

HMYEHHOTO AYTaMK KPUBBIX i = ax, ¥ = bx, xy = &, xy = B0 <a< br.,.fi .
0 << pP) =
Yirazande. BEecTH HOBRIE HepeMeHHBIC ¥ M U, IIOJANAA

2
Xy =i, y = Lx.

§ 4. BeruncneEle 08 ECMOR TN 253

§ 4. Beluucnenue 00neMOB Tex

QOtsex V unaundpouda, orTpaEUUEHEOTO CEEDPXY HEUPEPLIBHOH IOBEDXHOCTHIO
z = f(x, y), cHH3Y DNOCKOCTRIO 2 = 0 1 ¢ BOKOB npaAMol NMIAMHAPHYECKOH mo-
BePXHOCTBIO, BRIPE3aWIelt Ha miacckocTH X0Y obnacte S (puc. 94), pasen

V= jjf{x, y) dx dy.

(5}

Pue. 94,

2188. BripasuTk NpH IOMOIIM ABOHHOTIO HHTErpaia 00heM IIHPAMHLI
¢ repmuHamMu O(0; 0; 0), A(1; G; 0), B(1; 1; 0) u C(0; 0; 1) (puc. 95).
PaccTaBuThL Npenesbl HETErpHPOBAHUA.

B sapauax NeNe 21892192 wapucogats Tena, 00BEMBI KOTOPBIX BBI-
DAMAKTCA AAHHBIMH JBOHHEIMY HHTETDAJAMMH:

1 1-x 2 A1 - x2
2189. [ dx j (1-x-y)dy. 2191, | dx I (1 — x)dy.
0 0 0 0
2_ 2-x 2 2
2190. [ dx | 4 -x-yay. 2192. [ dx J' (4—x—y)dy.
‘l'l ] ‘L'I Z2-—x
2193. Hapucorars Teno, o0beM KOTOPOTO BRIPAXKAETCA HMHTETDANIOM
a Jat— x?

_[ dx J. Ja? - x? - y? dy, 1 UB reOMeTPHYECKKX COOBparKen it HallTH
0 0
JHAYEHWE ITOr0 MHTErpasa.

2194. Hajitu ofbeM Tena, OrpaHHYEHHOIC AJIIHITHYECKEM napabo-

2 2
Tovgom z = 2x” + y° + 1, maocrocthic x + y = 1 1 KOOPZHHATHLIMH
TNOCKOCTAMH.

2195, Teno orpaHHyYeHo TUNIEPOOIMUECKHM NapaboIouaoM z = - yz

M I1nockoeramu y = 0, 2 = 0, 2 = 1. BeIYHCAUTE €ro o6beM.

g 2 2
] 2196, Teno orpaHMYeno IMIKHAPOM X + 2 = @ M IVIOCKOCTAMHE y = 0,
=0, y = x. BeradcanTs ero o6eeM.




254 Tnaga VII. KPATHBIE ¥ KPUROJIUHEHHBIE MHTEI'PAJIBI

HaijiTa o6 BbeMEl T€J, OTPAHUYCHHBIX CReJYIOIIMMH HOBEDXHOCTAMU:

2197. az =y, x> +y- =1, 2= 0.
2198. y = Jx,y=2Jx, x+2=6,2=0,
2199.z=x2+y2,y=x2,y=1,z=0.

2200.x+y+z=a,3x+y=a,gx+y=a,y=0,z=0.

2201.x—z+£=1,y=gx,y=0,z=0.

a 2
2202. x° + yz = %ax, z = 0x, z = fx (a > P).

B sanauax NeNe 2203—2211 ucnons3osars NoAApHELe i 0G06IeHHER ¢
HMOJIAPHEIE KOOPAHHATHI.

2203. Haiiru Bech Dﬁ’LEM 3annmqeuﬂmu MENIY LHIHHAPOM &+ y

2 2
—d’u THIIEPOOIOHIOM o+ y -2 =-a. _
. 2. 2. %
29204. Hajitu Bech 00eM, 3AKIIONeHHBIH Mex 1y korycoM 2(x” +y7) — ¥
2 2 2 2 2
— z° = 0 1 runepbosongoM x -+ Yy — 2 =-a.

. 2 2 5
2205. HaiiTit 06'5eM, OTpaHHYEHHBIH TOBEPXHOCTAMM 2a2 =X + Y, §
2 2 2 2
x*“+y -z =a,2=0.
2206. OupeaenuTs 00beM 3ANUTIICONAA

2

2 :
A LA S &

L bl £2

2 | .2
2907. Hairry o6beM Tejia, orpaHrMeHHoro napabononaom 2az = x° T Y

U IHAPOM x°+ y2 + 28 =3a%. (IloppasyMeBaeTCs 06'beM, JIEKALLHN BHYTPY :.-::;j
napabosonaa.)

2208. BBIHHCJIHTL ofbeM Texna, DI‘paHH‘IEHHDI‘D IIJICCKOCTEO XOY

2
LHINHAPOM .r + y
2209. BeraHcanTs obbeM TEJIA, UI‘pﬁHH‘IEHHOI‘D mnockocTeio XOY, no—

—(x2+p?)
BEpXHOCTBIO 2 = d€

2 2
o+ L Hummﬂ,u;pom— + ¥ —Zx

pabonouaoM z = = T 2 be

2 2 k)
2211. B KaRﬂM DTHUI.I]EHHH runepboaony, ¥+ y -z =aq I[EJIHT;,

o0'bEM LIapa X+ y + 2* < 3”7

9212%, Haiiti 06beM Tensa, OTPAHNUEHHOTO HOBEPXHOCTAMY 2 = X y"
_l,xy—Z,y-—x,y—Zx,z“[](x}U y > O).

= 24X U KOHYCOM X+ y =2z . -E-:'Z

2 *:
M LUINHIPOM x° + y = R". ;;g::;_.

2210. BeiyucnuTes 00BEM TENA, Urpaﬂuqeunom miaockocthio XOY, ma- 3§

§ 5. Beaucrnenne nuaoinafeil NOBEPXHOCTEH 255

§ 5. BRluncaeHne II0IAIel MOBEPXHOCTEHR

ITrowade O rIAZKOH OQHO3HAYHOMR NOBePXHOCTH Z = f(x, ¥}, HMeIOIIEHd CBOEI
npoexuuer Ha rockoeTs XOY obnacts S, paBHa

IIJ1+(8x) +\ay] dx dy.

(5}

2213. HaliTy IJ0IIa/b YACTH HJ0CKOCTH = + 5—; + £ =1, 3aKn04YeH-

a
pOH MeMJIY KOOPAMHATHRIMH ILNIOCKOCTAMH.

™M

2214. Haittu niomanbk 4acTH NOBEPXHOCTH IHJIWHADA <+ y2 - R

(z > 0), copep:ramieica MeX Ay INIOCKOCTAMU 2 = MX U Z2=nx (m>n>0).

5 2 2 2
2215%. BoruHCIHTE IJIOIIAAL YACTH NOREPXHOCTH KOHyCa X —~§ = 2,

PACIIQOMCEeHHOI B IIepBOM OKTAHTe M OTPAHHYEHH VIO IVIOCKOCTRIO Y +2 = @
2, 2
2216. BeMeINTE IIIOIOAAB YACTH IIORSPXHOCTH MUAHHAPa X + I = dX,
v . 2 2 2 2
BLIPDE3AHHOI U3 Hero chepoit x +y + 2z =a.

2217. BoaucanThb IIHOII.LE.,E[L YACTH HOBEPXHOCTH IHAPAa x+ yz + 4= az,

BBIPE3AHHOH TOBEPXHOCTHIO -5 + % 1.
i &

2

2218. BuruucinTs II0IAa AL YACTH [IOBEDXHOCTH napabomouga y + 2t =

= 2ax, colepKanleca Mexay HHIHHEIPDOM yz = gX ¥ OIJOCKOCTEIO X = 4.
2, 2

2219, BeMUCIATE IAOHIALEL YACTH IOBEPXHOCTH IWIHHApa X +y = 2ax,

. 2 2 2
cojep:xanleMca MexAY ILockocThio XOY U KOHycOM X + Yy = 27,

2
2220, 1%, BeIMUCIHTH IJIONISAL YACTH MOBEPXHOCTH KOHYCA X ~— y2 = 32,
nexalleld BHYTPH IEMIMHADA X%+ _y"I = 2ax.
2%, Haiitu naomazgp 4acTH IUIAHHIDA yz =

2
x +yz+zz= 09X,

4x, BEIpEe3aHH0 cdepoil

3%, HafiTu NJ0OIIAME YACTH KOHycA 2 = x2+ y2, BBIpesadHoM IIH-

THHEPOM {x2 +- yz}z = az(.'xf2 - yz}.

2221%*, loxasaTk, UTO MUIOIIAAN YACTEH NOBepXHocTell napafonounaon
R 2 2
ty =2azax -y =

PaBHOBe UK H.

2az, BpIpesaeMBIX ITUJIHHADOM 2+ y2 = RE,

2222%. Illap paauyca ¢ TPOPE3aH ABYMA KPYIVIBIMHM LUJIHHADPaAMH,
AMaMeTpbl OCHOBAHKH KOTOPBIX PABHBLI pAAWYCY IIIAPA U KOTOPhIE Kaca-
0Orca apyr apyra BAoOJIL OJHOTO K3 JHAMETPOR wapa. Haltu o0bem u
INomank N10BePXHOCTH OCTABINEGHCA HacTH fuapa,

2223* B mape paguyca @ BeIpes3aH ITPOCBET ¢ KBAZPATHBIM OCHOBA-
Hlem, cTopoHa KOTOpOTO TaKke pasHa a. Ock IpocBeTa COBIAAAET C AUA-




256 I'tana VII. KPATHBIE M KPUBOJTHHEWHGLIE HHTETPAJIEI

MeTpoM Wapa. HalTy niomajgs HOBEPXHOCTH IIapa, Bhipe3awHod Ipo- 3
CBETOM. %
2224%, BpluMCIUTE NOJCIALL YACTHA BHHTOBOM IIOBEPXHOCTH Z =%

= c arctg ¥, nexaumeit B DepBoM OKTAHTE M 3aKJIOUEHHON MEMAY LH-§
x .

2 2 2 2
JIHH,[[paMHx2+y2=a ux +y =5,

§ 6. IIpuroxeHHsa ABOHHOTO HHTETPANla K MEXaHHKE
1°°Macca X cTaTHYEeCKHMe MOMEHTH nanacTUuHKU. Eom S — &
oGnacrrs naockoern XOY, sapatada mIacTHHKOH, B plx, 4} — nuaepxnncmaa %
ILI0THOCTh MJISCTHEKHE B TOYKe (X, ), To Macca M IIACTUHKM M ee CTATHYECKHE £
MOMEHTH M, u M, OTHOCHTE/ILHO oceit OX y OY BripamarwTcda ABOHHBIMH HMH-

TerpajgaMu

BERES

M = I _[ p(x, y) dx dy,
(S)

MX=J.J.yp{x, ydxdy, M, = Ijxp{x, y)dx dy.

-
H
e

st e N e o RN et L g L

(=) (53
Ecap nnacTHHKA OZHOPOAHA, TO plx, y)} = const.
2. KoopaguHaAaTE LeHTPAd TAXKECTH DNAACTHHEH. Ecnng!
C(%, J) — UeHTp TAMKECTH MJIACTHHKH, TO éi
g
_ My M, 3
X = T = 57 %

rae M — mMacca naacTHHEK, M % M — ee CTATWUeCKHe MOMEHTEI OTHOCHTENBHO |

oceil koopAuHAT {(cM. 1°). Ecay nmuacTuuka 0aHOPOAHA, TO B hopMmynax (1) MoxkHO fb
DonoMUTE p = 1.

3> MomeEB THI HHEpUMYU ONACTHHKM. MOMeHTE MHEPIUH ILJI&C~
TUHKHU OTHOCHTeNsHO occeid OX u OY COOTBETCTBEHHQ PABHEI

= I -[ yp(x, y)dxdy, I, = I I x'plx, y) dx dy. @2

(8) tS) L

MoOMEHT HEEpIHH IAACTHHKY OTHOCHTEABHO HAYANA KOOPAMHAT

I, = _[ J' 2 + yiplx, ydedy =1, + L. (3%
(&)

[Tomarasa p(x, ¥) = 1 B dbopmynax (2) u (3), nonydaeMm reoMeTpHuHecKHe Mﬂi

MEeHTHl MHEePIHH IACCKOH QHIYDEL. :i--
2225, HaiiTu Maccy KpPYIJIod niacTHHKH paguyca R, ecnu LIOTHOCTE,

ee UPOIOPIHOHANBHA PACCTOAHMIO TOUKH OT IEHTpA ¥ paBHa O HA Hpall?;:;é :

IMNacTHHEKH.

& 6. Ilpuno:xeHun ABORHOr0 HHTETPAJa K MEXAHHNKE 2567

2226. ITnacTuaka nMmeer GopMy IPAMOYIOJILHOTO TPEYrolbHUKA C Ka-
reramut OB = a u OA = b, npuyeM NMNOTHOCTL €€ B NIOOOH TOUKE PaBHA
paAcCTOSHHIO TOUKM OT KaTeTa OA. HaliTh cTaTuveckre MOMEHTEI IJIAC-
THHKHA OTHOCHTENBHO kareros OA n OB,

2227 . BeIUNCIHTE KOOPAKMHATE! IEHTPa TAXKEC- V|

¥ gurypst OmAnO (puc. 96), orpaHuvyenso Kpu- A%
pol ¥ = sin x 1 npamMoit OA, NpoxofAIieil Yepes3 Ha- ‘f"
- i
YAJIO KOOPAUHAT U BEDIIWHY A(g 0 1 J CHHYCOMZBL. 7 Y
2228. Haittu KoopaMHATSEL LeHTpa TsaecTH dn- Puc. 96

Iyphl, OTpAaHHEYEHHOH Kapauounor r = al(l + cos @).
2229. HaiiTi KOOPAMHATHI LIEHTPA TAMECTH
KPYTOBOTO CEKTOpPA pajuyca d ¢ YIAOM IpH Bep-
muHe 2¢ (puc. 97).
2230. BEMHCIUTE KOOPAUMHATE IIEHTPA THMXKECTH

dpuryphl, OTPAHUMYEHHOH napadosraMmu yz =4x+4mu
2
y = —2x + 4.

2231. BEIMHCIUTE MOMEHT HHEPLHH TPEYIOJb-

HHK4, OTPAHHYEHHOT0 NPAMBIME X + ¥ = 2, x = 2, iy = 2, OTHOCHTEJEBHO
ocu OX,

2232. HajiTy MOMeHT MHeDIIHH KPYTOBOTO KONbIA C fHaMeTpaMy d
n D (d < D): a) 0oTHOCKTEeNBHO ero meHTpa ¥ 0} OTHOCHTEILHO €0 Aua-
MEeTpa.

2233. BEIUHCAHTE MOMEHT MHEPIHH KBagpaTa €O CTOPOHOH @ OTHO-
CHUTENLHO OCH, IPOXOAAILEH Yyepes ero BePUIMHY DePaeHAHKYAAPHO HI0C-
KOCTH KBAApaTa.

2234%, BoiyNCIHTL MOMEHT HHEePI[MH CerMeHTa, OTCEKAEMOro OT TIa-

pabokl y2 = gx NpAMOCH X = @, OTHOCHTEJLHO HPAMOH Yy = —d.

2235%. BRIYMCIUTE MOMEHT HHEPIHH ILTONIAAH, OrpaHHYeHHOH ru-
nepbomnoi xy = 4 ¥ OPAMOH X + § = 5, OTHOCHTENLHO HPAMOH X = ,

2236%. B KBapATHOH HJIACTHHKE CC CTOPOHOM @ IJOTHOCTE IIPOIIOpP-
IHOHANBEHA PACCTOAHHIO OT OZHON M3 ee BeplIINH. BiIYMCIUTE MOMEHT
HHEPIMH ILIACTHHKH OTHOCHTENLHO CTOPOHLI, IIPOXOAAILIEH Yepes aTy
BepIIHHY.

2237. HaiiTn MOMEHT MHEPIHH KAPIHOKAL] I =
TeJILHO HOJIIOCA.

a{l + cos (o) OTHOCH-

2
2238, BLIUMCIHTE MOMEHT HHEPIHH IIIQIaAM JeMHHCKATB F =

= 24° cos 2() OTHOCUTEJILHO OCH, NepPNeHANKYIAPHOI ee ILJIOCKOCTH B I10-
Jaioce,

2239%*, BpIYHCANTE MOMEHT MHEPLUHH OJHOPOAHOR NJIACTUHKHE, Orpa-
HMYEeHHOH OAHON apKoil HUKIOMALI X = a(t — sint), y = a(l ~ cost) u
ochio OX, oTHOCHTEABLHO ocH (X,

& dagauy g YDA HESHAR
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§ 7. Tpoiiabie HATErpalxsl

1> Tpoifgoll HETETPAN B OPAMOYTOABHB X KOODAMHATAHYX,
TpoitaeIM wETerpanoM ot HyeExuuu f(x, if, ), PACOPOCTPAHEHERIM HA obaacTe V.

HAIBIBAETCH Opeles COOTBETCTREYIINEH TDEXKPATHOM CYMMEL:

([[sorsesvae= i | ST s spainan

max Ay; -+ 0 t
max Az, —~ 0

Brruncnenye TpﬂﬁHOl"O HHTEeIrpanra ceoIHTCA K DOCHEN0BATENEEOMY BEIUKHCIICHHAD

Tpex OBLIKHOBEHHLIX (ONHOKDATHHEIX) HHTETDANOB MAH K BEYHCIEHHIO OJHOrO i

ABOHHOI0 U OAHOTO OJHOKPATHOIO.
Mpumep 1. Beruucaurn

I= ijxayzx dx dy dz,

(¥}
rae obnacry V oopenensdercs HepaReHCTEAMH
0<x<l, 0<y<x, 0 z< xy.

Peumresaue Hmoem:

1 x Xy
21*
2Idx‘|.dy.l.xyzdz jdx-‘.xayzz— dy =
0 a
p T By 1 50 |* 1 10 1
= X = Y| de=| X de= 2.
Ide 7 W I25Bx .[1 "7 110
0 0 0 0
I[Ipumep 2. Beiyucaure
j‘[szdxdydz,
(V)
2 a2
PACOPOCTPAHEHHEIH Ha 00beM aIIMOCOHIA — + Z +4Z =1
a2 b2 2
Pewenne,
a a
-[IJ.I dxdydz-—I xde.Idydzuij dx,
- -

riae S ecTh NAOINAAL AAUMCA y =
yz h? c? a’

e X2 x2
S = f1-5 e f1-5 =nbc(1—:ﬁj.

]:[II'.I»f":'.lTEI]!%'!['_'&r OKOHNMATCABHO HMEeeM

2
IJI x" dx dydz *nch. xz[l_gc__) dx = inaabc.
(V3

§ 7. Tpolineie HETErpans 259

e

2°.3aMeHA HepeMeHBEBX B TPpOHHEOM HHTerpane. Eciu B

rpoHOM HHTerpane

IJ. I flx, y, 2)dx dy dz
vy

oT MEePEMEHHEBIX X, ¥, 2 TpefiyeTca nepeliTH K NepeMeHHBIM U, U, I, CBASAHHEIM
¢ ¥, Y, 2 COOTHOIIEHHAMU X = Q(u, v, W), ¥ = y(u, v, w), z = x(u, v, w), roe
HyHRIEHN @, Y, X.

1) HenpepLIBHLEI BMECTE CO CEOMMHE YACTHBRIME NPOMA3EOAHBIMH 1-ro mopanka;

2) yeTaHABIMBAKT B3aMMHO OZHO3HAYHOE B B 00€¢ CTOPOHB! HENPEDPLIBEOE CO-
OTBETCTBHE MMy TOYKame o0macTu MHTerpHpoBaBRsa V mpocrpancTRa OXYZ
¥ ToUKaMu HeKoropo# obmactu V' opocrpancTea O'UVW,

3) bYHKIHMOHANBHLIN OOpeaeanuTensb (AKOOMAH) 9THX QVHKINH

dx dx O

Ju dv Jw

- Dep.2) _ |y ay dy
D(u, v, w) du v ow
9z 32 22

du ov ow

coxpaHser B o0nacT V HOCTOAHHEIH 3HaK, TO CIpaBeAanBa GopMyna

' ¥ = . U, w), wlu, v, w), X, v, w1 :
‘[ﬁlljl f(x, y, 2) dx dy dz2 J.[;[}'[ flo(u, v, @), wiu, v, w), x{u, v, w)]|I| de dv dw

B yacrHocTH:
1) ina MUAHHAPDHYECKHUX KQOPAWHAT 7, @, h (puc. 98), rae
x=reosq, y=rsing, 2=A4,
nonvuaeMm, gto I = r;
2) ana cihepudyecKHX KOOPDAMHAT O, Y, r {0 — Aoarora, Yy — mimpora, r — pa-
Auyc-sexTop) (puc. 99), rae

X =rcosycos(, y=rcosysing, z = rsiny,
rmeem I = rcos .
Z] M(rg:h) 2V Mrew)
r
0 A, A L
9 r Y ¢ %
X X

Pc. 98. Puc, 99,

Hpwumep 3. Hepexoza k chepuuecKHM KOODAHHATAM, BHIUHCIHTE

III JxZ+y?+z2 dx dy dz,

()

TRe V — nap panuyca R.
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Pecorenne lIna itnapa nmpefenbl MaMeHeHMA ClepHUYECKHX KOODAHHAT
(gonrorul), W (IHEPOTEI) U I (DagHyca-BCKTOPa) OyAyT: P

0 < @< 2m, 0<r=< A,

T
Ty R
5 ~ ¥

IToaToMy GyneM UMeTh

b=

JIIJx2+y +22 dxdydz = I dop J. dwj. rrcosq;dr—nR

(¥
2 WA

3. TMpunoxKeunsd TPOUHEBIX HHTETrpaJoB. Ofsesn o0nacTH TPEX ;R
MepHOoro npoctpancTea OXYZ pageH

- J'IJ'dxdydz.

(¥}
Muacca Tena, saguMawiiero obsacts V,

M=Ijjy(x,y, 2) dx dy dz,

(¥)

rae ¥{(x, i, 7} — OACTEOCTL TeiAa B TOUKe (x; y; 2). *“:-::'
Crmamuieckue MOMEHmMbl TENA OTHOCHTENBHO KOODANHATHBIX HIIOCKOCTEM: , &
M,, = I Wx, y, 2)x dx dy dz;

M,, = ‘[ vix, ¥, 2)y dx dy dz.

e vE

Koopduname: yenmpa MmAXecmu.: 5
- _Myz - _ Mgy z = Myy g
YT M M -

T

Ecau reno ogHOPOAHO, TO B (POPMYyIax ALA KOODANHEAT IIEETDA TAMECTH MOXK- *

HO HOJOWUTE Y(x, ¥, 2) =
Momenmbl UHEPLLUL OTHOCUTENBHO OCeH KOOpPAHIAT:

I, = [ (yz + Z)y(x, y, 2)dedy dz;
S
I, = (22 + xz}?(x, y, 2) dx dy dz;
T g |
I,= [ "+ v v(x, g, 2) dedy da.
i

IMomoxue B oTux topMmynax wWx, ¥, £) = 1, DOAYyIHM reoMeTpUiIecKue MO~y
MCHTEI MHEPIHH TENA. Y.
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A. BEIYMCJIEHHUE TPOMHLIX HHTETPAJIOB

PaccTABUTE HpPeAenbl HETEMPUPOBAHUA B TPOUHOM HHTErpae

I i{)J. flx, y, 2)dx dy dz

11A YKA3AHHBIX obnacTen V.
2240. V — TeTpasap, orpaHU4YeHHLIH MIJIOCKOCTAMH

x+y+z=1x=0,y=0,2=0
2241, V — nunuapgp, orpaluuYeHHBIN NOBEPXHOCTIMMU
xz—l—y2=R2,z=0,z=H
2242% ¥V — KoHyYC, OrPAHUYEHHBIH DOBEPXHOCTAMU

2 2 2
x_ " ‘u_ = - L] 3 = l':-
a B2 o2
2243.V — obbeM, OrpaHUYeHHBIH NOBEDXHOCTAMU
2 2
=1-x"-y,z=0.

BEIYUCINTE CNeAYVIIHEe HHTel'DaJIbl.

1 1 1
2244, _|' dx_[ dyj dz |
) 5 . Jr+ryrz+d
2 2.fx EI_EL
2245._[ dx _[ dy J' x dz.
G '[} 0
¢  JAa g
2246. | dx I dy J' dz .
] A . JaZ—x?—y? - 22
1 1-x 1-x-y
2247. | dx j dy J' xyz d.
& 0 0

2248, BpryueauTs

-[J‘J‘ dx dy dz
(x+y+z+1)8’
(V)

I'ne V¥V — o0xacTe HHTErpUpoOBAHHMA, OrpaHiueHHaAs KOOPAHMHATHBIMH
DJIOCKOCTAMEI M ILIOCKOCTRID X + ¥ + 2 = 1.
2249. BriulcauTh

III(x—I—y—Fz) dx dy dz,
(Vi

roe V — ofmas 4acTo mapabogonia 2az = x 2 1; 1 miapa X+ y +2° < 3d°.
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2250. BEryucanuTe
J.I-[zzdxdydz,
(V)

rge V — obnias yacThk LIADOR X+ yz +2 <R ux+ yz + 2° < 2Ra.

2251, Brlyucaurs
I I I z dx dy dz,
(V)

rae V — obbeM, OrpaHMYeHHbIN NA0CKOCTRIO 2 = 0 B BepXHei IIOJOBHHOA
2

2 2
BNIHICONIA AN T S .
al b2 ¢2

x2 y2 2z
IIJ(E+%+E~9 dx dy dz,

2252. BLluMCcaIuTE

(V)
x? | y* 2t
rie V — BHYTPEHHOCTH 3JIUOCOMAA — + + = =1.
a? b2 o
2293, Briuncnure
I I I z dx dy dz,
(Vy
2 h?, 2 2
rae V — 005aCcTh, OrpaHHYeHHAA KOHYCOM 2~ = 7 {(x" + 1) 1 NNOCKOCTRIO

2= h.
2254. Tlepexond K DUIMHAPHYECKHUM KOODAMHATAM, BRIYUCIKHTE

J‘dedydz,

(V)
2 2 2
rae V — obnacry, orpaEndyeHHas DoBepxHocTaAMu X + y + 2 = 2Rz,

x° + yz =2n copepxaman Toury {0; 0; R).
2255, BoiupenuTs

of2x - x*

[ ]

a
dy I 24x2+y? dz,
0

NIpeo0pA30BAR ero NPeJBAPUTENBHO K IMIHHAPHISCKHM KOODIAHHATAM.
2256, BLIuucauThs

TN e BN 7= Jouee Jupe:
j dx J‘ dy I dz,
Y Py 0

HpEDﬁpﬂEDBﬂB €0 NPpeREAPHTENREHO K HRAJTHHIAPHYECKHM KOODAHUHATAM.

oy Rt Lk
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p—

22579 . BEIUNCIMTE

R ||'R2_xz .l'Hz_xz_yz

J -[ dx J dy j (x2 + yz} dz,
; .

-JR%.. x2 0

npecOpas’oBaB €r0 NpPeABAPMTENLHO K clepHyecKdM KOOPAMHATAM.

2258. Ilepeiigs K chepuyecKUM KOOPAHHATAM, BEIUHCINTEL UHTEI DA

I -[ I Jx2+y?+ 22 dx dy dz,

(v}

2 2 2
rae ¥V — BHYTPEHHOCTE Iapa x + y + 27 < x.

1 B. BBIYHCJIEHHWE OBBEMOR C [IOMOMIILK) TPOMHBIX HHTETPAJIOB

2259. BRIYRCIUTE ¢ IOMONIBI0 TPOHHOTO WHTerpana of'beM Teaa, or-
DPAHHMYEHHOT'O MNOBEPXHOCTAMM

g =4a” - 3ax, y" = ax, z = Th.

2260%, BoiyycauTh obbeM 4aCTHU HHIUHEPA X+ y2 = 2ax, COlepKa-
Iencd Mexay napaborouaom <+ y2 = 2az ¥ nnocrocTeio XOY.

2261%*. BerauenuTs of’beM Tella, orpanddeHHoro cdepoil x° + y2 +2f =
—a’u KOHYCOM 2=+ y2 (BHEIITHETO OO OTHOINEHHIO K KOHYCY).

2262%. Beraucauts 006eM Tela, orpaHHYeHHOro cepoi x5+ yz +2=

2 2
= 4 g napabonougom x  + y = 32 {(BHYTPEHHEr0 IO OTHOLICHKIO K IIa-
pabononay).

2263. BeruMcnuTeE o0BeM Tella, OrpaHMYEHHOTO IINMocKocThio XOY,

2 2 w2 2 2 2
UAJUHAPOM X + Y = ax U cepcd X + § + 27 = a (BHYTPEHHETO N0

¥]  OTHOWIEHRIO K IBIHHADPY).

2264. 1. Briuucante 00peM Tena, orpasddeHHoro napabomounom
2 2
boo4 2
b ce
2. BeiuneauTs 00BEM TeNa, OTPAHHYEHHOr?O HOBEPXHOCTBIO
2 2 2% 2 2 2 2
a2 BE ol a? b2 2

3. Beruycnurs o0beM TeJa, OTRpaHUUEHHOTC NOBEPXHOCTAMHA

2% U MI0CKOCTRIO X = .
a

x? oyt o 2y x% oyt zF .
53+b2+c_2 E-EnLE32 = 0,z 20,

B. MIPUJIOKEHNA TPOMHLIX HHTETPAJICB B MEXAHMKE U GH3HKE

2265. Haiitin maccy M npamoyronsuore napannerenuneaa 0 < x € a,
O<y<b 0<2< ¢, eCau RIOTHOCTE plx, y, 2) B Touke (x, Yy, Z)}) HACAEHHO
PaBaa x + y + z.
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2 2 2 2

2266. 1z oxrTanTa mapa x° + y + 20 € ¢,
x=0, y 20, z20 Brpesado Teao OABC, orpa-
HUYEHHOE KOODAHHATHLIMY ILJIOCKOCTAMM ¥ TLIOC-

KOCTBIO ~ + % =1{a < ¢, b < x)(puc. 100). Haitti
il

MAaccy STOFO TeNa, €CAH IJMOTHOCTE er0 B KAaMAoH
Touke (X, ¥, Z)} PABHA ANNJIWKATE 3TOH TOYKH.
Pue. 100. 2267%. B Tene, umetomem ¢Qopmy mnojyiuapa

2 2 2 2
x'+y +2° s a, z 20, 1NI0OTHOCTh UZMEHAETCA
IPONOPIMOHANBHO PACCTOAHMIO TOUKH OT HenTpa. HaiTy ueHTp TAMECTH
aTOrC Tela,

2268, Hality HeHTp TAMXECTH Tela, OPaHMYeHHOTe napabolouioMm

yz + 22° = 4x w nockocTEIO ¥ = 2.

2269. HaliTy MOMEHT MHepIIHE KPYTJIOrO HMJIMAAPA, BLICOTA KOTODO-
ro i ¥ paauyc oCHOBAHUSA &, OTHOCHTENIEHO OCH, CJyXKallled nuaMeTpoM
QCHOBAHNA LLMJIUHIAPA.

2270%, HaliTi MOMeHT MEepIIMM KPYIVIOTO KOHYCA, BEICOTa KoToporo ki,
paguyc OCHOBAHUSA @ U IIJIOTHOCTD P, OTHOCUTENHHO JTHAMETPa OCHOBAHMA.

2271%%, HaliTi cuny NpUTSKEHHSA OZJHOPOJHOTO KOHYCA BBICOTHI A ¢
VIVIOM (f IPH BePIIHHE {B CCEBOM CEYeHHH) K MATEPHANbHOH TOUKE M-
HHYHOHN MACCHI, PACIOJOKEHHOH B BepIIMHEe KOHYCA.

227 2%*% TloKas3aTh, 4YTO CUIa IPHTHKEHNA, TeHCTBYIOIAA O CTOPOHBI
OIHOPOAHOrC MIAPA HA BHEINIHIOI MATEPHANLEYIO TOUKY, HE H3MEHHTCH,
e@CJIM BCK) MacCy IIIapa COCPEeXOTOYIITh B €r0o [eHTPE.

§ 8. Hecoberreunsie mHTErpasakl, 3apHcdiIqe 0T napamertpa.
HecoOcTBeHHBI¢ KpATHBIE¢ HMHTETDAIBI

1° Tudpdhbepesnuporaise no napamerpy. I[Ipg  HeKOTOPHIX
w®
OrPaHMYeHHNEX }, HalaraeMelX Ha GyHENMH f(x, ¢), f, (x, ) ¥ Ha cOOTBeTCT-

BYKIMIHe HeCOBCTEEHEDBIE MHTErpajinl, HMEET MeCTO npasuto Jeilbnuya
i_l' fx, o) dx = J' 7 (x, o) dx.
do
44 ¢

INMpumep 1. ConomMousmw auddepeHIYPOBAEEA 10 DAPAMETPY BEIYHCIHTE

jaou)

—tx? _ Bl
J’“‘r e dx (@> 0,8 > 0).
X

0

Y Ol T H. Kyzpasuern. Kparknili KYPC MATeMATHYLCKOG adainsa, T. 2, r. B,
§ 49, 50. — Bucaruszac: <Alfa», 1998,
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Pemeunune. Ilyere

= —gx?_ -l
f e — e 4x = F(u, P).
X
)
Torza
M - —ix? = i -y o B —L
o I xe dx 5 ©€ lo 5a"
0
Orcroga Flu, B) = —%ln a + C(B). Yrobur waiitu C(B), TonaraemM B mociaegHeM

paBeHcrse o = 3. Mmeem 0 = —% In f + C(f).

i

Orcioga C(B) = 5

In 3. CrnegoraTensso,

F(c, [3)==—%ln(1+ %lnﬁ= L&,

2 B
2° HecoflcTReHHBEe [OBOHHLIe HHUTEerpadn. a)Cnvuaf
hbechoHedHOH obamacTtun. Ecau dyuxnusa f{x, ) Henpepe!BHA B HeECTpa-
HUUYeEHOH obmacTty S, TO NOJATrannT

L J‘ fla, y) dx dy = lim ” fx, y) dx dy, (1)

rile 6 — KOHeYHAHA 0BnacTh, 1leAMKOM Jexailad B S, rpiuemM ¢ — S o3Hadaer,
4TO MBI pACIUMpPAEM 00JACTh O 10 IPCH3BOILEOMY 3aKORY, TAK HTOOBI B Hee BO-
I8 ¥ OCTAN&CE B Heli amfad Touxa obmactu S. Ecay npelea B NIpasol 4acTH
CYIINECTBYET 4 HE 3aBUCMT OT BhIDopa ofizacTu ¢, TO COOTRETCTBYIOUMH Hecober-
BeRHEIH MHTETPAJI HASLIBAETCA CXOORUIUMCH, B NIDOTHBHOM CAyYae — PACX00R-
WUMCA.

Eciy noguHTCIpanbHas QyHKUMA f{x, y) Heorpunartensua (f{x, y) = 0), To
I8 CXOOUMOCTH HecOOCTBEHHOIO HHTETDANA HeobX0IKMO H JOCTATOYHO, YTOOR!
npesea B IpaBoil yacTH paBeHcTsa (1) cyniecTsoBan xots 6u1 A4 0ZHON CHCTEMEI
obnacreil ¢, ¥CUepNBIBAIOIIEX 0044CTE S,

)Cnyuaidl paspuieHOo#d DYHK UMK Eoan dyaxnus f(x, y) genpe-
PBIBHA B OTDaEWUYeHHOM 3aMKHYTOH 0bDJlacTu 5 BCioAy, 3a HCKIKNYEHHEM TOYKH
P(a; b), TO n0A&TAOT

flx, y)dxdy = lim flx, y) dx dy, {2)
I tim, | [

{8} (5}
rae SE — ofnacTs, DonydaeMad M3 S IyTeM VEATeHHA MUTOH ofulacTi auamMeTpa

¥, comep:kame touky P. B coyyae cynlecTROEaHHMA npegena (2), He 3aBHCAITETO
OT BHOa YAAIAEMSIX 13 obmacru S Manwlx obJacTed, PACCMATPHBAEMEIH Hecob-
CTBEHHBIH WHTEIDAN HAZLIBAETCA CXOFAU{LUMOA, & B IDOTHBHOM CIIy4ae — pacxo-
dawumes.

Ecnm f(x, y) # 0, To npexgen B npapcoll 4acTH paseHcTBa (2) He 3ABHCHT OT
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BHJAZ yIandgeMbIx 13 obiaacrtu S oblacTel; B YACTHOCTH, B KAYECTBE TAKUX 00- 3

" £
acted MOXKHO GpaTh Kpyr'u paauyca 3 C HeHTPOM B TouKe P.

IlorATHe HecoDCTBEHHBIX ABONHBIX HHTEIDANOB JETrKO ICPEHOCHTCA Ha CIy-

Y4 TPOHHEIX MHTErpPalIoB.
Ilpumeyp 2. McenegoBate HA CXOAUMOCTE

dx dy :'ff
2 25p b,
.{I.SJ{1+3: + y*) 1

rjae S — BCA NIOCKOCT: X OY,
Pemenne, Ilyerh G — Kpyr pajUyca 0 ¢ HeHTDOM B Hauyajie KOODAHHAT.
Ilepexoaa K TICAHPHEIM KOOPAUHATAM, OPKH P # 1 UMeem
2n il

o= I I {1+d;?u2>f° ] l dlpl (fi’;)p -
2r

{o]
2yl-pf? -
- [ 12D g = o+ ph! -1
1-p | 1-p

2

Ecau p <1, ro lim I(6) = lim I(¢) = °° u uuTerpan pacxogurca. Ecnou xe
G—I-

S p— e
7

p= 1, ro lim (o) = 5—1 H pHTerpan cxoaures. Ilipu p = 1 nmeem
p ot —
2 [
I(o) = -[ dq:-j ]r drg =% In [1+pz); lim I{g)= 0o, . e. HHTerpas PACXOAHTCH.
+ r p— oo
0 0

Taxum obpasom, uaTerpas {3) cxoaurca npu p > 1.

2273. Hantu f'(x), ecin

2

f(x) = _[ e 7 dy (x> 0).
X
2274, JoxazaTk, uTo GyHELIMA

+

om [ O

x%+(y-z)?

— )
VIORJIETBOPAEST yparHeHHo Jlamnaca

2 2

dfu 4 0% _ g

dx? 32

22775, [Ipeodpasosanne Jlannaca F(p) nns dyuruun f(1) onpenenser-

CA POPMYJICH

D

F(p) = _|' e P'f(t) at.

0

bl

§ 8, HecoficTreHHRIe HHTET DAL 267

2276. IlonnzyvAacs popMyaci

BBEIMHCIHTE HHTET DA

I e”dat=L1 (p>o0),
F
0
BEIYHCANTL HHTErpa .
2 —
-I- e 7t at.
0

Ilpumenas guthdepeHNHpPoBaHYE 0 IAPDAMETPY, BEIYHCINHTD CASLYIO-
IIHe HETerpaibl:

2273.j ""”—;EP_ dx (>0, B > 0).
0

2279. _[ ﬂ;e—ﬂ- sin mx dx (> 0, B> 0).
H
2980 J‘ arctrox
) ox(reany T
o0
1
In{1 —a?x?)
2281.]' dx (o < 1).
. xP1l -t

2982, J' e‘mi‘;ﬁx dx (o > 0).
0

BrIuMCHUTE clleayoIiine HecoDCTBEHHERIE MHTETPATILI:

(s oo 1 JIE
2283. | dx J. e Y ay. 2284. j dy I e*’y dx.
0 0 0 0
2285. | Lijt_;ii%, rge S — obnacre, oIpefenseMas HEePABEHCTBaMU
x*+ y

1':3}
2
x=z1l,yzx.

Hatitu F(p), ecnu: a) f(t) = 1; 6) f(£) = e™; B) f(£) = sin Bt; r) f(£) = cos fit.
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2286 I dx J' : dy (a > 0).

x? + y? +a?)?

2287. Hnumezpan Burepa—THyaccora, oupelensaeMpli hopMyIoH

[ = ]
_qr2
I = J. e~*% dx, MoKeT OBITH 3aIllMCAH TaKMKe B Buje I = I e ¥ dy. Ile-

i 0
peMHOKAA 5T QOPMYIBI K IEPEXOAS 3aTEM K NIOJAPHBEIM KOOPAHHATAM,
BREIYHECIMTE 1.

2288, BriuMcIuTE I dx
0

e

d
y.l. x+y + 2 +1]2
0

HMcecnemoBaTh Ha CXGAMMOCTL HECOOCTBEHHbIE ABOMHLIC HHTEI DAL

2289%%, J.J‘ In ./x2+y? dx dy, Toe 8 — KpYT X+ yz < 1.

{5)
2290. J.J. ( dzx d”'ja rae S — ofimacTh, onpehenAeMasl HEPABEHCTBOM
X -'-y
X+ y > 1 («BHEIIHOCTL» KPyra).
2291%, Ij _dx dy , roe S — KpampaT |x| < 1, |y = 1.

5 Mex-y)?
{:1-2 4 yE 4 )

CTROM x -+ y + z

, rne V — o0sacTs, onpejesaeMas HeEpaBEH-

# 1 («BHEINHOCTL» Iapsa}.

§ 9. KpuBoanHeliHEIe HHTErpaJsbl

1 KpMBONWHCHHEHL Y HHTCI DA
f(x, ) — neupepriBHas GyHRUMA, ¥ = @¢la =
Kpusada .

[TocTpouM CUCTEMY TOUYEH E'vfl.{xt., y) = 0,1, 2,

nepeoro Twroa Ilyvers
% x % b] — nexorTopasa rnagxad

, 1}, pasbUBAWIINX KPH-

e ol
ByvIo C ra anesentapubic ayru M, (M, = A s, U cCOCTABHM HETETPAILLHYIO CYMMY
T
= E f{xi, y)A s, IIpenen 3TOM CyMMBIIDH 1 > 0O X max A s — {) Ha3EIBACTCH

i=1
.'-EpHSGﬁHHEﬂHbL.M Hmezpdlonm nepsost mund

lim z flx, y)As, =

n— =
L

j flx, y)ds

i=1

'
3
i
*% :
i
#
&
7.
§ !
%
%
5
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{ds — muddeperInin AYTH) H BLIYHCIAETCA 10 GopMyie

fr
I f(x, 1)ds = I flx, o(x) 1+ (p'{(x))2 dx.
e u

B caydae mapaMeTpHRecKoro ananna kpueoit C: x = @(f), y = y(¥) [a
HAieenl

=t =[]

A

A
j fx, y) ds = j A, WSO 2(t) + y'3(1) dt.
C Iy

PaccMaTpHEBAIOT TAKMKE KPHBOJMMHEHARIE NHTETPANEL IePBOI'0 THIIA 0T (PYHK-
UM TheX IepeMeHnLx f(x, ¥, 2), BEATLHIE 110 [IPOCTPAHCTEEHHOR KPHEBOH, KOTOphHIe
RBIMHCIATCH AHAJNOTHYHO, KPpUBOIMHeIHEIH HHTCIPAT [eDBOT0 THIA He 3d6U-
CitIm OM HANPASRCHUA NYMU UHIMEZPUPOSANUA;, eCIH NOILIHTeIPANEHYH MYLIK-
nuio f MHTePHPCTHPOBATh KaK JMHENHYI0 NA0THOCTE KpuBol nHTerpaunun C, o
HTOT UHTETPAT npejcraeager coboi maccy xpuson C.

[IpumMep 1. BLIUMCIHTL KPUBONWHEHHBIH HITErpan

I {x + y) ds,

rne C — KOHTYD Tpeyronbauka ABO ¢ pepimmmaamu A(1; 0), ¥
Bi0; 1) u O{0; O) (pwc. 101).

PemcHue 3gech ypasuenue AB:y=1— x, ypassenue 8

OB: x = 0, ypasgenune OA: y = O,
IloaToMy OygeM HMeTL ’
J(x+y]d5=j(x+y]ds+f(:-:+y)ds+ o A X
B0 Puc. 101.

1 1
- J' {x+y]ds=j J2 dx—l—jyder-J rdx = 43 + 1.
A 3 0 0
2 KpuposuHeliHBMMW HHTerpan sroporoe 1rrOa Eoan Plx, y)
M Q(x, y) — HempepslBHBIe GVHKUMYK, § = ¢(x) — raaaras xpusas C, npolerae-
Maf IPH HaMeHelMH X 0T @ A0 b, TO COOTBETCTEYILIMK KPUBOIUHEH Hotll UHmes-
PR 8mopozo MUNAQ BLIpaXaeTcd clegywiuMm obpasom:

b
j Px, ) dx + Qx, y) dy = J' [P(x, o(x)) + 0" ()Q(x, ®(x))] dx.
' )

B 6osee ofimem cayyae, KOTASG KpuBas C 3al4Hd napameTpruecku: x = @{f),
y = y({), rie ¢ usmensieTca OT ¢ A0 [, uMeem

f
I Plx, yydx -~ Qx, y)dy = J [P(o(Z), w{t)p'(t) + Q@lt), w(tPw'(1)] di.

()
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Anaroruarnie QOPMYNIBt CIPABEAIUBB AJ1A KPUBOJWHERHOIO MHTErDANA BTODO
THIIA, B3ATOr0 M0 IIPOCTPAHCTREHHDH KPHUBOH.

Kpupoanueiinsiii MHTEIDAN BTOPOTC THIOA MeHSET CBOHW 3HAK Hall
DﬁpB_THHﬁ OpPH HSMEHEeHHUH HEAaTTDAaEJEHHA OUYTH HHTEerpu-.&
poBaHH#, MexaguyecKM 3TOT MHTETPAS MOMHO HHTEPIPETHDOBATL Kak pa-{§
60Ty cooTBeTcTBYOLIeH nepeMmenuoil cuanl {P{x, ), @G{x, i)} BAOAL KpUBOHA MR-IE

rerpanun €.
[IppMep 2. BolUMCAUTE XPUBOAHHEAHEIN HHTErDAN

Iyz dx + x° dy,
c

rae C — BepxHaA NOJNOBHHA 2JIMICA X = ¢ cost, y = b sin ¢, npoberaeman z;:::'-

YACOROH CTpPENKE.
Peniexdude Hmeem
0
I yzdx + xzdy = I [bzsinzt ‘- (—asint) + a’cos’ t - b cos tidt =
C n
0 0
= -asz si:n3 ¢ dt + azbJ. c053 tat = %abz.
T mn

3° Cnyuaii nonumoro aunddbeperuunana Ecau HD;ILIHTEP]]&JIB-:*
HO€ BhIpAJKeHHEe KPHBOJIHHEHHOIc HHTerpajia BTOPOro THOA BCTh nnnﬂmﬁ:
AupdbepeEnIMAT HEKOTODOH ofHO3Haumon ¢yvaruuuy U = Ulx, y), T.e. -3,‘.
P(x, yydx + Q(x, y) dy = dU(x, y), T0 9TOT KPUBOANHENRH I HHTETDAN HE 3ABHCHT 5

OT HYTH HHTErDHPOBAHUA K uMeeT mecTo dopmyiaa Heorona—Jleibnuna

{x3. Ua}

J- Plx. 4) dx + Q(x, ¥) dy = U(xz, yz} B U{xp y1)=

fx,; )

rae (x,; y,) — BavansBaf u(x,; y,) — KOHEUHASA TOUKH NYTH. B yacrnocry, emm_':

KOHTYD MHTErpHPOBAHHA C 3aMKHYT, TO

[ P ) dz + Qx pydy = 0.
[N

Eciau 1} KOHTYD UHTErpUpoBanuA C COREPIKUTOA [eITHKOM BEYTPH HEKOTODOK:
opuoceAsHol obnactu S u 2) dyuruun Px, y) u &(x, ¥) BMecTe €O CBOHMH 4.
CTHLIM¥ DPOK3BOAHBIMH 1-T0 DOPAAKA HenPeprIBHEI B obnactu S, To HeobxomH

MBIM H JOCTATOUYHEBIM YCIOBHEM EiA CYLIeCTBOBAHNA Q)FHI{U.HH U apaaerca TOWK-

DJECTBGHHOE BERITOJHeHMe B oDaacTd S paBeHcTEA

9Q _ 9P (
dx  dy

(cm. § 8 ra. VI). Ilpu nessinonnenun yesaosui 1) 1 2) coorsoinenne (3) emle HigE
rapaETHPYeT CYINeCTBOBAHMA ofHoaHAUHON dyveExknumn U u dopmyas (1) u (2
MOT'YT OKABATHECA HEBEPHBIMU (cM. sagady Ne 2332). ¥raseM criocob Haxox e HANE
dyrxnun Ulx, y) no ee nojHoMy zudwpepeHLHANY, OCHOBAHHBIH Ha HCT10E ]
F0BAHUM KPUBORMHEHHBIX HHTETDAJOR (T. €. elle OAUH CIIoco0 MHTerpupoRaHASEE

§ 9. KpuBonureli BRI HETErPaIn 271

jponsore EuddepeHIana). 3a KOHTYD MHTETDHPO- Y

)
panusA C Bossmem Jomanyw PP M (puc. 102), rae | Poylxpy)
Yr--—— - ~M(x:y)
Py(x4; ¥y) — duKcHpOBaHHAN TOUKA, M(x; y) — me- I
peMenHad Toukd. Toraa sgoas P P, umeem y = y, u l
dy = 0, a snons P M umeem dx = 0. IToxyzaem |
(x; ) |
U(x, ¥) - Ulxg 4g) = P(x, y)dx + Qx, y)dy = Ho[~tp e Pil6id)
. (Xp: Yo) , o x ' 'j‘,
= [ P v de+ [ Qe way. Prc. 102.
*n ¥

AHanorMuygo, HHTErPUPYA N0 JOMAHOHK PP, M, nMeen

u x
U(x, y) ~ Ulxg, yo) = j Qx,y y) dy + f P(x, y) dx.
Yo Iy
IIpumep 3. (4dx + 2y)dx + (2x - 6y)dy = dU. Haiitua U.
Pemenue. 3necs Plx, y)=4x + 2y u Qx, y)= 2x — 6y; IprueMm yea0BHe
(3), oYeBUIHO, BRITIOJHEHO. IlyCcTh x, = 0, y, = 0. Toraa

x ¥
U{x,y)=_[4xdx+J‘{2x—6y)dy+0=2x2+2xy—3y2+c
0 )]

HIR
Y ¥
Ulx, y) = J' —6y dy + _[ (4x + 2y)dx + C = -8y + 22% + 2xy + C,
a ]

rge C = U{(0; 0) — npou3BoRbH&S 1IOCTOAHHAML.

4° Popmynalpunaanaonocxocty, Eenn C — rpanunma ofnac-
™ S 1 dyaruuu P(x, y), &(x, y) BelupepsiBEEl, BMeCTe €0 CEBOUMH YACTHBIMH
Tpou3BodHBIMHE 1-ro mopAAKa, B saMKEyTo# obnacti S + C, To cipaBennusa giop-

myaa I'puna
{; Pdx + Qdy = ” (‘39 - a—P] dz dy,
dx gy
C (S

rae obxopa rouTypa C BREIOMpaeTcA Taw, YTOOKI obiacTs S ocTaBasiack cleea.
5°. IlpunomeH A KPUBOIHUHEeHHBX HHTerpanos. 1) I{rcuads,
OrpaHHUYedHaA 3AMEHYTBIM Kourypom C, paBBa

S=—35ydx=-—ﬂ§xdy

C L

{Hanpasnenue 06xoZa KOHTYpa BhIOMpAeTCH OGPATHHIM ABUMEHWI YACOBOI
CTPeNIKH).
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Bonee yaobHa AnA NPHACKKEHUH ciaenyvwmiag hopMyaa IIOIaRH:
- 139 (x dy — y dx) = 1§} xEd(EJ.
2 2 X
C «

2) PaGoma cunzei, umeromei upoeknuu X = X(x, y, 2}, Y = Y(x, y, 2),
Z = Z(x, Y, z) (#5111 cooTBeTCTBeHHO paboTa CIICBOrO [OJAA), BAOAL TYTH C BLI-
pajKaeTcs HHTerpaloM

A=J'de+Ydy+Zdz.

Ecau cymecrsyer Hyurnus U =
byHEOMA} TAKad, UTC

Ulx, y, &) (HoTeHIHANLHAA MIH CHJIOBAA

i, U

o X, E =Y, Pl Z,
10 pabora, He3aBMCHMO OT BHMAa nyT# C, paBHA
(X Yo Zy) {Xp, Y2 Zo)
A= J' Xdx+ Ydy + Zdz = I AU = Uz, 4y, 2,) - Ulx,s 4y 2,),
{425 (2. by 21)

rae {xl, ¥y z,) — HavanbHad, (Xg, Yys Xp) — KOIEHHAS TOUKH IYTH.

A. KPUBOJIHHEYHBLIE UHTETPAJIEL 1IEPBOTO THIIA

BriuneauTe caeayioniHe KPUBOIWHEHHbIE HWHTETPAJIBI!

2293. | xyds, rne C — xoBTYD KBaapara |x| + [y| = a (a > 0).
C
[ ds
2294, , rge C — OTpEe30K NPAMOH, COeTHHAIIIENR TOUKH
v SJxZry?+4
O(0; 0) u A(1; 2).
2299. J- xy ds, rae C -— 4eTBepTh SIIATICA 5 + %-2- 1, nexxaniaa B -
a
[iePBOM I{Ba,[[paHTE.
2
2296. I y~ ds, rae C — mepsad apra QuUrIouasl x = a(f — sin i),

y = a(l — cost).

2297. J- Jx2+y% ds, rae C -~ gyra pasBepTKH DHp}?}EHDCTH'-_:

x=alcost +tsint), y =af{sint — t cos{) {0 <= ¢ < 27).

2 2.2 :
2298. I (x" + y) ds, rge C — gmyra sorapudMHUYeCKOH cOupa il &

m
FZQEEF

(m > 0) or Touku A(Q; a) go touxu O(—2°; 0).

- T R R e L B NS 1L I PR TR Sl L L I NN R TN S s s AL e
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s

2299. J- (x + y)ds, raie C — MpaBbld JNeNeCTOK JeMHHCKATHI
5 2 C
rz = g cos 2¢.
. 2
2300. | (x + z)ds, rae C — ayra Kpumoit x = t, y = i‘ﬁ_, z =1t
s . J2
[0<t<1]
2301. [ ds rie C — MNepPBB BUTOK BUHTOBOH JIMHUM
! x?+y?+ 22
y=aqacost, y=asint, z = bt
2302. -[ J2y?% + 2% ds, rpe C — OKPYXKHOCTE x°+ y2 + 2 =g’ x= Y.

2303%. HafiTn naoinais BOKOBOMR OBEPXHOCTH napaboanyeckoroe nu-
2 -
TUHAPA i = g x°, orpasndenHoi wiockoeTaAMu 2 =0, x =0, z=x, ¥ = 6.

L] L wr t
2304. HajiTy 1AMHY IyT'H KOHUYECKOH BHHTOBOH MTUHUH X = (€ COS £,
1 . ;
y = ae sint, z = ae or rouku O(0; 0; 0) no Touxku Afa; 0; a).

: 2
LA i
a? b2
neliHas IJIOTHOCTE €ro B Kaxxzoi Touxe M(x, y) paBHa |y|.

2306. Hailitu Maccy 1epBOro BUTKA BAHTOBOH JMHHH X = aCOS T,
y = asint, z= bt, eCIH NJIOTHOCTE B KakJoH TOYKEe 4MCIIEHHO DABHA
AHAYEHHIO paJuyCca-BEKTOPA DTOM TOYKH.

2307. OnpeneauTb KOOPAMHATH OEHTPA TAKECTH IOIYaPKH NUKJICUADI

x=aft -sint),y = a(l —cost) [0 <t < n].

2308. HajiTu MOMEHT HHEpPIIMH OTHOCHTENBEO ocu (OZ nepBoro BHTKA
BUHTOBOU JNUHUK X = @ cos &, y = a sin ¢, z = b,

2309. C xakoii CHIIOH Macca M , pacopefefeHHAN € IOCTOARHOMR ILIIOT-

z = (), BO3AelicTRYET HA Maccy m,

2305. Onpeae uTs Maccy KOHTYpA HJINKICA = 1, ecnu nu-.

2
HOCTBIC Ha OKPYHHOCTH x + y =4,
nomemennyio B toure A (0; 0; b)?

5. KPUBOJUHENHBIE MHTETPAJIEL BTOPOTO THIIA

BLIUMCIHTE CJAeAVIONHE KPUBOJIMHEMHbIE HHTET DATIDL:

2310. j (x2 — 2xy)dx + (2xy + yz) dy, rae AB — gyra napaboisl
y = x% oT TouKu A(l; 1) no Touxn B(2; 4).
2311. I (2a — y) dx + x dy, rae C — Ayra nepBod apKH THKJIOMJEI

x=alt —sint), y=a{l —cost),

Upoberaemas B HAIPABJIEHUHN BO3PACTAHHSA mapamerpa f.
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T} f

" GA :
@1y Az JIMYHEIX OyTelf, BBIXOAALMX M3 HAYALA Koop-
P auHar ((0; 0) ¥ 3aKaHYMBAICITUXCA B TOUKe §
! 0 A(2; 1) (puc. 108): g
- N a) npaMoii OmaA; ¥
0 B(2:0) X 6) napaGonel OnA ochio CHMMETPHH KoTopok I -
ApasaercH ock OY; 4
Puc. 103, B) napabosnbt OpA, oChI0 CHMMETPHH KOTO- &

poli ABnAeTcA och OX;
') JIoMAaHOM JuHuKM OBA;
) noMaHou ntuauu OCA,

2313. I Zxy dx -+ x° dy B ycaoBUAX 3agauu Ne 2312,

24
2314*_§ﬁr+y)dx—(xuy)dy

x2 4 y?
IIPOTHE X0J4a YACOBOM CTPEKH.

" 2 2
y BBATHIM BAOISL OKDYKHOCTH X + Y =@q!

23135. f yz dx + x° dy, rae C ecThr BepXH#As OONOBUMHA JJNINHICA

C
x=acost, y = b sin ¢, npoberaemMan 110 Xoxy 4acoBoil cTpenry.

2316. I ¢cos y dx —sin x dy, B3ATHIH BAONL OTpesKa AB ﬁHCCERTpHCH
AB

BTOPOr0 KOOPAMHATHOIO yivia, ecin abcuueca TOYKH A paBHAa 2 M up,:m—
Hara Touky B pasHa 2,

2317. §) xy(y dx —x dy)

x? + y2

2 2 L] LT3
7= a cos 29, upcheraeMulii IPOTHE X0/a YACOBOM CTPENKH.
2318. BLIMuCIUTE KPUBOAWHEHbIE WHTETPANEL OT BbIpaXKeHHnii, AB-
JAKIIHXCA NONHLIME gutdepeHanaMu.
(2. 3)
a) I xdy + ydx,
{1, 2)
(3.4}
5) j x dx + y dy,
(0; 1}
{1; 1}
B) J' (x + y) (dx + dy),

(0; 0
(2.1
r) ydx—x dy

yz

(mo yTH, He nepecexawilemy ock 0X),

(1,2}

2312, J. 2xy dx — x° dy, BBATHII BAOJD pas:

Byorb
U S

A A

» Tae C — RpaBLIf JIeNeCTOK JIEMHHCKATH

Pow Ay
B

EEN e

Iy A DU _:__\-_, T N S
:{:.'_."“E.'%}.".:}i-_,ﬁh:f B e A R
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(x; ¥}
I dx —d¥ (10 uyrH, He nepecexanmemy mpaMyo x + i = 0),
X+ y

[E; 2)
(xg; Yaz)

e) J
(g iy}
2319, Haiiga neppoobpasHbie HyHKI UM HOALBIETErPATBHEIX Bhipasie-
HHMH, BBIYUCIWUTS MHTECPATIBL:

(3. 0)

@o(x) dx + w(y) dy.

2 2 4
a) -I. (:\:':i + 4xy3) dx + (6x"y" — 5y} dy.
(—2; -1}
{1. 0]
0) J e dy-y;:lx (OyTh MHTErpUpOBaHys He IlepeceKaeT NpA-
x_
o1, (x -y}
MOH iy = X),
{3: 1)
B} (x+2y) dx+¥ dY (oqy purerpupoRaHUA He MEpPeCEKAeT
(x+y)?
(1.1}
NPAMOU y = —Xx),
(1, 1)
¥
r y) dx + (—'——+x) dy.
) Ei'[{] x2+y JxZ+y?
{0: 0}

2320. BeiunecanTe

I:J‘ x dx —y dy

A.I'1+x2+y2,

- 2
B3SITHIH 110 XOAY YACOROM CTPEJKHN BAOJL YeTBEPTH 3UJINAIICA E + % 1,
Jexxanieil B IepBOM KBaJPAHTE.

2321. Tokazatsb, 4To ecaH f(¢) ecTh HenpepbiBHAA QYHKIMA 1 C —
3aMKHYThIH KYCOYHO-TIAAKHHA KOHTYD, TO

3‘; Fx? + ) x dx + y dy) = 0.
C
2322, Haiitu neproobpasHyio dyurnuio U, ecam:
a)du = (2x + 3y)dx + (3x — 4y} dy;
6) du = (31‘2 - 2xy + yg} dx — |‘[;vc:2 — 2xy + 3y2) dy;
p)du =€ Y1+ x +y)dx + (1 — x — y) dy};

dx+dg_
X+y x+Yy

r)du =
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BLiuu¢aiTh KPUROJVHeHHBIEe HHTETPANBI, BEATHIE BAOJIb IPOCTPAHCT- 8. LOPMYJIA TPHHA

BEHHBIX KPHBBIX: 2327. C nomows QopMyan ['pura npeobpa’zoBaTh KPUBOIVMHEHHBIN

JHTErpa
2323. -[(y —z)dx +{z — x)dy + (x — y)dz, rne C — BHTOK BHETOBOH —
I = ﬂ; Jad+yd dx 4 ylxy + In{x = x? +y?)] dy,

JTAHENAH
J ;ig :Ef :‘ roe KOHTYp C orpanuumpaer obiacTe S.
{ =z = bt ’ 2328. IIpumenss Gopmyny I'puH4, BRIYHCAUTE
¥

. - ﬂ; 20{1:2 + yz) dx + {x + y}2 dy,
COOTBETCTBYIGIIHUH Ha3MeHeHMI) napametrpa t ot 0 a0 2,

Y 2 7]
2524, ﬁ; ydx + zdy + x dz, rae C -— OKPYRHOCTD rie C — npoferaeMbiil B LONOXKMTENILHOM HAaUPABJIEHMW KOHTYD Tpe-

=
ot
:
Fre
-y
i
@
K3
TR
EER
2
-
H

C ' yroapHfKa ¢ BepmHaMu B Toukax A(1; 1), B{2; 2) u C(1; 3). IIposepurs
x= R cos cos t, : HAMTSHHLIH Pe3yJILTaT, BbIUHCAAST HHTETPAT HEIIOCDELCTEEHHO.
f : |
4y =R cosdasinf, L 2329, [Ipumenasa ¢Gopmyny 'piHa, BEIMHCIHWTL HHTETPAT
; ‘ a
' z= R sin o (& = const), & . .
‘ o ﬂ;—xydx -+ xy dy,
npoberaeMas B HAIIPABJICHMMU BO3PACTAHUH JIAPAMETDA. E i ¢
B . 2 2 2 ' .
2325, J xy dx + yz dy + zx dz, rpe OA — nyra OKpPyEHOCTH rae € — oKpyxKHOCTR X + i = R, npoberaemasi IpoOTHE X048 Y3COBOH
QA : CTPeNKH.
W 2 - %Ry 2= x 2330. Yepea rouxu A(1l; 0) v B(2; 3) oposegennl napabona AmbB,
Y ’ ’ OCBI0 KOTOPOI gBiaserca ock Y, W xopaa ee AnB. Hadru
pe -
PACHONOMEHHAA 0 TY CTOPOHY OT IjlockocTH XOZ, rae y = 0. § (x + i) dx — (x — ) dy
2326, BrrupcnuTs KPHBOJMHHEHHBIE HMHTETPANLI OT NONHBEIX aAnde- A A
pPEHIHANOB!
G 4:8 HENIoCPEACTBEHHO M NpUMeHad opyyay I'puHa.
(G:4:8)
" ¥ 2
a) j. xdx + ydy — zdz, - 2331, Hajitu _[ e[y” dx + (1 + xi)dy], ecnu rouku A u B jexar
: AR
(1: 0. -3 o
(b o) Ha ocu OX, a macniajlb, crpAaHUYeRHAA OyTeM HHTerpanuu AmB u or-
aL b i
! pearoM AB, paBHa S.
4); -[ yz dx + zx dy + xydz, | a 1
: . X
(1:1; 1) I 2332%. BpluMCciNTL 56 & y g; . PaceMoTpers JiRa COIyvUas:
I + U
4:5) C
J- xdx+ydy+z d-"-’ N A) KOTZAa HA4Yal0 KOOPMHHAT HaX0juTcs BHe KoHTypa C,
0- a2yt 22 0) KOora KOHTYD OKDPYJKaeT n Pas Haualo KoOpJHHAT.
2333*%, [lorkaszars, yTo ecau  — 2aMKUOyTad KpHUBad, TO
-r o --| :
zdx+zx dy+ay dz % cos{X, n)yds =0
r) I 4 2X OF T XY 92 (myTL MHTErPMPORAHMA PACTIONO- & (X, ) ;
rye T C

(1:3:1)

e 8 — MJIMHA AVIH, B — BUEITTHAA HOPMAb.

HeH B IIepBOM QOKTAHTE), g
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2334. IIpumensaa dopmyay 'puxa, HARTH HHETErpal

I = i; [ cos (X, n} + ysin (X, n)] ds,
C

roe ds — audubpepeHuuan Zyra, 1 — BHEHIHAA HOPMA&NL K KOHTYpY C, 1

2335%, BLIMUCAKTL HHETETrpaN
dx —dy

x+y
o

B3ATHIA BIOAL KOHTYPA KBaapaTa ¢ BepmmmHaMe B Toukax A(1; 0), B(0; 1),

C(—1; 0y u D(0; —1), upu yesroBuH 06x0a KOETYDA IIPOTHB YacoBOM CTPENKH.

I. IIPHJIOKEHKHA KPUBOJIMHEHHOI'C NHTETPAJA

BEIMHCAUTE III0OIIAAN (QUIYP, OTPABUYEHHBIX CISIYIOMIMMHE KPUBLIMY!

2336. 3nnuncom x = gcos t, ¥ = b sin t.

2337. Acrpongoi x = a -::053 L,y =a 31113 £.

2338. Kapaguounoi x = a(2 cost — cos 2t), y = a(2sin ¢ - sin 2t).
2339%. Iletneul nekaprosa AUCTA £+ ya — 3axy = 0 (a = 0).

2340. Kpusoii (x + y}3 = qxy.
2341%. OKpy:KHOCTL pajuyca r Katutca 6e3 CKONb:KeHUA [0 HeIo- .
JABHMKHOM OKDYIKHOCTH paguyca R, ocrasasics BHe Hee. [Ipennonaras, ure

R . . ]
— -— [eJIog YMCJO, HAHTH ILOIa/h, OrPAHUYEHHYK) KPHBOH (SIHI[UK- -

r

JIOMMACH), ONHCAHHOH KakKOU-HUOVAL TOYUKOH IOABH>KHOU OKPVIKHOCTH.

Pazobpares uacTHeii cayvail r = R (kapguouga).

2342%, QOKpYKHOCTE paguyca r KATUTCH 0e3 CKOMbXKeHHUA 10 Helo-
ABMIKHOU OKDYJKHOCTH paguyca R, ocraBasich BuyTpu Hee, [Ipennonaras,

R ” o
HTO  — eJI0e MMCN0, HAUTH MIIOIANh, OTPAHUYEHHYI0 KPHBOM (runoo-

IXKI0OMAOH), ONHCAHHONH KAKOH-HUOYIEL TOYKON NOABMMHON OKPYHHOC-

TH. Pagobpars yacTHRIN cayyaii, Korga r = g {acTpouga).

2343. llone oOpa3oraHO NMOCTOAHHOE cHIOH F, HANpaBIeHHOH BEOJIb

nonoxATeNbROR noayocu OX. Hafitu paboTy nonis, KOraa MaTepuaib- .

HafA TOYKA ONNCHIBAET O XOAY YACOBOU CTPENKH HETBEDPTh OKPYKHOCTH *

2 2 2
x <+ y =R, nexawiyio B IepBOM KBaapaHTe,

&
-
Yy

2344. Haititu pafory, NpOM3BOAMMYIO0 CHJICH TSAMecTH HIDH NepemMe- o

HIEHWH MATEPMAALHEOM TOUKH MACCHI /1 B3 [IOJIOMKeHUH Alxys ¥y 21) B
nonoxenune Blx,; y,; 2,) (ock OZ vanpasiena BePTHKAABHO BEEPX).

§ 10). 1lopepXHOCTHRIE HHTErPEIIEL 274

23456. Haittm paboty yupyroli clnbl, HanpaBJeHHOH K HAaJYajay Koop-
AMHAT U IPOTIOPILHOHANBHOH YIaJeHUK TOYKH OT HayaJJa KOGPIHMHAT, ec-
JH TOUKA DPHAGHKEeHUA CHIIL] ONMUCLIBAET NPOTME YACOHROH CTPEJKHU Yert-

2 2
sepTh piNIcA = + ¥
TE be

2346. Hajiti notennuanbayio @dyarn#ae cuasl KB{X, Y, Z} u onopene-
JIUTE paloOTy CHABI H2 JaHHOM YYACTKe OYTH, eCIH:

a)X =0,Y =90, 72~ —mg (cnna TA¥ecTu)} 1 MaTePUAILHAA TOYKA
NepeMelaeTes U3 NOJICKeHusa A(x,, ¥,, 2,} B monoxenue B(x,, y,, 2,);

= 1, nexxalvio B IepBOM KBajgpaHTe.

)X =4 y=-H z_ 4

’ 3 2. rhe w=const 1 r = JxZ+y?+ 22
r 3 e

(cHJa HBIOTOHORCKCTO NPUTAMKCHUA) W MATepNAJLHAR TOUKA H3 HOJO-
sxenua A(a, b, ¢) yaansercsa B BeCKOHEUHOCTD;

B) X = —kzx, Y= —ﬁazy, Z= ﬂkzz, rae £ = const (yaopyras cuia), npudyem

2 2, 2 2
HAuaJibHAA TOYKa NyTy HaxoguTceda Ha chepe x° + ¢y + 20 = R, a
2 2 2 2
KoHeuHaa — Ha chepe ¥ +y + 27 =r (R > r).
§ 10. [ToBepXHOCTHBIE HHTETPAJIBI
1 IHlopepxHOCTHRHW HHTel'Dall unepBoro Ttuia., llyvers

flx, ¥, 2) — HenpephlBHAA (MVHKLHAA, 2 = P(X, ¥) — PIaIKaA DOREDXHOCTE S.
IToeepxnocmuetii UHmezpak nepaozo munda npeactasider coboil upejesa ny-
TErpaNbHON CYMMEI
n

” f(x, y, 2)dS = lim f(x, y,z)AS,

n—?':ﬂ

8 i=1
rie A S, — maomais i-Te 3J1eMeHTa MOBEPXUOCTH S, TouKka (¥, ¥, 2;} IprHaAIe-

HHUT 2TOMY 2JeMeHTY, HDHYEeM MAKCHMATLHBIH JHAMETpP 0JMeMenTOB pasbueiris
CTPEMHUTCA K HYJH.

3HayeHHe 3TOFQ WHTErDAJA He 3aBHCHT OT BbIGOpa CTOPOHK MOBEDXHOCTH S,
IO KOTOpOH HPOM3BOIHTCA HHTEI'DHPOBAHHE.

Ecau npoekuua ¢ NOBEPRHOCTH S HA OIoCcKoCTh XOY 0gHO3HAYHA, T. €. BCA-
Kas npsaMan, napataeskHan ocn OZF, nepecexaeT NOBEPXHOCTE S MHIIe B OIHOH
TOUKE, TO COOTBETCTBYINIIMA HOBCPXHOCTHEIH HHTErpasa HICPBOTO TMIIA MOKeT
OpIThH BBIYKMCACH MO hopMyne

” flx, y, 2)dS = ” fix, g, olx, PIJ1+02 (x,y)+1+07 (x. y) dxdy.

by {7)

IIppmep 1. BEoMKenuTh, DOBEpX1IOCTHBIH HHTErpan

IJ(:: + y + 2)dS,

5

Toe S8 — opepxHoCTE KyPa 0 < x £ 1,0y < 1,0< z< 1.
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BerucauM cyMMy [IOBEDXHOCTHBIX MHTETDAJIOB N0 BepxHell rpaum Kyba (z = 1)
M IO HUKHEH rpavm xkyba (2 = O)
11 11 11

J._l[ (x+y+1)dxdy+J;£ (x+y)dxdy=” 2% + 2y + 1) dx dy = 2.

OueBHAHO, YTC MCKOMBIH MOBEePXHCCTHBIH KHTerpajl B TPpW pa3a GoNbINe i
paBeH

s

5 e R D e it

ISJ'{x+y+z)ds=9.

2°, JlosepxHOCTHSIH HETEerpas BToporo Tuna. Ecom P = Plx, y, 2),

Q@ =Q(x, y, 2}, R = R(x, y, 2) — HenpepuBHLIe DYHKINK, S — CTOpPOHA TAAAKGH
NOBEPXHOCTE S, XapaKTepu3yeMasa HAOPABJICHMEM HOpMaiu nicos &, cos P, cosyl,
TG COOTRETCTBYIOLINI NOGepXHOCMHBLIL UHRMEZPAL 6MOPOZO MUNG BHIDAYKAETCH
cIeYVIOIINM cipazom:

JJ Pdydz + Qdzdx + Rdxdy = J‘I{Pcnsa + Qcos B+ Rcosy)dS.

g

IIpu ilepexofe Ha APYIYIO CTODOHY S IOBEPXHOCTH 2TOT MHTErpan MeHser & |

cBOM 3HAK Ha OoOpaTHLBIHN.
Ecau nosepxnocts S 3afgaHa B HesiBHOM Bujie F(x, i, 2) = 0, TO HaOpasNAOLIHE -
KOCHHYCEl HOPMAH 9TOH IOCBEPXHOCTH ONPCHEAAITCSE 10 (hOPMYJIaM :

IE}F 1 dF _ 1 9F
COS f = D 35’ €08 Doy’ COS

o+ (55 (5

D 3z’

rae

¥ BHI0Op 3Haka Tepe] PAAMKAJIOM jposeH ObITH COrJACOBAH €O CTGPDOHOH mO-

BEPXHOCTH 5.

3° ®opmyna Crokca. Ecan dyukuun P = P(x, y, 2), @ = Q(x, y, 2}

R = R(x, y, 2) genpeprigHo Auddepernunpyems u € — 3aMXHYTRIH KOHTYD, OT-
PAHHYKMBAIOINHH IBYCTOPOHEKIQ TOREDXHOCTE S, TO uMeeT mecto ¢opmyaa Cmo- -
Kca '

E';de+Qdy+Rdz= E

C
11 - B (- ) enos (8 - Pomr ]

dz  dx dx  dy

rie cos i, oS [, COS ¥ — HANPABARIOIINE KOCHIIVCEI HODMAJM K IOBEDXHOCTH S, 5;5;
IpUYeM HAUDPABJIeHKE HOPMATY ONPeeNAeTes TaK, 9T0OLI CO CTOPOHEI HOPMANH Ly
o6xot KoHTypa C COBEpIIANCH NPOTHE YACOBOH CTPenKH (B npasoll cucTeMe KO- '3
OpAHHAT). :

§ 10. [loBepxHOCTHRIE HHTEPAJIE 281

P i

BeluyUCHIHTEH CHeAYHIIINE NIOBEePXHOCTHERIE HHTETPANE] [IEPBOTO THIIA:

2347. II (xz + yz) dS, rae S — ciepa X+ y2 + 2" = a’.
2348. JJ Nx?2+y? dS, rae S — OGOKOBAM NOBEPXHOCTE KOHYCA

2 2 2
L+ L -2 =0[0< 2<b].
PERR YIS
BRUUCIKNTE CleayIOmue TTOBEPXHOCTHEIE HHTErpaibl BTOPOTO THHA:
2349, J.I yz dy dz + xzdz dx + xy dx dy, rae S — BHeHIHAA CTOpOHA
IOBEPXHOCTH TETPa’ipa, OTPAHMYEHHOIC OJOoCKocTAMHE ¥ = O, y = 0,
=0, x+y+z2=a.
2390. jj zdx dy, rpe § — BHeIIHAA CTOPOHA IJLINIICONIA
x? | y? | z?
Srh+5 -1

2351. “‘ x° dy dz + yz dz dx + 2° dx dy, rie S — BHEIIHAA CTOPOHA

IOBEPXHOCTH Noaychepsl 2+ y + 22 = q° (z 2 0).

2352. HaitTy Maccy noeepxHoctu kyba 0 S v < 1,0<y<1,0<z2< 1,
€CJIM TIOBEPXHOCTHAA IIJIOTHOCTbL B TouKe M{x; y; 2) paBHa xyz.

2393. OnpeaeTUTE KOOPAMHATH! EHTPA TAKECTH OJHOPOAHOHN napa-

" 2 2
Gonugeckoi obosouky ¢z = x + y (0 < z < a).
2354, HallTu MOMEHT MHEPIIUU YacT GOKOBOH MOBEPXHOCTH KOHYCA

= Jx® +y2 [0 € z < h] orHOCUTeNLHO ocH OZ.
2359, Hpnmenas popmyny Crokca, npeoSpasoRaTh HHTEPPAJILI:

a)§ (::r:2 —yz)dx + (y2 - zx}dy + (z2 — xy)dz;

6)ﬂ; ydx + 2dy + x dz.

C
IIpumMerasa gopmyay Crokca, HAITH JaHHEIE HHTErPAIEL M TPOBEPHTD
DEEY.JII:-TH.TBI HEMMOCPEACTREHHEIM BEIYRCHCHHEM:

2356, {;(y%—z) dx + (z + x)dy + (x + y) dz, rge C — OKpYXHOCTH
x° +y + 2 =a2, x+y+z=0.

2357. {; (y — 2)dx + (z — x)dy + (x — y)dz, rae C — 3aHIC
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!

|

2358. § xdx+{x+y)dy +(x+y+z)de, rae C — kpuBaa x = a sin t, 2366. J.J. xdydz +ydzdx+ zdx dy, roe S — Hapy)XHas CTOPOHA TH-

Iy = @ COS r, z=ua(sint + cost) [0 <t = 2n]. paMHKZABIL, OTPAHMYEHHOH IOBEPXHOCTAMA X T Y +2=a, X = 0,y=0,z=0.

2359. § y dx + z dy + x? dz, rme ABCA — woutyp A ABC ¢ Bepimu- 2367, _” x° dy dz + y3 dzdx + 2° dx dy, rae S — BHeIIHAA CTOPOHA

HAMK A(a 0; 0), B(0: a; 0), C(0; 0; a). chepri x° + y° + 25 = a’.

2360. B xakoM cAy4ae KpHBOJMHEMHBIM AHTEIpal

- R S e

2368. _” (x2 cos o + y2 cos [+ 2% cos Y) 48, rae S — pHeIIRAA NOJHAA
=§;de+Qdy+Rdz
¢

no T6oMy BAMKHYTOMY KoHTypy C paseH HyN0? X 1,'_2 _ _2 0[0 < z < b].
: 1) 42

NOBEPXHOCTE KO H}fﬂﬁ

r i 2369. oxazars, 4To ecIn 8 — 3AMKHYTaA NOBEPXHOCTE M ! — moboe
§ 11. ®opmyna Ocrporpaacxoro—laycea i | mOCTOAHHOE HANpABJEHHE, TO

Beiu § — 3aMEHYTan TNajKkas NOBEPXHOCTL, OTpaHHYMBaloWasn obsem V, m -H cos (n, 1)dS = 0,
P=P(x,y, 2z} Q@ =06(x,y, 2), R= R(x, y, z) — PDYHKIINH, HEITPEPBIBLLIE BMeCTe ' |
¢O CBOMMM YACTHEIMHM [1DGH3BOAHEIMU 1-r0 IOPAAKA B 3aMKHYTOMH obnacti V, To '

umMeer MecTo popmyad Oempozpadcernozo—Iaycea | rhe n — BHEUIHAS HOPMAJb K [OBEPXHOCTH S.
, @ IR . 2370. NorasaTsk, yTo ofibeM Tena V, orpaHHYEeHHOTO NOBEPXHOCTLIO
J.J- (Pcosa+ @cosf} + Reosy)dS = _[I_[ [ dy ! dz] drdydz, * ~| 8, pasen

V)
roe cos ¢, cos [, co$ ¥ — HAOPABIAKIINE KOCHHYCHI BHCIUHEH HOpMAaNK K II0-
BepXIocTy S.
[Ipumensasa dopmyny Octporpagckoro—laycca, npeofpazosars cie- The cos o, cos 3, cos Y — HaIpaBIfIHe KOCUHYCHl BHEIITHEH HOPMAAN
AVIOITHE IOBEPXHOCTHLIE HHTEIPAJL! I 3aMKHYTHIM IIOBEPXHOCTAM 8, K TIOBEPXHOCTH S. ;
orpaHK4MBawImuM obsem V (cos o, oS fl, cos y — HanpasadwoUHe KOCH- :

HYCHl BHeIUHeM HOpMasn K IOBEPXHOCTH S). -
‘a o § 12. ONeMeHTH! TEOPHHM IIOJIA
2361. xy dx dy + yzdy dz + zx dz dx. :

V= %”. (xcos &t + ycos B+ zcosy)dS,

1> CranapHoe ¥ BeKTOprOoe Nonst. CraaapHoe noXe ONpenens-
eTCH CKamApPHol dyurmuei touru u = f(P) = flu, ¥, 2), rae P(x, y, 2) — Touka
opoctpaHcTBa. [loBepxuocTe f(x, 1, ) = C, rae C = const, HaapIBAKOTCHA 7108EPX-

L

2362. x° dy dz + y2 dz dx + 2° dx dy.

~3 i | HOCMAMU YpOSBHA CKANAPHOTO NOJNA.

2363. [ xcosa+ycosf+ zcosy ds. Berxmopnoe none onpeaensaercsa ekTopHOH dyHEKHMEH TOYKH a = a(P) = a(r),
'3 m:;% & 1]"311& P TOYKA MDOCTPAHCTRA, I' = xi + yi + zk — paxmyc-BexkTOp TOUKHM P.
e (du du i kooparpaTHoli opmea =g i+ aj+ak, raea, =afx,y, 2}, e, = a(x, y, 2),

2364. (E cos of + E» cos B + E “cosy \ ds. #: 0 @,=a (x,y,2) — IPOEKIIMM BEKTCPA A Ha KOOPAKRHATHBIE 0CH. Berxmopnuste aunuu
s ¥ : f?; (cunognte AUAUY, RAUHLL MOKA ) BEKRTOPHOTO NOAX HAXOAATCA H3 CHCTEMEL JH-

C momoiubsio hopmyasr Ocrporpagckoro—Iaycca BHIYHMCIHTE cnenylﬂ-._%- | $epennmannupx ypapHenuii

HKe ICBEPXHOCTHEIE HHTEPDEIJILI @ dr _ dy _ dz
2365. _”x dy dz + z,r dz dx + 2" dx dy, rae S — BHeNIHAA CTopﬂHﬂ 53 a, a, 4a

CrangpHoe My BEXTOPHOE [oOJe, He 3ABHCAINEE OT BpeMeHHU {, HasblBaeTCAd
CmalﬂmH-athr..u, a4 3ABHCAILIEE OT BRpeMEeHH — HECMAUUOHADHbLA.
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2°. FpanguerT . Bertop

dL JU . U
Py—= —t+ —j k = VL,
grad U(P) 5 j 5

d

1_?._ + j=— + k_ — omeparop NamuanproEa {nabna), Ha3LIBAETCH zpa- e

dy dz

Aueimom noaa U =

rae ¥V =

U7 1 umeer JIHDY, PABHYIO

f(P) B gaunoit touxe P {cp. ra. VI, § 6). I'pagnenT HdupaBﬂeH 3
1O HOPMAN M 1 K TOBEPXHOCTH YPOKHA B TOUKe P B CTOPOHY BO3PacTAHNA t]Jj,,rHh:l;uﬂuné
¥

a[r aL\E @12 +['QE~.2
d'x: ) Ldy) L\ dz J 3
Ecnu nanpaBIeiive 3a7aHO €JUMHAUHBIM ECKTOPOM l{cos 1, cos [3, cos v}, ToO
au . . _ ot ol JU 3
= =grad V-1 =grad U/ = Ccos L+ cos [ + — cos 5
o grad U - 1 = grad, i o [ . Y

(npouszsodnas gynryuu U no nanpasienuio ).
3°. JuBepPreEOUA U BHXDDb, Jlugepeenyuell BEKTODHOTO NIONH

a(P)=a i+ H_]-* a k

da it oa
e L 2 | z
HaseiBaeTea cRATAp diva =

dx dy Az
Buxpen sextoproro nong a{(P) =a i+ agj + a,k naanpaerca BEKTOD

cda,  dan - (Hal_

e i P Ll il L

= Va.

da, . da da k=¥ Xa.

= %

4 TloToK BeXTODA.
BCPXHOCTEL S5 R CTOPOIY,
nicos «, cos 3, cosy} K TOBCpXHOCTH &, HadLIBAETCA WHTETPAT

J-I an dS = jj a dS — Jj (@ cos & + aycosﬁ + acos v) S,
5 3 3

Ecay § -— 3aMKHYTas IOBEPX1IOCTh, OTPAtnYiBaoman obbem V, a h — cAMHHY-
LIt HEKTOP BHEITHEH HOPMaJdW K HOBCPXHOCTH S, TO CHpaBefinsa (opMyrd;
Ocmpozpadcxozo-—-Iaycca, KOTOPAa b BCKTOPHOH QopMe HMEeeT BHA

St

Ilomoxom sexTopHOTO noada a(P) 1eped mo-.
oupeAcIfemMyiy eIHHMYHBEIM BCKTOPOM LOPMAaiH; -

J.‘[a ds = J.J-J'dwadxdgdz

i¥ et

5°, HupEy NALUA Bekv0opa; paboTa noJs. JurnelHbti uHmez*T:'
paa oT HEKTOpa a 110 Kpunroii C onpenensercs hopMyICH '«3"___
3l

I adr = J. a, ds = j a,dy - a dy t a dz (llp

g 0 ‘

1 TIpeAcraBIAcT coboll pafiomy nond a BIons Kpueoil C (@, — npoeKnnd ECKTOPE
A HA KacaTeJBHYR I C} i

Ecawn kpupaa - saMIHYTad, T0 THHeHBIA HHTCrpad (1) HaspBaeTCA MHP §

FIf Tt 7 BCETOVHOTO TToI a 13I0dh RONITYRH (.

§ 12. BneMcITE TEODIIME HONS 285

Heny 2aMEHyrad KPHBRaA C orpaHMUMEAeT NABYCTODOHHIOW NOBEDXIGCTh S,
10 cOpaBCATHERA papmy.ra Cmoread, KOTOPaA B BEKTOPHOH hopMe uMeeT BUI

ﬁ adr= J;J nrotads = J;J. (rot a), ds,

N

rACII — BCHTOD HODMATH K IIOCEEPXHOCTH S, HallpaBlIeHHe KOTOPOra JOJTHO BRITH
eRIBPAHO TaK, Y robbl i HAGwaaTens, CMOTRAILCTO 110 HATTPABAGL IO h, 00x0,]
FOHTYRA C COBeIIANCA B HpaBﬂﬁ CHCTeME KOORAHHAT ITPOTIIE TACOBOH CTReJIHEH.

6°. lfoTernMansHOe MW CONMEHOUNANRHOE T0AA. BexTopHoe
j1ocIe a(r) IasbIBAeTCA NOMEenyuaAbR.M, CCIN

= grad U/,

rne U = f(r}) — cranapuaa dyHKIMA (Romenyuan TIoaa).

Hng HOTeNIHATLHOCTHE 04 a, 3aJ4HH0I0 B 0JHOCRAZION 00acTH, HeodXo-
JAMMO W JOCTATUHLO, YTOOR 0110 65110 dessuxpednta, T, ¢, 4Tobn rot a = 0. B arom
¢nyUae CYOIecTBYET NOoTeHUHAN U7, onpedenseMbrii U3 YpABHeHMA

dU = a dx + aydy + a_dz.

Ecnu noresiuan UV — opnoanayHas PYHKIIMH, TO j adr = U/(B) - U{A);

AL

E YACTHOCTH, DHDKVASONA BCKETOPA 4 PABBA HYJIIO: §; adr =0,

e

BexToproe 101 A(r) HE3BIBAETCH COACHOUDAILHGIM, ECITH B KAMJON TOUKE
nong diva = 0; B 5ToM CIVYae DOTOK BEKTODA Uepes JH0VI 3aAMKHVTY II0OBeDX-
HOCTL Pasen HyJI.

Eend nofe AgnseTCA 0JJHOBPEMEHHO HOTEHI[HA/ILHBIM W CONRHOWIAABHEBIM, TO
div(grad /) = 0 ¥ noresanuaneyasd GVEKIHA ABIASTCA FADMOHHYECKOH, T. £.
W, U, 92U

VAOBICTBOPAET ypaBHeinIo Jlammaca = +
ox? dy 2 dz?

=0, mau AU =0,

T T T
Vo= S — gneparop Jlannaca,
dx¢  dy®  dz® barop

2371. Onpegenurs NOBEPXHOCTH YPOBHA cKaasap#oro noas U = f(r),

e A =

raer= Jx2+ y?+ 22 . Kaxorm 6vIyT moBepxHocTH yposHs moas I = F(p),
rie p = Jx2+y2?
2372, OnpeneNUuTh IOBEPXHOCTH YPOBHA CKANTAPHOTO IIOJIA

I/ = arcsin .
x?+ y?
2373. [lorkasaTs, YTO BEKTOPHBIMH JHHHAMM BEKTOPHOTO LONA
a(P} = ¢, roe ¢ — TIOCTOAHHBIH BEKTOD, ARBJIAITCA NPAMBIE, IaPAiICIh-
Hule BEKTOPY c.

2374. HaliTH BeKTOpHEIE MUHPHK 1104 4 =
CTDAHHAA,

-yl + wxj, rae o — Io-
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2375. BripecTu QOpMYIBL:
‘a) grad (C,U + C,V) = C gradU + CygradV, rae C; n C, — no-

CTOAHHEIC,
6) grad (UV) = Ugrad V + Vgrad U;

B) grad (Uz) = 2Ugrad U;
Uy _ VegradU-UgradV,
r) grad (@ 3 :

o’(U)grad U,

x) grad o{U) =
2376. HaiiTy Moaysib H HalpaBJeHHe TpagHeHTa HOoaA
U=x3+y3+23-3xyz
B Touke A(2; 1; 1). Onmpenenuts, B KAKHX TOYKAX I'DaJAWEHT IIOJA HEpP-
neaguKynadaped ocd OZ ¥ B KAKUX TOUYKAX PaBeH HYJIO.
2377 Buruncraurs grad U, ecan U paBHO COOTBETCTBEHHO: a} ', 6) r

LD (= JxP g 2t)

2378. Hajitu rpajuenT ckanapHoro nons U = cr, rae ¢ — MNOCTOSH- .
HBIH BeKTOP. KaKkoBhl OYAYT IHOBEPXHOCTH YPOBHA ITOFQ IIOJNA W KaK OHH
PACHONIOKEeHb! OTHOCHTENbHO EEeKTOpa ¢?

2

o X
2379. HaiiTyy npousBoauyio GyHrnuun U = = + % + EE B JAHHOH

Touxe P(x, y, 2) B HANIPaBAeHUU PAAKXYCA-BEKTOPA I 3T0M TOUKH. B KakoM

cayuae dTa NPOM3B0jHaA GyeT PABHA BEJUYHMHE rpajueHTa?

1

2380. Haiitn npouspopuyr dyHxnuu U = -

l{cos @, cos §, cosy}. B kakoM cuy4ae 9Ta NPOMIROAHAA paBHA HYJIO?
2381. BriBecTH hopMyIILI:
a)div (C.a, + Czaz) = (. diva, + C.div a,, rae C,n C, — nocro-
AHHBIE; '
6) div (Ue) = grad U - ¢, rae € — IIOCTOAHHEIA BEKTOD; o
B) div (Ua) = grad U - a + Udiv a. L

2382. BoryucanTb div @ .

B HAIpaBJEHHUH

. - 1
PR T, 1 R s T B R gt £ e T S S

e e

2383, Haiitu div a A/ IeHTPaJbHOTG BEKTOPHOTC nosA a(f) = f(r)(l—;) ,

rhe 7 = Jx2+y? 422,

2384. BrlrecTn POpMYIbL:
a)rot (C,a, + C,a,) = C,rota; + C,rot a,, rae C, n C; — nocTo- .:
AHHLIE;

6) rot (Uc) = grad U X ¢, rae € — IOCTOAHHAIH BeKTOD;
B)rot (Ua) = grad I/ X a + Urot a.

sagtboe 1' )
T Dl B e i

2385. BLiuMCcIMTS AUBEPTEHIINIO H BUXPH BEKTOPA a, €CJH: a) a=r; 1_--5

6)a = r¢; B)a = f(r)e, rae ¢ — HOCTOAHHEBIA BEKTOD.

§ 12, OneMeHTHI TEOPHH IOJH 287

2386. HaliTu AWBEPreHIINIO M BRXDb NOJAA JUHEHHBIX CKOPOCTEH TO-
yeK TeJa, BPANIAWINerocd ¢ NOCTOAHHOU YIVIOBOH CKOPOCTRIO (0 BOKPYT
ocu OZ B HAHNPABICHNH NPOTHR XOXA YACOROH CTDEJIKI.

2387. BEIuMCcANTE BHXDE NIONA NTHHEHHEIX CKOPOCTEH v = @ X I TOUeX
rTes1f, BPAIRAIOIIETroCH ¢ HOCTOAHHCH VIIOBOH CKOPOCTBIO (U BOKDYP He-
KOTOPOH QCH, IPOXOAALIEH Yepes HAYAN0 KOODAMHAT,

2389. JlokasaTs, uTo div (rot a) =

2390. Honeayacs Treopemoit OcTporpagckoro—Iaycca, AoKa3aTh, 4TO
[IOTOK BEKTOPA & = I yePe3 IAMKHYTYIO IOBePXHKOCTh, OTPAHHYHBAIOINYIO
[IPOUBRONBHEIN o0beM V, papeH yTPOCHHOMY 00BEMY.

2391, HaiTu noToK BeKTOpA r yepes HOJHYI0 HOBEPXHOCTh LHIHHAPA
2 2
S+ <R,0<z<H.
b 3- .
2392. Haitty noToK BekTopa a = x'i + ySJ + 2°k yepes: a) GOKOBYIO

2 2 2
IOBEPXHOCTh KoHyca nd < 22 0 <
RE H2

z £ H; 6) uepes noanymo nopepx-

BOCTB 3TOI'0 KOHYCA.
2393*, Borupenuth JUBEPIEHITHIG M NOTOK CWIEL NPATAReHUuA F = —-’3"-51:
-
TOUKM MACCH Ji, IOMELeHHOH B HAYaje KOOPAWHAT, Yeped IIPOu3Boib-
HYIO 3AMKHYTYIO TIOBEPXHOCTE, OKPYRAWIIVIO 3TY TOUKY.
2394. Brruvcnuts THHEHHBIH WHTETPAN BEKTOPA ¥ BIOJbL OAHOIO BHT-
K& BUHTOBOH auHuu x = Rcost; y=Rsint;z=htort = 0 go t = 2m.

2395. C noMoIkic TeopeMbl CToKCa BRIMHCINTD IHPKYISINIO BEKTO-
22, . .
paa=2x yzl + j + zk BAONB OKPYRHOCTH X+ yz = RZ; z = (0, OprHAB

B KAYECTBe NOBEPXHOCTH Hoaycdepy z = JRZ—x2 - y2.

2396. Ilokasars, uTo ecsin cuna F — IeHTpANLHAA, T, €. HAIpaBJIeHa
K HEeNOJABHIKHON TouKe 0 ¥ 3aBUMCHT TONBKO OT PACCTOAHMHSA I A0 BTOMH
Touxku: ¥ = f(r)r, rae f(r) — omnosHausas HenpepsiBHada PYHKIHA, TO
noJsie — noreHnuannuaoe. Haiity norennuan U7 nona.

2397. Haiitm noreHunan U rpasHTanHOHHOIQ NIOJIA, COZKABAEMOT0
MaTEpnaJmHm‘i TOUKON MACCHl M, NOMELIeHHOH B HAYAJe KOOPXHHAT:

A= —3 r. Iloxazare, yro noregnuan U ynopnersopaeT ypasHeHUo Jlalt-
,

Jaca AU = 0.
2398. BoiacHuTh, HMEET MK NaHHOE BEKTOPHOE ToAe HoTennuan U/, u
Rafity U, ecnn nmenunan cymec'rnyew:

aja = [51: y— 4dxyp + (3.1: — 2U4;

6) & = yzi + zxj + xyk;

Bla=(y+ 21+ (x+ 2)f+ (x + ypk
2399. lloxkasaTe, 4YTO NPOCTPAHCTRERHOE IeHTPAIbHOe IIoJe a = f(r)r
k
E L]

2400. Byser 11 CONEHOHAANBHLM BEKTODHOE IOJE a =
¢ — nocrosnnbik BexTOP?

6yner comenoupamsusiM TOALKO npH f(r) = rae kB = const.

ric X r), rae




nasa VIII
PANLEI

§ 1. Yncorospie paabi

1I°.OcEOBRBHLIe TOHATH 4. JHCIOBOH P

[ n]

Sa,

=1

@, +a,+ ... +a t..=

HA3BLIBALTCH CXOOALUUMCA, ECIH Er0 RACTMUYLHAA CHMMA
5 =a1+a2+...+an

n

uMeeT npeses npu i — ©°, Beanuuna § = lim S_una3nipaeTcA IDH 3TOM CHMMOT

A o0
pARa, a SHCIO
R =8-85 =a

Fa + ..

n+1l A+ 2

— ocmamyom paga. Ecou npegen lim S He cyumiecTsyeT, TO PAJ Ha3biBACTCA
n— oo
pPacxodauuUMCca,
Ecau paa cxopamnred, To L a = 0 (neofxodumbiii npusnak cxodumocmu ).

1 — 0=

OfparHoe yTBeDKAeHHE HEBEPHO.

Hna exoaumocTts paga (1) HeofxogumMo M AccTATOYHG, UTO0BI ANA BCAKOTO
HOJOAHTENRIION0 YHCAA £ MOMKHEO buLIo nogodpate Taxoe N, uto npr n > N
mieHOM NOAOMHTENBEHOM P BRINOMHANOCE HEDABCHCTEO

Ia]ﬁ.tﬂ'l—i_ﬂ’i'x+

.t ...+amp|-:e

(rwpumepui Kowu ).

CXOAMMOCTE HAM PACXOAUMOCTE PAJA He HAPYIOHUTCHA, €CNM IpUOABHTE MU
OTODOCHTL KOHEYHOE YKHCJAD ere YJeHOE. .

2°. IIpH3aHAR Y CXONMVUMOCTHY H PACXO0OAMMOCTH BHAKOQIIOJIO-
HMHTCIABHE X PARAAOCE,

a)lIlpuanax cpardenus I EcﬂnﬂianibnﬂalmﬂaﬂcHERﬂTopﬂm
n o=, ¥ pak

byt byt kbt Y, (2)

r=1

cxoauTcH, To paa (1) takxme cxogurcea. Ecnn paa (1) pacxoguTced, TO PACXOAUTCH
u psax (2).

(1)

L

%
i
}
" H
|
I
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B kayecrse pAAOB ANTA cpABHEHHA yACOHC, B YACTIIOCTH, RRIOMPATL 2eoMem-
PUYECKYIO NPOZPECTiLi

Ly m)

z.ﬂq” (a = 0),

n=10
KoTopas cxoguTea npH jg| < 1 w pacxoaurcs npH jg| 2 1, u zapmonuveckuii pad

]

1
‘E L)
n=1
ARTAOINMICA PAIOM PACXOANIHMMCSH,
IIpnmep 1. Pag
1 + 1 + 1 + ...+ 1 +
1-2 9. 92 g.93 n-2°
CXOMHUTCH, TAK KAK 31eCh
au = 1 -:_':' i .
n-2" 2"
IIPHYEM I'eOMETPHUeCKAA TTPOrpPecCHA
I
1
%
]
n=1 2
- 1
3HAMEHATENbh KOTOPOH ¢ = 5 CXOANTCH.
IIpumep 2. Pap
In2 Ing N Inn
2 3 ' n

. inn
PACXODIHMTCH, TAK KaK eTro DﬁI_TII{Ir.' ICH —— 6DHLIIIE‘- CDGTBETCTBFIGL[IEI‘G YNeHA
n

1 o
~ T&PMOHHMYLCKGOTO DAJA {KOTODKIN PACXOLHTCH).
n

Billpuseax cpasseHd ¥ A II. Ecan cymecTsyeT KOHeYHBIH M OTAMY-
. , &,
HBIH OT HYJA Opegen lim (-—’EJ (B yacTHOCTH, ecnu @, ~ b, ), T0 pAAL (1) u (2}
n— oo
1

CXOOATCA HIH DACXOAATCH OJHOBPEMOHHG.
IIpumep 3. Pan

1 1 1
1+ 3+5+...+2”_1+...
PacxoruTeH, TaK Kak
i 'r#-lj = — ;‘.‘0
uh—-mm"\2n-—1'n 2 '

1
B TO BpeMHA KAK pAA ¢ oDIIIMM 4IeHOM — DACXOJHTCA.
r

16 Bagaua w ynpasuyonna
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iflpumep 4. Pag

CXOJAUTCHA, TAK HaK

lim 1 :}- =1, T.e. 1 "‘"l,
neel2t-n 27

4 pax ¢ oBUTM YJeHOM in CXOAHUTCH.
2
B)lIpuznax JanamOepa. Iycers a, > 0 (gauuHas ¢ HEKOTOPOro ) ¥
CYIIECTBYCT MIpPenren
a,+1

lim
i

=q_

Torga pag {1) cxoguTcs, ecan ¢ < 1, 1 pacxonured, ecnu ¢ > 1. Meaw g = 1, o
BOIPGC O CXOAUMOCTH DAAA CCTAETCH OTKPBITHIM.
IIprewmep 3. Heeneposares CXOJUMOCTE PALA

i 3 & 2n-1
E “§+;+...+ 2” +
Pemen ue 3pecs
_2n-1 _2n+1
Ty = g ? Gni1 2.-t+1
I
1+i
H
llma”*1= lim (2_:+1—}2 #llim 2”—%.
noee @y e gttlon 1y Za-wy 1

2n

CnegoBaTefIBHO, AAHHBIHA DAJ CXOAUTCH.
r)IlIpuzuayx Komu. Ilyere a, # 0 (Haunnas ¢ HEKOTOPOTO 1y} CyIecT-

RYyeT npepe

lim fiJa_ﬂ = q.

n— o

Toraa pax (1) cxeauTea, ecnu g < 1, u pacxoauTcH, ecnm ¢ > 1. B Tom cnyuae,
Korda ¢ = 1, BOTIPOC 0 CXOAMMOCTH DAJA OCTASTCH OTKDBITRIM,
syAnrerpansnp @ npusnak Komu. Ecana, = f(n), rae pyHrnus

f{x) momouTENLHA, MOHOTOHHO YOLIBAGT H HENDEPLIBHA APU ¥ 2 @ # 1, To paA
{1} 1 uaTErpan

T flx) dx

CXOAATCR MAN PACXOAHTCH OJHOBPEMEHHO.

AneLm .;‘. LAY 5

PRSI B e VT
J

[
T o

AR R e R Y

1 AL P A e W £ T

& 1. Uncnosnie DAALD 291

C moMONnIpI0 MHTErDAJNBHOIC TIPH3HAKA FOKAakiBaetcH, uto pad Jupuxae
Fat)
1
E -— {3)
n
CXOAUTCH, ecJ p > 1, M pacXoaured, ecaH p < 1. CXoAHMOCTE MHOTHX DHJIOR
MOXKHO HCCAEJORAThH IIPH IIOMOITH CPABHEHHA C COOTBETCTBYIOIMHEM bamnoM Hu-

puxie (3).
IIpumep 6. HeenegoraTi cXOANMOCTE pAIA

1 1 i 1

1.273.4"5.6 T (@n-1)2n"
Pemwenne. Mmeenm
a = 1 _ 1 1 21 ‘
" @n-1)Zn gq?; L 447
2n

Tax karx papg Jupuxne opu p == 2 CXOZUTCA, TO Ha OCHOBAHMM IPHU3IHAKA
cpaBHeHHA [I MOXKHO YTBEDMIATE, YTO M AAHHBIH DAK CXOAHTCA.

3 IIpPU3HAKH CXOAMMOCTH 3HAKONEpEeMEeHHEBI X PAJOB.
Ecnn pag

la | + lay) + ... + e} + ..., (4)

COCTABIEHHBIH M3 MOAVIeH uiaeHoB paga (1), ecxoguTcesa, To paf (1) rakxe cxo-
qMTeH B Hasmeaercs gqlcosomno cxodawumca. Ecam e paa (1) cxonuTed, a
pag (4) pacxonuTes, o pag (1) BazsiBaeTeA yoaosro (Healbcoaomio) cxodaum-
CA.

Haug HcecnefosaduA Ha abcoMOTBYIC CXOAHUMOCTE pAAa (1) MOMKHO HCTOMLA0-
BaTh ANE PAAA (4) U3BeCTHRIEC NPU3HAKN CXOAMMOCTH SHAKOMOJIOMKHTENLHBIX PA-
10B. B dactuoctu, pag (1) cxoaurcda aGconoTHO, ecny

a,+1
a

lim
n— o9

< I nny lim & |r.1 <1,

o> Hl

1
B obwem cayuae u3 pacxoegumoctu paga (4) He creaveTr pacxoZuMocTs pazga (1).
a,+1

a

Ho ecnu lim

h-r e

> 1 uma lim 4fja,] > 1, To pacxoautea He TOABKO PAX
PR

H
(4), o u paxg (1).
ITpusmak JeiftOuuna Ecau Am4 3HaKouepeAVIOIIErocs pala

by —b, +b,-b, +... (b, 20) (b)
BLIIOAHEN N yeaosuAa: 1) b, 26, 2 b, > ...5 2) lim & = 0, o psag (5) cxonurca.
H -+ 00

Hns ocraTka pAfa R B 2TOM Ccyyae CIPaBeATHES OLEHKA

R|<b _,.
Hpumep 7. Heeneosars CX0AMMOCTE PAIA
nin-1})
AL (3]3 (4}“‘ 2 ( 1 )”
Y-1z0 = +i=s] +...+ (-1 +
[3] i) 7 (-1) 2n—-1
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Pemenue CocraBHM DAL M3 MOayJIeH URIeHOB ZaBUOTU PAEAA:

N2 gy /4)4 ( n )"
SR - T ) N SRS N .CE G
L (2] 5) Tl7 20-1)
Tar kKax
| L T _1
i) = m gty - -1 2
i

TO JAHHEIH pdaj cXONUTCA abCoaoTHO.
IMpumep 8. Pajx

1

L, eyt
n

1- =+ =
2 ' 3

CXOAMTCH, TAK KAK BEIIOJMHEHEI VCJIOBHH PHaHaka JleliGHuna. Jtor paj cxo-
OUTCH HeahCOoMDTHO {VCI0BHO), TaK Kak DA

14 141
2 3
pacxonMres (FrapMoHHYecKHE paa).
IIpumMevanue. [[na cxogumMocTH 3HAKOYEPeAVIOIETOCH PHEAA HEAOCTAa-
TOYHO, YTOOEL erc 0Ol wicH crpemuica K vy, Hpusnar Jleitbuuna yTeepx-
4€T NIk, UTG ZHAKOYEPEAVIOIIHICSH DA/j] CXORUTCA, €ClIH MOAY Ik o01Lero YieHa
DHJA CTPEMHTCA K HYJIIO MOHOT O H H 0. Tag, HaUpHUMep, Paj,

IR A S B S U .

5 2 52 3 ko5

B
n

PACKONMYCSA, HECMOTDA HA TO 4TO ero o0ulHH 4jeH cTRPEMHTCA K HYMO (MOHO-
TOHHOCTE H3MeHeHHSI MOAVAA oDlIero 4JjieHa 3ieck, KOHOUHO, Hapyirena), [ei-
CTEMTEALHO, 3/eCh Szk = S; + S’j:, riae

s;=1+1 414 41 gr=

1 1 13
& E 3 A b |.\ -1——:3-!-...+—|

|t

mpuueM lim S = o (8, — HacTHad cyMMa MapMOHHYECKOrO PAJA), B TO BpeMd

F— o

Kak npegea lim S’I: CYUIECTRYET U KOHEeUeH {S; — YACTHAH CYMMA CXOJ[AIIeHCH

K — o

reOMETPHIYLCKOI IIporpeccnn), CAeJOBATEALHO, lim S, = oo,
kovoo

C apyroii cTOpoHEL, 08 CXOAUMOCTH 3HAKOYEDEIVIOINerocs pAjga BbIOOJIEHHE
npizHana JleHGHUIIA He HeobXoaAuMO: 3HAKOYepeIVIOIIHICA DAL MOKeT CXUOANTh-
cH, ecId abCcoMOTHAN BeIUYHNA ero 001ero YieHA CTPeMUTCA ¥ HYJI HC MOHO-
TOHHO.

Tak, paa
R U S S
42

1 |
2n -1  (2n)

el
2?3

cXoANTCA, H OpuTOoM alcoMoTHo, XoTA npusHak JlelbHUIA B He BunodHeH: ah-

1_

i e A S

i g TR i

g "-5.3"35 irE -'r_.'.-rl-vléd.ﬁs" i

P
HL
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coOMOTHAA BeIHYMHa o0IIero WieHa pAZa XOTA UM CTPEMMTCA K HYIIKG, HO He MO-
HOTOIIED,
4° . PAabl ¢ KOMIOIGKCHBEME YJdeHAMH. Pal ¢ oflUM YWieHOM

. 2
(.'n = ﬂn + Lb” {I = —1) CHXOOHTCA Tordd H TCGJIBEREG TOTHA4, KOor'da OJHOBPEeMEeHHO
=) o
CXOOATCH PHOLI C ,I[ﬂﬁﬂTEHTE.HI:IILIMH qAeHanMH E ﬂn H z bn‘ NPHYeM E ATOM

n=1 n=1
caydae

) )

>oe,m Y a, iy b, (6)

=1 a=1 R=1

Pan (6} aagcaoMo CXOUMTCS ¥ HABLIBALTCH AO8COIOMMO CXOORWUMCA, CCIN CXO-

AWTCH PAaAgO
S e, -
n
n=1

YleHaMH KOTODOTro SBAAITCA MOAVIH “ICHOB pAna (6).
2 edcTrB¥a Hag pALaMH.
a) Cxogamnicd pag MOKHO YMHOMATH JOYICHHC Ha T110boe YreIo £, T. e, ecnu

o

I
a,.+b, ,

n=1

a +a, +..ta +..=25
TO
ka, + ka, + ... + ka, + ... = RS,
8) Iloag cymmolt (pasnocmero) ABYX CXOZANIMXCHA PAJOR
a, va, t..+ta, +..=58, (7
by +b,+ ... +b +..=38, (8)
HOHKHMAETCA COOTBETCTBYIONIHE P
{a, 2b)+t{a,xb)+ .. +{a, tb)+..=5 +8,.
B} Iipousgedenuenm pajgor (7} u {(8) sazrmueaerca pajl
c, e, 4 o te T, {9)

rnec =a,b +ab [ t..tab (n=12, ...
Eenw paast (7) u {8) cxoparca abconwTHo, To paa (9) exonuTea Taxxe abeo-
NIOTHO ¥ UMeeT CYMMY, PaBHVIo S,S,.

r} Ecnu pag exoputes abooorH), TO ers cyMMa He M3MeHAeTCs TIPH Iepe-
CTHHOBKE UJISHOR PHjia. JT0 CROMCTRO He MMeeT MEeCTa B CJy'iae, ecli PAJ CXO0-
INTCH HeabCOonHTHO,

Hanwcars npocreiimyo GopMyay A-r0 4jieHa PAjAa IO YKa3aHHBIM
YIeHAM.

+ ... 2403. 1 +

_|_
o 001

Ot e [
_I_

W | = B3| BD

1
7
+é + .. 2404, 1 +

-
o
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3.4 .5 .6 4,6 .8
1 1 1 , 1 1 1
.=+ = — t — — — .
2407. 3+ oY 15 T 55 T35 Tag ©
2408.1+ 13 41:85 1:8:5-7
1.4 1-4-7 1:4-7-10
2409.1 -1 +1-1+1~1-+.
1 . 1
2410.1 + 1 + Ligal
0 5 31-4 H 8

B npumepax NeNe 2411—2415 tpeGyercsa Hanucats 4—5 JIepBBIX 4jie-
HOB PAJA [0 U3BECTHOMY 0DIIEMy QIEHY Q.

2411. a, — 3222 2414. 0, = — 1
ntel [3+(-1)"]
a (2 + sinn—;]cnsnﬂ
2412.a = 107 2415. a, —
n 2.-1 n!
2413, ¢ = 2+CD"
n Z
figs

HeeomegoeaThs cXoguMoCTs PAAOBR, NPMMEHSS HPH3HAKH CpaBHEHHI
{1 HeoDXOAUMBINH NPHU3HAK):

2416.1 -1+ 11+ ... +(-1)"""+...
2 1 (2 1 7233 I 2y
2417. 2 + 1 (2} 41 /2 PR S LT
5 2[5) 3[5] + +r1 (5]
2 3 4 n+1
= = =
2418, 2+ 2+ b+ L
T+ 1
2419, 1 _t 1 ol M
J100 3/10 410 n+1/10
1.1 ,1 1
2420. 1 41 41, .1
0. 57316 Ton T
2421, L + L + 1 4 !
11 21 31 107 + 1
2422 1 _, 1 oLl _
i-2 /23 /3.4 Jnin+ 1)
22 23 211
2423, 2 + = + = + .4+ 2+
2 3 7!
2424.1+ L + L 4+ L 4
2 .3 Jn

§ 1. YncioBnie pAAEL 295
2425. = +l§ +l2 +...+---—~1—2 + o
2 5% 8 (3n—1}
3 3 3
o426, 1 4+ M2 L8 ., Wn
232 43 (n+1)J/n
C nomome npusHara JanamOepa UcceoBaTh CXOJHUMOCTL PAJOB:
oq427. L +3 4 .2 4 42zl
2 E 2 (v2)"

)
2-5-8...(31'1—1) +
1 D

2 2-5 2-
42 [ + +
428 11 T T 9. (4n-3)

5-8
5-9
C nomouibke npusHaxa Komx HccaegoBaTs CXOZHMOCTE DANOB:

5400, 2 £ el
2429. 2 + (aJ + (4 +...+(2n_1) o

3\ ¢ 7 “2r-1
(5) EJ . SH—IJ T

HCCJIE,I{DB&TL CXOIHMOCTEL JHaKOIIOMOMHATENEHLIY PDAAOE.

94311+ L + L+« 1 4 .
2! 3! !

2432. L+ 1+ L4+ 15
3 & 15 (n+1)y -1

o433, L 4+ 1 L 1 . 1 n
1. 7-10 (Bn—2)(3n+ 1)

2430.

Bo | =

2434.

2435.

2436, 5+ _° 4 st 2”2“ -+
(n+1Y{n+2)

2
g 3 61° 93 3n V'
24.37.E+(_j +(_J +"'+(3n+1J o

2438.[%

. -
+
=114&n
+
_——,

|~
S
+
-,
b
o
t
(S
— -
+

-+

2439, 1 4
e

2440. 1 +
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2441.

2442,

2443.

2444.

2445.

2446.

2447.

2448,

2449.

2450.

2451.

2452,

2453.

2454.

2455.

2456.

Lo 24 8L e
2+1 92,1 2°11 2"+ 1
n—1
1+24+4 4 4+ 2
T (n—1)!
1-3 1-3:-5 1-3-5...(2n-1)
1+ + + ...+ +
1 4-8 4.8-12 4-8-12...4n
2
DR N 1S MR €. 1) MR
21 4! 6! 2nt
1000-1002 100010021004
1000 + +
1-4 1-4.-79
4 1000-1002-1004,..(9984 2n) +
. 1-4-7..(3n-2)
2 + 2-5-8 4 4 2.5.8-11.14.. (6n-TY6nrn—-4)
1 1-5-9 1-5-9-13-17..{(8n-11){8nrn-"T)
i 1-5 1-5:9..(4n-3)
o+ + et
2 246 2.4-6-8. (dn-4)(4n-2)
1 1-11 1-11-21 1-11-21...(10n-9)
— I + ...
o Tar T e T (2n-1)'
1-4 1-4-9 -9,
+ b + ..+
1 1-3:-6 1-3-5-7-9 1-3- 9., 4?1 3)
[ 2] feu] 1
— 2457. .
2 aresi n 0 z n-inn-Inlnn
= R=2
- 1 - 1
sin — . 2458,
ng‘ n’ n; n®_n
In {1 ; -] . 2459, § L
2{ Tt ,z]’ Jni{n+1)
n= 1=
E 1
In 2 2460. .
Jam+1)(n+2)
=1 a=1
IL. 2461. L
. nn no2 Rlnn+ In*n
- 1 - 1
z . 2462. 2 —
Inn 35 _
=2 rH Py Hm[?: «E
(5] [ ) 3
. 2463, z An .
n=2 nin’n m=1 {2”-1)(5%—1)

§ 1. Hucnosnie pALL 299
2464, z ( — COS ) 2467 . Z 3 f'
n=1 n=1 "
2465. } n 2468 Y e g
n=1 fi R=1 il
2466. 3 2nl
n

r=1

2469, MokazaTk, 4To pAn Z

Pln n

1) cxopuTes npu HpDHBBDJ]bHDM g, ecomp> 1, mnopug>1,ecnup=1;
2) pacXQAuTCA IIPH NPOM3BONBEHOM ¢, ecIA p < 1, u npu ¢ & 1, ecam
p=1

HcenefoeaTs cXOIMMOCTS CAEAYIOIINX 3HAKONEPeMeHHBIX PAJOB. B ciy-

yae CXOIMMOCTH HCCIIETOBATE HA aﬁccmmmym H YCJIOBHYH} CXOIHMOCTH.

_l l_ _1)11—1
2470.1- 2 + 2 ..+ S 4
1,1 1y !
2471.1 - L + 1 4L
J2 3 Jn
f-1
2472.1- 2 +1 - 4
i 9 o
2 . 3 N
1-2438 4L n
2473. 1 7+ 3 BaTE +

1
2474, 3 -2+ T __

+(_ l)n_1 2H+1
1-2 2.3 3-4 n(n+1)
1 2 3 4 2
2475. 2 2at8t16” +{-1) ? + .,
2 3 4 n n+i
2476. - + - +..t(=1) t o
242-1 34/3-1 4/4-1 (n+}fa+l1-1
3 . (5} (7]3 ?1(2n+1)”
=2 29 (L) + ...+ (- +
2477 i (?) 10 =1) 3n+1
3 3.5 ,1-4.7 n-13-5-7..(2n+1) .
2478. 2 — + — .+ (=1
8 2 25 2.5-8 (-1) 2.5-8..(3rn-1)
° 1 _1-4 1.4-7 eyttt 1-4-7.(3n-2)
479'7 7-9 * 7-9.11 + (1) T-9.11...(2n+5)

2480 sind + sSin 2o + 3 sinn

(In10)"
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- nlnn - n—1 1
2481, 2 (-1)" 2482, 2 (—1)" " tg 2.
ne1 & n=1 HJ'T_I

2483. ¥beguThCs B TOM, 4UTO IIPH3HAK cXoaumMocTH JanaMmbepa He pe-

[IaeT BONPOCA O CXOJUMOCTY PAAA 2 a_, rae
n=1

2 ) gk~ 1

—_— a_ i
E-1! 2k F
3 3

k-1

Ay, 4~ (=1, 2, ...},
B TO BPEMA KAK ¢ IOMOIILIO TIpM3HAKa KoOIlKX MOMKHO YCTAHOBUTE, UTO
3TOT PAJA CXOUUTCH.

2484%, Y6eauThCcA B TOM, UTO OpyM3BaK JIeiibHua HeIpHMERUM K 3Ha-
KOUYEePEeAVIOIIMMCH PAJAM &) — T). BHIACHHATL, KaKkHe U3 3THX PAJOE pac-
XORATCA, KAKKE CX0NATCS YCACBRHO, KaKue cxofaAaTrca abcosoTHO:

gy 1 -4t 1 4 1 1 4
J2-1 Ses1 3a-1 B+l JA-1 0 A+
(azk 1T e Dor ~ —— ];

JEA1-1 JE+1+1
1 1 1 1 1
y1-1+1 -1 41 1L,
} 3 2 3* 2° 3"
_ 1 _ 1
[a2k—1_2k—1’ Gop = 323:—1)’
1 1 1 1 1
1- 14111
R T Sbe S-S
= _ 1 _ _1n
(H(azk—l 9p_1° %2 _§J=
1«)1-—14—}.—;-&-_1_--.%4—_
3 T ) 11 9

HCCJIE,I[DBHTL CXOIHMOCTE PpAOORB C KOMINCKCHLIMIM YJIEHAMIH.

2485, ”(2** 0" o487, § —L
2 szl n(3+i)"

n=1
.

R

2488. L,

f

2486, 2 H{EI"‘]_}

n=1 n—1
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< 1
2491,
; (n+(2n - 1)}

2489, Z], ﬁi -
- , )
. [0t

c 1
2490, _—
n:zl (n+i/n
1 1

2493. Mexxay KpUBBIMH If = ~5 MYy = -, CIIPaBa OT TOUKM U3 I1epe-
X

¢eqyeHHA, MOCTPOEHEL OTDE3KH, IIADAAJENBHEIE OCH OY u CTCTOAIME OdHHH
CT Ap¥roro Ha OJHHAKGBOM PACCTOAHITH. B}J’,[I;ET JI CyMMa AJIHH 3THX OT-
PESKOB KOHEeUHOM?

2494. Byjer 11 KOHeYHOH cyMMAa AJIMH OTPe3KOR, ¢ KOTOPBIX I1LJ1a Peyb

B Mpenblayileil 3agaie, ecqan KPHEYIO I = iz 3aMEHUTL KPHBOR Y = }:?
X
1+n (-1)" —n
2495, CocTaBHUTL CYMMY PAIOB z H z -~ Cxopurcs
3" 3"

m=1 n=1
JIM BTa cyMMa?

[ )

2496. CocTaBUTEL pa3HOCTL PACKOAAIIHXCA PAAOB z 5 1 7 5| z 2_1r1
7 —

n=1
YV HCCTeN0OBATE 2 CXOTHMOCTE,

=]

2497, Cxogurca MU psij, odpasoBaHHBIM BLIVHTAHUEM pAja Z

R=1
13 paga 2-1—?
n

n=1
2498. Ilogobpars Takue 4Ba pAAa, YTOOR! IX CYMMA CXOAUJIACE, & PA3-
HOCTh PACXOAHNJIACE.

2n—~1

2499. CocrasuTh IPCH3BeIeHUE PANOB 2 1 on 1 Cxoput-
-1
=1 H,\/T_l =1 2
CH JIM 3TO NpPOU3BeeHHE?
2
2500. Cocrasuts paa { 1+ -% + i + ... +-;1_—1 + ... J . Cxopurca nu
2
FTOT panx?
n
2501. Han pang -1 + ET — % + ...+ (;lTL + ... . QuenuTts ominbry,
. .

HOTyCKAEMYIO HDH 3aM@He CYMMBI 3TOTO PALa CYMMOM NepBBIX €rc ue-
TEIPEX UJIE€HOB, CYMMOM NePBhIX NATK YIeHOB. UTO MOMKHO CKA3ATD O 3HA-
KaX 3THX OIIHDOK?
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2502%, OnenuTs omuOKy, LOOYCKAEMYIO IIDH 3aMeHe CYMMEBI paAaa
s 2 o ~ M
1,1 (l) +l(ﬂ v+ 1 [-1-5 ¥ ...
2 21 42 3! \2) n! \2)
CYMMOM €rc NepBbIX 71 YJIEHOR.
2503. OneuuTh OMHUOKY, AONYCKAEMYH [IPH 3aMCHE CYMMBI pAda

1+ L+ 1Ly L.

2! 3! T oal
CYMMOH €ro IIEPBBIX N 4eHOB. B 4yacTHOCTH, OLEHUTh TOYHOCTE TAKOTO
npubanskenus npu e = 10,
2504%%, Ouenuth OMUOKY, ACUYCKAeMYIO IIDH 3aMeHe CyMMbl pAja

1+2+ Ly v s

2 3 n
CYMMOM ero IepBbIX /1 UJIEHOB. B YacTHOCTH, OI€HHUTH TOUHOCTL TAKOTO
npubauxenud npu n = 1000,

2505%%, OnenuTs OIWMOKY, JOOYCKAEMYI0O OPH 3aMEeHe CYMMEBI pAja

1+ 2&)2 + 3[:11]4 + n&jgn'_z + ..

CYMMOQMH ero OepBHX i UIEHOB.

- r-1
2506. Cxonnko unenos pajga 2 % HY#HO B3ATH, YTOOBL BbI-

m=1
YUCJIHUTE ero cyMMy ¢ TouHocTho J0 0,017 no 06,0017

ps

2507. CRONBKO 4JIeHOB pALA z i HYXHO B3STh, 9T00bI BbI-

A (2n+1)5"
YHCAMTE €70 CYyMMYy ¢ touHocTbIo a0 0,017 mo 0,0017 o 0,00017
1 1 1

E L 1 H
e _+_ + - + _— + rra 4
2508*. HaiiTu cyMMy pana T.2 2.3 3.4 al(n+1)

2509. Haiitu cymmy pAza

3 + (Blx—3x) + (Wa—8x) + .o+ G -26-Vx) + ...

§ 2. OYHKIIHOHAJTEBHBIE DAL

1°061acTL cXonMuUMOocTH., MHOMKECTBO 3HAUEHUH apryMeHTa X, AJd
KOTODPBIX YHKLKOHAJNLHBIN DAL

PR+ 0 + o+ £ g3 + (1)
CXOLUTCA, HasblBaeTca 00AQCmbi0 cxofumochi atoro paja. PyHKIHA
S(x) = lim &8 _(x),
o0

rae S (x) = f{x) 4 f(x) + ... + (), a x IDHHAMIIEKHT oBITACTU CXOAUMOCTH,
HASEIBAETCA CymMOU PAKA, a R _(x) = 8{x) - 5 {x) — ocmamroam paja.

§ 2. PYHKOHOHATLHEIE DAL 301

B npocrefiiiMx ¢nyyasx jiia onpefeJeHHuA o0IacTH ¢XoJuMOCTH pAda (1) Ao-
CTATOYHO MPUMEHHTh K 3TOMY DAY U3BECTHBIE TIPU3HAKH CXOAHMOCTH, CYUTAA X
(MHECHPOEAHHBIM.

Hpumep 1. Onpegenurs 00naCThE CXOAMMOCTH DASA

x+l o, e+l @eD) | @el) (2)

1-2 2. 2% 3.2% n- 2"

Pemenne ObGosnaune yepes v, o0ini 4neH paxa, GyjaeM HMeTh

. i +1 . + nRtlam
lim |———” i | = lim n!;‘i i 2n =|x+11_
o - n
nooo [u) R TR PR | 2
Ha ocHorauuu opuanaka Janambepa MOXKHO
VTBEDHIATH, YTO DAJ cXoAHTCA (M DPHTOM ab- Pacxod.  Cxod. Pacxod.
"f.fff.l‘ e ;‘//fm R
COMNIOTHO), CCJH |+ 1] <1, T.e. opu —3 < x < 1; BT B/ A X
Puc, 104.
lx +1] _
DAL PACXOAMTCH, eClIU 5 1, 7. ¢, ceap
—00 < x < —3uan 1 < x < oo (pue. 104), Ilpyn x = 1 noxyuaeM rapMOHMYECKMI Dsifl
1 o i 1
1+ 5 + -é 4 ... , KOTODPLIA pacxoaMtTes, a npu x = -3 — pag —1 + 7 3 + ...,

KOTOPBIN (B COOTBETCTEMH ¢ (tpHaHakoM Jleiiburnal cxoauten (HeaGeoaroTHo).

Hrak, pAg cXomouTcd OpH —3 = x < 1.
2°. CremeHHBLE PAJLbLL. JLIA BCAKOTO CHEAEHA0Z0 pRIA

cﬂ+cl{x—a)+c2(x—a)2 + ...+cn(x—a}”+ {3)

(¢ H & — DeHCTBNTEIbHbIE 4Ca) CYIIeCTBYET TAKOH MHTEPBAJ (Lnmepedi cxo-

dumocmu) |x — al < R ¢ IeHTPOM B TOYKC X = @, BHYTPH KGTGpOro pag (3) cxoquTes
abconioTHO; LU |x - a| > R pag pacxoantes. Paduyc cxodumocmu R moser Guirp
1 HacTHBEIX cav4asX pared Tax:xe 0 1 ©¢, B KOHLEBBIX TOYKAX HITEPRAIA CXO-
JHMOCTH ¥ = ¢ + R BO3MOKHA KaKk CXOAHMOCTE, TAK H PACXCJUMOCTh CTEIICHHOT0
paga. HETepBaa CXOAUMOCTY ONPEACASIOT ODLIYHO ¢ IOMOHIBI0 HPH3HaKOB [la-
sambepa i Koy, npuMenas UX K pALy, YI1EHAMM KQTOpPOTO ABhH0TCA abeo-
JIDTHBI® BeJIMMMHB! YNEHOB JaHHOTo pajga (3).
I[TpuMeHUE ¥ PHAY MOAYIEH

e | +lefix —al + o +e fx - al® + ...

npusHary cxoguMocTr Manambepa n Komy, moayduM JNA PAAHYCA CXOAUMOCTH
ereennore paga (3) cooTBeTCTREHHO QOPMYy L]

! u RBR= lim

lim fm R

H— x
O1HAKO NOJB3ORATELCA HMHE CJeJVeT BCCRMA OCTOPOXHO, TAK KAK NDeJeasl, CTOA-
Ulke B OPaBLIX YACTAX 9TUX GOPMYJ, HaCTO He CYHIeCTBYHIOT., Tar, Haupumep,
Coal HeecroHeYHOC MHOMKeCTBO KOMDMUIIHEHTOR €, o0pamaeTcss B HYJIBL {310, B

fl

R:

Eﬂ*—l

YACTHOCTH, HMEeT MECTO, eClH DA COJeD:KHUT UJEHB TONBLHO ¢ YCTHLIMH HIH
TOMBKO C ICYETHBIMY CTEHeHAMH (X - @)), T0 DOJL3VBATECA YKASAHHBIMMU (OD-
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MyJaMKi Henb3da. B CEA3M € 3THM DeKOMeHAYeTCH IPH ONPeASeAeHNH UHTepBala
CXOAUMOCTH NIPHMEHATE Dpuaiaxy HanaMmbGepa unn Kol HelloecpeACTBEHHO, KAK
3T0 CAENAHO Bbillle DU KCCHeJoBaHuA pAaa (2), He npuberar K oduium hopMynam
IJIA PAfHyCca CXOJTHMOCTH.

Ecaun 2z = x + iy — KOMIJIEKCHOE NEPEMEHHOe, TO AJA CTENEHHOrO pANRA

2
co ez -2 ez —2)) + . ez zg)" + ... (4)

(¢, =a, +ib, z,= x, + iy,) cyniecTByer HEeKOTODBIM Kpyr (kpyz cxodumocmi)
|z ~ 2| < R ¢ ienTpOM B TOUKE 2 = 2, BHYTPH KOTOPOIO DAL CXORNTCA abCOMIOTHO;
npu |z — 2yl > R paa pacxomurcs. B Toukax, nemammx Ea camMofl OKPYKHOCTH

KPyra CXONMMOCTH, DAJ (4) MOMKeT KaK CXOAMTLCH, TAK M pacxoiuTeca. Kpyr
CXOOMMOCTH 00614 HO ONpeAeNAI0T ¢ IOMOIILIO IpU3HakoB Janambepa niay Kouln,
NTPUMEHEHHEIX K DAJY

- 5
leo + ey 1z = z2gl + ey sz — 2" + o He | e = 2" +

YJIeHAMH KOTODOIO ABAAIOTCH MOLYIM WIEHOB JaHHOTO pazna. Tak, Hanpumep, ¢

MOMOIIBED ITPHBIIAKA I[a.rramﬁepa JIETKO DﬁHﬂp}T}KHTb, UTG KPYT CXOAMMOCTH PALA
e+l (z+1)° (z+1) - (z+1)"
1-2 g.9° 3.2° n-2"

OLPCACHAETCH HepaBeHeTso 2z + 1| < 2 (ZocTaToYHO DOBTOPHTH NpPHBEACGHIEIE HA

¢. 301 BRIKJAMKH, CIAYMKHBINUE AJIA CIOPCACIEHMA HHTEDBana CXOAHMOCTH PALA

(2), zameuwe Uik x Ha z). lledHTp Kpyra ¢X0AMMOCTH HAXOAHTCA B TOUKE

z= -1, a pajuyc R aroro Kpyra (paguyc CXORHMOCTH)} paBeH 2,

3. PasdoMepHAasa CXOOMMOCTSH, PYHERIMOHARBHLIH paAA (1) cxoanrea

HA HEKOTOPOM TPOMEXKYTKE DABHOMEPIO, €CJM, KaKoBo 01 HE Obut0 € > 0, MOMHO

HallTa Taxoe N, He 3aBHCHINee OT X, YTO UpH 1 > N Ia4 BCceX X K3 AAHHOIQ NpoMe-

JKYTHA MMEET MEeCTO HEeDABREHCTBO LRn{x)E < ¢, rae R _(x) — ocraTor panmoro psja.

oo

+ ...

Ecnnu Ifn{x}| ¢, (n=1,2,..)jopuasx <. b ¥ YHCJOBOH PHJ z £ CXORHTCA,

n=1
TO (YHKIMOHANLEEIN paxa (1) cxoauTca na orpeske [z, 8] abcosoTEO U paBHO-
MepRO (npusnak Belepwimpacen).

Crenennoil pag (3) cxonuresa abcolwTHO ¥ PABHOMEPHO HA BCAKCM OTDe3Xe,
JemanieM BHYTPHM erQ MHTePBada cXofummocTH. CrermerHoill pax (3) MOMXKHO IO-
IeHnc ZubdePeHINDPOBATE ¥ MHTErPUPOBATE BHYTPH €I'0 HHTEDRAJA CXOANMOC-
T {(ipu |x — al < R), T. €. ecan

oo — N+ ex —af + .ot e x—a) + = fla), (5)
TO 448 NOGOre X M3 MHTEPBAJa CXOAUMOCTH paaa (3) uMeeM:

e+ 20 x —a)+ ... tnc(x—a) 4 L= Flx), (6)

X X X X

J. ¢, dx + J. ¢, (x —aydx + I colx — a}zdx + ...+ J ¢ (x -~ a)' dx + ... =
o X Xy &
R r+1 o+l x
- Y 2 ot [ 76y dx (7)
n+1l
m=1{
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(MHCN0 X, TAKKE NPHHAATERAT MHTEPBANY cxogumocTH paaa (3)). Ilpn sTom pa-
ner (6) 1 (7) HMewT TOT Me UHTEePBAJ CXOOHMOCTH, uTe H pag (3).

Haiitn ﬂﬁnach CXOAUMOCTH DPHAA:

2510, E =

n—-l

2511. Z -1 * 1% .

n=l n

2512. 2( L

n=1

sin{2n —1)x
2513. ) n

Inx

n=1

3514, 2" gin X,

n

#=10 3

wheofe COSNRX

2515 2 ot
n=10

2516. 2 (_1}n + 1e—n sin :r'

=0

2517. z

n,+1

2519. i(anl)x
2520, 2 T
2521 ni (ﬂinl-;ﬁlxzn
2522. i - (3‘1(: _- 15),1
2523, 21 :— .
2524%, il (" 2n1xnj :
2525. ix”.

n=-1

Halltu uHTepBas CXOAUMOCTH CTENEHHOTO DASA M HCCHAeNOBATL CXO-
OMMOCTE HA KOHIAX UHTEPBAJA CXOAHMOCTH;

2526. Zx“.
m=1{
2527. 3 x"
n=1n~2
o gned
2528. z;n_l.
n=1
o gn-1, 2r-1
2529. ) —Fr.

o ln-l R
2530. E'(:__L_.i
T

n=1

2531 . EME’_XT
2n+1

2532. 3 (-1)'2n + 1) %"

2533. x_ .

=




34

Inasa VIIL. PH L]

2534. in!x”.
2535. i i-
2536. i [2nn+ 1)%“1'{:'
2537. i 3" x™.

28, 3 (3]

2539. Z"”’: .

2540. i S S

n=1
% x"
2543 E T
it =1
9544, § X
n; nu
2545. 2(—1)”‘1£"£‘—5L.
n=1 ,1,.3"
25486, Z_I_?'L
=1 )

2547. 2 9
- n -

o 2n
2548. Y (-1)" ’1% .

A=l

2549, Z f“?’}

n=1

2550. 2 n(x + 3).

=1

pa )

1

o551, G xr8)L
o2n-4"

n=1
2552, (x-2)"
~ (2n-1)2"

o 2n n
2553, 2(—1)“”{3”—“ (x-1)

Zn
—~ (3n - 2)

2554. ¥ "_‘@i?}_ .

n=1

oo

2555. CE2 ) —
2{ (n+ n’(n+ 1)

o

{x_3}2n
2556. (n+DIn{n+1)"
n=1
2557' E(_ )n+1 (I 2);1
(n+Dlnin+ 1)
a=1

2558, E Ei?L .

n=1

= 2

2559, ZL1+;11-] x - 1)".

=1

(2n-1)"{x+1)"
2560. z e =

H

n—=1

.-u"i'l—i- }

2561, Z(
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2562, § Bn-2)(x=3)" 2563. Y (-1 (x+3)
Eu (n+1)’2"" 2@ @n+1)/n+1

OnpezennTs KPYr CXOEMMOCTH!

2564. Ei”z”. 2566, E‘_zi
n-3

n=0 =1

2565. 2(1 + ni)z". 2567. 2 Z_
=1
2568. (1 + 2i) + (1 + 208 + 2Dz + + (1 + 2iX38 + 2i)...

(Zn+ 14 202" + L
2 n

1+ 2 2 e 2 +
20691+ 15 T T T (1= -20)..(1-nd)

0. 3 (B2

2071. I/chu;m 13 OIpejle/lIeHisA PABHOMEPHOM CXOAMMOCTH, AOKABATD,

4YTO PAX
n

14+ x+224 o +x"+ ...

He CXOAHTCA paBHOMepHO B mHTepsanue (—1, 1), HO cxoAuTCHA pABHOMEDHO
Ha BCSAKOM OTpEesKe, JIEXKAIlleM BHYTPH ITOr¢ MHTEpPBAaJa.

Pewenne, IHoresvack GopMmMysnoll CYyMMEI reoMeTDHUBCKOHN IIDOrpeCccHH,
TONYSIEM OpH jx} < 1

n+1
+ 1 n-+2

R(x)=x"""+x ot =

1—x

BoanMenM JeKalIMil BHyTpY MHTepBana (—1, 1) orpesor [~1 + o, 1 — o}, rae o —
CKOIB YPOXHO Majo¢ NOTOMKMTensHoe yucrno. Ha arom orpeske [x| < 1 — «,
'l — x| 2 ¢ u, cregoBaTENLHO,

n+l

(1-«a)
1B (x)] < —

Ina Toro uTobLI TOKA3ATHL DABHOMEPHYIO CXOMMOCTb JaHHOIO DAJA HA OTPEIKE
[-1 + o, 1 — ], Hy¢HO [MOKa3aThk, 4T K Jobomy € > ( MOykHO nogo0paTs TaKoe

N, zaBuCHIee TONBKO OT &€, 4TO pM BCAKOM 7 > N 6yAer umerh MecTO Hepa-
BercTBo [R (x)| < £ B4 BCe X X M3 PACCMATPUBAEMOI'0 OTPe3Ka.

1{1_':1}4'1+1

o

-1

I
Baag awdoe £ > 0, norpefvem, uTobo < g; orcrwoma (1 — o) < £,

In{en)
tn(l - o)

(7 + IIn{l — oy <Infea), T.e.n+ 1> (tag kag In (1 — o) < 0) u
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n o> Jn(ea) 1. Monowus, takum obpasom, N = LI 1. mbr yGe:x-

In{1—a) In(1l-o)

Aaemcf, uTO OpH 7 > N, peficrenTtensHo, [R (x)] < € a1a scex x U3 oTpeska
[-1 + 0, 1 ~ 0] u pasHOMEPHAA CXOAEMOCTS RAHHONO pAja Ha awboM oTpeske, B

IeKANeM BHYTPH uHTepBaja (—1, 1), TeM caMuLIM fOoKAZaHa.

YT0 e KacaeTcs Bcero MHTepsana (-1, 1), 70 o1 comepykUT TOUYKM, cKONL

n+1

. . X
YroAHO OIH3KHE K TOUKe ¥ = 1, a T8k Kax lim R (x) = lim ]
¥—1 r—1 — X

BE/IMKO Okl HU ObLI0 N, HAlAYTCH TOYKY X, ANA KOTOpREX R (x) 6onbme moboro,

CKOJIb yrogHo Gorpniore yucsa, CaefoBaTesnbuo, HeAb3d nonobpars Taxoe N, utg-
OBI IIpK 1t > N HepaBeHCTBG ]Rﬂ(x)! “ € HMeJI0 MEeCTC BO BC € X TOYKAX HHTepBaJa

(-1, 1), a 210 1 03Ha™AET, YTO CXOAHUMOCTE pAxa B uHTepRane (—1, 1) me Apagercs
DaBHOMEPHGH.

2572, Ucxona ua onpenenenus PABHOMEDHOHN CXOZMMOCTH, A0KARBAThH, UTO!
a) pan

2 "
X X X
1+ﬁ+§+...—|—;’~+...

CXOOHTCA PABHOMEPHO BO BCAKOM KOHEYHOM HHTEDBAJIE;
6) pan
IZ .1'4 xﬁ {_1 r:—len
L~ px 4D e,
1 2 3 n
CXOINTCA paBHOMEDPHO BO BCEM MHTEepEane cxogumocTd (—1, 1);
B) pan

1+ L+ 41

2" 3" nt
CXOZUTCA pABHOMEPHO B MHTepBaJe {1 + &, o), rae 8§ — noboe OONOMKM-
TeJbHOE YHCIO;

r) paa
CHEE S IR T, WAy v v o (R Hy

CXOANTCA He TOJBKO BHYTPU uHTepBana (—1, 1), HO m Ha KOHIAX 2TOro MH-
TEDBANA, OMHAKO CXOAMMOCTE PAjla B uHTepBane (-1, 1) — HEPABHOMEpHAs.

HokasaTe paBHOMEPHYIO CXOAUMOCTD BYHKIHOHATEHBIX PAIOB B yKa-
BAHHBIX IIPOMEKYTKAX:

2573. z % Ha orpeske [-1; 1].
)

n=1

(=

sinA o -
2574. E ! Y Ha Bcell YHCIIOBOIL ocwL.
2

n=1

2575. Z(—I)R_Il} Ha oTpeske [0, 1].
1

n=1

= 0O, 7O KAK &

~

i R L 2

P T T

HE !
e

Ch
A
oaf

LA v 4 v D
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[IpuMeHad nouNeHHOe ZHd(pepeHIMPOBAHUE U MHTET DUPORAHNE, HATi-
TH CYMMBI PAJOB:

2 2 tz
2BT6. x + = + X 4+ 4+ 4
2 3 n
2577.x - L + L — 41y E 4
- —2- _é_ - n ‘e
IE xﬁ xEn—l
il N T T e
2678.x + L + % —
x:‘ xa 1 H_lxzn_l + ’
2579.1‘— E" + E‘ _...+( ) on_1 Pk s

2580.1+2x+8x° + ...+ (n+ Dx" + ... . .
2581.1 - 3x° + 5x" — ... + (1) 2n - x4+ ...

2582.1-2+2-3x+3 4x° +...+nn+Dx" "+ ...

HalTir cyMMBl DHAOB;

2533.l+l + 3 e+
x x° * x"
.1‘5 xg xain—:-:
L o+ o4+
2584.x + T + T+ pp—
-1
. 1 1 1 (=1
2585%. 1 — ~_ + - + ot — ..
3-3 5.3 7.3° (2n-1)3"""
2586. 1 + 2 4+ 5 4 p2nl
2 2 2 2

§ 3. Panx Teitnopa

1°.PasnoxenHe PYEHKIHY BCTCIIEeHHONK pAA Eenudysruua
f(x) momycKaeT B HEKOTODOH OKDECTHOCTH |x — g| < R TOYKHM a4 PasnomCHUE B
CTENEHHOH P 10 cTeIeHAM X — &, Te 3101 pajg (pid Telinopa) HMeer BUJ

” (n) i
ﬁm=rmy+ﬁmu—ay+%%lu—af+_m+L$ﬂ(x—a}+““{n

Ilpu a = 0 pay Teingopa HazeiBawT Tak:ke pidom Maxaopena. Parencrso (1)
CIPYBELINBO, CCIH npH |x — a| < R ccmamounbil uxen paga Teitiopa

o0 1
(k)
(i k
Riw = fw) - | i+ Y & -af ]~
=1
Nnpy n — 0o, )
I[JIH OIIfFHEYH QCTATOMHOID LJeHd MOMHO IIOTIR30BATECA l:l]DPMY.?IUH

a-1 .
R (x) = % f (i 1]'[151 + 0(x —a)l, rac ¢ < B < 1 (2)

(hopma Jaepania).
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IIpumep 1. Paznomurek dyurunio f{ix) = ch x B paa 1o crenesaM x. V. (140" =1+ m._ m{m—l)x:?: 4 m(m-l),..(m—n+l)xn -
Pemenue. Haxomum uponasogmele gauHoi gysxauu f(x) = ch x, f(x) = sh x, Iv. ( ¥ TR 21 n! '

f"{x) = chx, f"(x) = sh x, ...; BooGuIe ftn}(l’) = ch x, ecniv 1 — werTHoe, y & _ *y

r (-1 <x<1)
{n} ?
f7{x) = shx, ecin n — Heuernoe. IMomaras a = 0, noayanm f(0) = 1, (0} =% 2 X L y"
"'.- T - — —_— J— n - —_— - - ==
0, /70y =1, /(0) = 0, ....; roofime f{"}{U} = 1, ecil 1 — uerHOe, H f{R]{DJ =3 V.In(l +x}=x 5 + 5 + (-1 - | o (-1 < x< 1),
0, ecau n — Heuernoe. Orciona Ha ocHoBaHun (1) umeem 3 . i
, a TAKIKEe QOPMYJIOH AJIA CYMMBI Ne0METPHYSCKOH OPOrpeccHH, MOMKHO BO
chrx=1+ % + x_4 i + x" (3) MHOTHX CAVYAAX IIPOCTO NONYYAThH PA3JIOXKeHne Aaiiod OYHKIUH B CTe-
21 4 T {2na) NeHHOH pAjA, NpHYeM OTIAZAeT HeOOXOAHMOCTS MCCIeJOBAHUS OCTATOU-
st OUpenenerua HETEPBALA CXOENMOCTH PAAA (3) IDHMEHHM NpPHAIAK Hanam- Horo uneHa. Hyaorxa npu pasnoXeHHH NOME3HO HCIIONL3OBATE IOYJICHHOE
Hepa. Umeem AupbhepeHIIMPOBAHNAE WK HHTerpupoBanue. [Ipu pasnoKeHuu B CTETIEH-
P 2 2 Hble PAALI PAIMOHANBHBIX (YHKUUIN peKOMeHAYETCHA pPas3jararTh aTH
lim % . X = lim X -0 o $YHKIMM Ha lpocTelimue ApobH.
—= (2n 4+ 2) ! e - . | wk
" ( 2 2ny (2n+1)(2n+2) %_ Mpumep 2. PasiomuTh 0 CTENCHAM X (HYHKIUIO
npu awobom x, CrcnoeaTeNhHo, PAN CXOAUTCH B HITePBasle —09 < x < 00, Oera- & 3
TOUHEIH 4JieH B COUTBETCTBMU ¢ $hopMyioi (2) uMecr BuT flx) = :
n+l I {1_I}[1+2x}
= X : :
Rn[x} = GTl) ch Bx, ecam n — HeweTHoe, % Peuicuuye Paslexus QYHKUMIO Ha nipocreninue apobu, OyreM MMCThL

" 1 2

1 .;"_ flx)y = } .

7 i 1-x 1+2x
R{x)~- ——— s ~— Yg ; -

) it 1) h 0x, ecnu n — wuetHoe. : Tan Kak
Tax xaxk 0 > § > 1, To ) 1 o
: i
ISP " 0x  —dx . 1 =l+x+x +..= E;r” {4)
e - ! _ : - X
lch 8x| = — < e, hhﬂx1=‘§__rﬂ__ ﬁiéﬂ, . n-0
i u
R ()] < X " K |x|” ’55' 1 2 < Pgr_n

H IO3TOMY n(x)[ < me . Pan e obmpM diaeHom T CXOAHUTCH IPH AboM - > 7% =1-2x+ (2x}) — ... = 2 (-1) 2 x, (2)

X (B 3TOM MOJKHO JeTKO yOCAUTBCA ¢ NOMOLIBIO TpUaHara Hanambepa), nootomy - n=0

B COOTBETCTBKHU € HeoBXOMMBIM IPU3HAKOM CXOZHMOCTH i TO OKOHUATENIBHOD

|I|u+1 i N - .
lim —— =0 K ol R , fiagn+ 15 n
poo (n+ 1) | f(x) = Zx"+22(—1}2x = 2[1.—(—1}2 1" (6)
: =0 -0 =0

a crefiosareapro, M lim R (x) = 0 npn 1o6om x. 310 03Hauger, 94To cyMMa pAKa | " . *

n— a8 o Fecomerpuueckue oporpeceus (4) ¥ (5) exogaTeAa cOOTBETCTBEHHO Hpn[x|ﬁf1 1%

(3) ana awdoro x NelCTRHMTEABHC paBHa ch x. ) _, 1 1
2°.IlpuneMbl, HPpUMEHHEMDLIC IPM PasJOXKeHWU B cTelleH- s ixi <~ = e¢negoBaTelnno, yopmyna (6) copaeseannsa 11pH |x| = ik T.e. IpH

IIbie P AL b
IToMB3ysach OCHOBIBIMI DARIOHCHHAMM: 1 x < 1 i

p 2 n -. 2 2
x ;
Lef=1+2 +2 4 +X o | (co0<x=o),
1! 21 ! ;,
. X ;r3 .x"ﬁ n IE”' -1 § R Ha rpanuiax HHTEPBATE CXOAMMOCTY (T. ¢. OPH x — —1 m npu x = 1} paaioxeniie IV

. sin x = F o §T L g — w1 (1) 2—-'—1'7 o {0l x o 00), T BegeT CcelH cARIVIOMHM 00pas3oM: npK M & { aBcoTIOTHe CXOIRTCA Ha 0Denx FpaHyuIEax; IpH

' 2' - (Zn+ 1) b 0> m = -1 pacxogures npu x = —1 1 YCHEOBHO CXGAMTCH upn ¥ = 1 npu m < —1 pacxonwres
i 4 2n '\i )
M. cos v =1 — £ 4 X b1 s (—00 « x < o), ; Ha OBeMX rpuHUILaX.

wk
JB,’IE[‘.L HE TAJILHEeITeM 1M ARAIVMEBACTCOH ¢ IO TETRIM W ILOJNONIHTCHLEBM CTEIIEHAM » .

2! 4 (21
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3° Papg Telinopa 13 QVHKIIEHE ABYX DIepeMeHHL X. Pas-

Joxenre QyHKIHA ABYX nepeMelunsx f{x, ) B pad Teiliropa B OKPeCcTHOCTH TOY- ¥

Ku (G: b) UMeeT BUA
0

- SN N 1,
fix, 1) = fla, ) + 1 [(x a) = + (@ b’%] f(a,b)+5[{x a) &=+

o 2 _m |

Ecnu a = & = 0, pap Teitsnopa aswieaior TaxmKe padom Maxropena. Baecs %

IPHHATH! CACIAVIOUIMe 0003HAUSHHA:

_n 9 e _ If{x, y)
[{x @) +(y b)ay]f(a,b} o )

(x-a}—Fa_f(aLv.'f_}‘ (¥ —5);
y X = i
="

gy=b
2 2
R e R PR A CROR ()] e
¥ dx s
)=
-2
+2d Ay gy -b) + 3"f(x, y) C(x-a uro
dxdy ) s roe
¥y=¢8 4 y=b

Pasznoxenne (7) uMeeT MeCTO, €C/IN GCTATOUHEI YIeH pAga

[

9

RH{I, y) = f(x, y) - |:_f{a, b} + % (x — a) % + (¥~ b) ay

k=1

Ff(a. B — 0

npu n — 20, OcTaTOYNEIH UNeH MOMKeT OBITL NpeACTABIEH B BHJe

R (x, y) = [(x—a}% +(y—b}a%]””f{x,y)

1
{n+1)

x=a+ﬁ(r—u]’
4 =h+Bip-0

rge 0 < G < 1.

Paznoxurs no OenbiM ITOAOEHETENBHEIM CTElieHAM X YVHKA3AHHEIE

(hyHKIIMM, HAHTH HHETEDBAJB] CXOAUMOCTH NOJIYYEHHBIX DAIOB M HCCIe-
AOBATEL MIOBEeHHEe UX OCTATOUYHEIX YNEHOR:

2587. a* (a > 0). 9590. sin” x.
2588, sin (x s }4‘] . 2591%. In (2 + x).
258Y. cos (x + a).

[ons3yAck OCHOBHEIMU pasiomxenusMu I —V i reoMeTpHuecKoi opo-
rpeccue, HADMCATH PA3JICIKEHHE [0 CTEIeHAM X CIEHYIOMIHX PyHRLMHI
M YKA3aTL MHTEPBAJNLI CXOJAUMOCTH DAAOB:

9592, 2% - 32 . 2594. xe °,
(x-1)

2593, _8x¥=5 2595, o* .
X —4x+3

TR S, PR s
A ‘ﬂ!;‘&g%:mi?ﬁm-r-;;ﬁ

B

oo

o

o
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2596. sh x. 2600, —* -,
94+ x
2597. cos 2x. 2601. — - .
4-—:Jr:2
2598. cos® x. 2602. In iji

2599. sin 3x + x cos 3x. 2603. In(1 + x - 2:x:2).

ITpuMenas AudupepeHIMPOBAHKE, PA3JIOMKUTE 110 CTENEHAM X CIeIVI0-
mue GYHKIUE M YKA3aTh HHTEDBAJIbl, B KOTOPLIX 3TH PA3JIOMKEeHHI HMe-
0T MEeCTO:

2604. (1 + x) In (1 + x). 2606. arcsin x.

2607, In (x + §1+x°).

HDMEHHH DASITHYHEIE IIPHEMEI, Ra3JI0ACHUTE HO CTEIIEHAM X 3allaHHbBIE
{I}FHHII,MH M VEA3aThL HHTEPRAILIL, B KOTORLIX 3TH PA3JICHEeHHA HMelOT MeCTOo:,

2614.

2605. arctg x.

2608. sin’ xr cos” x.

e

4-x
2615. In (x* + 3x + 2).

xX

2616. [ 3% gx.

X

2609. (1 + x)e .

2610. (1 + 9.
!

2617. [ e ax.

2611. 3/8 + x,

!
2612, X —3x 1 2618 x"“(“x}dx.
x —5x+6 3 X
2613. ch® x. 2619. [ —dx_ .
o 1-x°

Hanucars TPH NEPEBIX OTJAHYHEBIX OT HYNA YINEHA PE3INOKEeHHA B DAL
10 cTeHeHAM X QVHKIAM:

2620. tg x. 2623. sec x.
2621, th x. 2624. In cos x.
2622, e . 2625. e” sin x.

2626%. IlokazaTek, UTO RJid BRIYMCIEHKA IJIMHBI 3JIJINIICA MOKHC 0 L-

30BATECA ODpHONMAeHHOU QopMYIOH

= 214 (1—%J,

rae £ — 3KCUEHTPHCHTET, 24 — BOMBINAA OCh 3JLNHIICA.
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2627. Tsaxenaa HITEL NOA BINAHAEM COOCTBEHHOIO Beca IPOBHACAET 110 £

nenHoi AuHuYU ¥ = ach Y npuueMm a = E, rie H — npoaoabHoe HATA-
a q

JHEHHE HHTH, 3 ¢ — MAacca €IHHUILL] AJHHEI, [I0KAZATE, YT0O NPH MalbIX ;
g

P

4
X, C TOYHOCTEIO A0 BeIHUYHH NODAJAKA ¥ , MOXHO OpDHHATL, YTO HATE IIPO- %
2

x_
2a’
2628. PassnomuTL GPyHKIHIO x*—2x°-5x— 2B psAO oo cTeledaM x + 4,
2629. f(x) = 5x° - 4x° — 3x + 2. PasnosuTs f(x + k) B pag no °
cTeleHAM fi.
2630. Pasnosuts In x B paxg no crenessM x — 1.

BUcCaeT IIo ntapaboise y = a +
¥

|

i
"
4

2631. Pagnosmurs L B psg mo crenesam x — 1. 3
X

2632. Paznomurh % B pAZ 10 cTenenaMm x + 1.
X

1

x2+3x+2
1

x2ydx+7

2633. PasnoxuTte B PHAX IIO CTEIeHAM x + 4.

2634. PaznoxuTe B PAJ II0 CTENEHAM x + 2,

2635. Pagnoure e B psag o creneHsm x + 2.

2636. PasiouTs /X B DAK IO CTeneHAM x — 4 .

2637. PasnoXuTh c0s X B Pl HO CTENEHSAM X — g

2
2638. PagIoxuTh cos” x B pAA N0 CTEIOEHIM X — =,

2639%, Pasnoxurs In ¥ B pAl 0O cTeOEHAM i;—x .
X

ad B PAA IO CTEIIEHAM d

1+x 1+x

2641. Kaxosa BenuuMHa AOOYIIeHHON OHIMOKYE, ecJi MpUOIMIKEeHHD
HONOXKHTh

2640, Paznoxurs

30BaThLCA PAACM .y

3 5

arctgx=x—x— +£5- — veey

B3AB CYMMY €T'0 NePBLIX IIATH 4YJIeHOB IpH x = 17

& 8. Pan Tejinopa 313

2643%*, BEIYHCINTL YHCITO g— ¢ TouynocTeio 20 0,001 opyn moMonm paa-

AOKEHHA B PpAJN N0 cTelleHAM X MVHKIAHE arcsin x (cm. Ne 2606).

2644. CROJIBKO HYXHO B3ATH YJIEHOB pPAXA

2
=1 - X
cosx =1 57 + iry

yTo0OBI BRIYMCIUTE c0s 18° ¢ ToyHoCcTEIO o 0,0017

2645. CKonbKO HYXHO B3ATH UIEHOB pAja

3

: X
=x - = + ...
sin x = x 3 .

yToOB! BRIYHMCAUTE sin 15° ¢ TouHocThio Ac 0,00017
2646. CronbKo HYXHO B3ATh YJEHOB pAJA
z
x x X
e _1+ﬂ+§ +
yTOOLI HAHTH YUCIo e ¢ ToyHocTRo o (,00017

2047, CKONBKO HYXHO BR3AThH UIEHOB PAJNA

2

ln(l+x}=x—% + sy

yTOORI BEIYMCANTSE In 2 ¢ TounocTe) Ao 0,017 no 0,0017

2648. Brrunenuts 47 ¢ rouHocThio 1o 0,01 ¢ noMoOUILIO PA’NCHKEeHN

dyurnun 3/8 + x B paA No cTeneHAM X.
2649, BRIACHHTE TPORCXOM¥ACHUE TIPUOIMIKEHHON POPMYIBI

Jaf+tx =a+ X (a>0),
2a

BLIUMCIUTH € €€ TIOMOIIBLIO /23 ; DOJOKHE d& = D, H CLeHUTEL JONYILEHHYIO
IpU aToM OMIHOKY.

2650. Beruncnuts 4/19 ¢ Tounoctsio no 0,001,
2651, ITpu KakHX 3HAYEHHAX X OpubansKeHHad Gopmyna

2
X
cosxy =1 — =—
2

AaeT omubKy, He npebimaomyio 0,017 0,0017 0,00017?
2652, TIpn KakMx 3HaYyeHHAX X NpUbJIUKeHHAA PopMya
sihx = x

Aaet omupbKy, ne npessimawmulyo 0,017 0,001?
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1s2

2653. Briuucnurh -I. sinx dx ¢ TouHocTRIO a0 00,0001,

2654. BeiyHciInuTh emx dx ¢ TouHocTsio Ao (,0001.

*

2655, BriuneanTs % cos x dx ¢ Tou”ocTriO go 0,001,

0
1 -
2656. BpiuucnuTe I SIBX gx ¢ rouHoceTwio mo 0,001.
e
1/4 i

2657. BeIYMCHUTE 1+x° dx ¢ TounoeThIO no 0,0001,

o=

A .

2658, BLIUHCIHTE Jx e dx ¢ TounocTeio no 0,001. by

" LTE

2659. PasioxuTe B pAf IO CTENIEHAM X M ¥ QVHKIHMIC cos (X — y), %
HalTH 06JIACTh CXOAMMOCTH HONYIEHHOTO PAAA U UCCIEIOBATE OCTATOY-
HbIf UNeH, X
HamucaTy pa3sioxeHua IO CTEHEHAM X H Y cIeAyIIIUX QYHKIHI H%
yKasaTh 00JaCTH CXOAUMOCTH DAJOB: 4
2660, sin x - sin y. 5

i 2 5 2 £

2661. sin (x~ + y'). g
og62x, L Xty .
1+x-y 5

2663*. In{1 — x — y + xy).
2664*. arctg -——-—i &

L4

2665. f(x, y) = ax® + 2bxy + Cy Pasnoxnte f{x + &, y + k) 1o cTE-

G T Y S e T

nenam h u k.
2666. f{x, y) = P 2y3 + 3xy. Haiitu npupanienue aroil GyHKIEHKE
IpH nepexone oT 3HaueHuil x = 1, y = 2 x sHavenugsmx =1+ h, y=2 + k. . >
2667. PaznoRuTs QyHKUHIO € "¢ 1o cremensM x — 2 u y + 2. ‘
2668. Pasno:xuTh YHKIMIO Sin (X + ) IO CTETIeHAM X U Y — g &
B

HanucaTe TpH—deTelpe MepBLIX YIeHA PpasloKeHuR B pag M0
CTEeIeHHM X ¥ I PYHKIMM!

2669. e’cos y. .
2670. (1 + x)' Y. E

§ 4. Pans Pypre 315

§ 4. Pagsr Pypre

1> Teopema Jupuxne. Toropar, uro dyvEKOHA f(X) YAOBIETHODHET
yeaosuam Jupuxre B uprepeane (@, b), ecliu B 3T0M MHTEDBAJIE DYIKIHA;

1) papHOMepHO OorpaHudeHa, T. e. |f(x)) € M upuw a < x < b, rae M — nocro-
AHHAA;

2) umeer He Dosee YeM KOHEYHOP YHCID TOYEK paidphIBA M Bce OHM 1-ro pojla
(T. €. B KaXKAOH TO4Ke paspelea & Gyukuna f(¥) MMeeT KOHEUHBIH JERbIR Tpegest

f{c-0)= lim f(¢ - £)u voreunsrit npaewrik npenen f{€ + 0) = llm f(E+ e){e=>0));

g-— 10
3) HMeeT He DONee YeM KOHEYHOE 4HCIC TOUEK CTPOroro BKchemyma.
Teopenma Jupuxie yreep:gaer, 4T0 QYHRIUHIO f(X), yIOBIETRUDAIOIIYIO B MH-
repBane {(—m, 7) yehosuaM JIuprxie, BO BCAKOH TOUKE X 3TOTO HHTEDBANA, B KO-
TopOH f(x) HeIpepLIBHA, MOXKHO PABIOKHUTE B TDUI'OHOMEeTpHYSCKUI pad @ypue:

a
_ Yo : A :
fix)= - tacosx +hsinx i g,os2x + bygin 2x +

5 .. +a cosnx + b sinnx + ...,(1)

rie Koahuyuenmet Pypee a, U b, BeIMECAAOTCA 10 DOpMyaaM:

= % J'f(x)cns nxdx(n=0,1, 2, ...);

_ 1 f : _
= - jf(x}sm nxdx (n=1, 2, ...).

Ecnmn x — HpUHAAJeKATad HHTepBAXY (—M, )} ToUKa pa3peiBa pyuxiamnn f(x),
To cyMMma paAga Dypee S{x) paBHa cpelHEMY APHJIMETHYSCKOMY JEEOT0 ¥ OIPABOro
IPEgeNoR (PYHKI[HH:

S(x) = 1 [fx = 0) + f(x + O)}

B koHpax mHTepBana x = MU X = X
S(-m) = S(m) = Z [f(-7 + 0) + fix - O],

2°. Henonuele paags Pypre. Ecan byurnus f(x) — deruas (. e,
f(-x) = f(x)}, To B hopmyme (1)

b =0 (n=1,2,..)
H

a, = %fﬁx}m nxde (n=0,1,2, ...

Ecnu (yuxiuma f(x) — Hevernas (1. e. f(—x) = —f(x)), T0
a, =0(n=0,1, 2, ..

= ?. j_f{x}sin nx dx (n=1, 2, ...}
T
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dyvikiMa, sanaiHag B HETepease (0, M), MoXkeT DBITE 10 HALIEMY YCMOTPCHHID
upoaosReHa B wirrepran (—n, () nubo Kak YeTHadA, JH00 KK HEYETHAR; CIe0-
BATEJALHO, Pe MOMKHO [I0 KeJaHHIO PasAoMUThE B uHTepBane (0, M} B HENOJIHBIN
psiyy Dypre 110 CHMHYCAM HAF N0 KOCWMRYCAM KDATHBIX AVT.

3. Pajgw Pypre nepuoxa 2. Ecnu bhysruua f(x) yioBIeTBOpHeT
venoBHAM upuxne B HeKoropoM muTepBasce {(—, [) nnunnt 21, 70 B TOUKAX He-
NpPePBIBHOCTHE (WYHKI KM, IPUHAAJIEKAIIUX JTOMY HHTEDBATY, COPABSNITHEO PA3-
IoeHHe

f{x) = —+aluos$+bbm%{ + a,cos 2? + b,sin 2:1:17_'_
.+acosﬂ-¥+bfsm$+

rac

Il

= .t'l“ j f{x)cos %E de(n=20,1, 2, ...},

> (2)
b, = -I-f(t]‘-ﬁlll — dx{n =1, 2, ...

B Touxax paspepiBa OVHKIHH f{X) ¥ B KOBUMAX X = I HHTeppana cyMMa pAfna
DypLe OUPCACTICTCA AAJOTHYNIO TOMY, KAK 3T UMeeT MEeCcTO IIPH pa3loKeHHH
B HITepBane (—m, m).

B cnyuae paznosenna hyurunu f(x) 8 psjg Ovpee B IpoH3BONLHOM HHTEDBATIE
(@, @ + 20 nowmiiw 21 npegens MHETErpyupoBanuA B opmynax (2) cnegver 3aMeHHTE
COOTBETCTREHHO Yehez a u a + 21,

YrazaHube HUMe (JVHKIIMH PA3JIOKKHTH B pAj Pypbe B WHTEpBaje
(—m, ), ONpeAeJIMTE CYMMY PAZa B TOUKAX PadpbiBa H HA KOHIAX HH-
TepBana (x = -7, x = M)}, T0OCTPOUTE rpaHuK camMoit HyHKLUUI U CYMMBEI
COOTBETCTBYIOIIEro pAja (Tak:kKe ¥ BHe HHTepBana (—m, m)):

[c npH —T < x = 0,

2671. f(x) = 1 Cl wpw 0 < % <10
PaccMoTpeTs YacTHRIA cay4yai, KOrma ¢, = -1, Cy = 1.
J ax npu —n < x = 0,
2672. flx) = l bxnpu 0 < x < m.

Pacemorpers vactukle cayuan: a)a=b=1;0)a= -1, b=1;
Bla= 0,b=1:1a=1,b=

2673. f(x) = x". 2676. f(x) = cos ax.

2674, f(x) = e 2677. f(x) = sh ax.

2673, f(x) = sin ax. 2678. f(x) = ch ax.

2679, DyaxuHo f{x) = d _2 ad
{0, 2mn).

;i.
:
3‘.
:

e
=
R

i

ey i e e R

b T b oy

PP o)
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e

2680. Pazno:KHuTE B naTepsase (0, T) 1o CUHYCAM KPATHBIX YT (PVEK-
auio flx) = E [TonvueHHOe pasjioXKeHHe HCIOAL3IOBATE IS CYMMHPO-

BAHHMSA YHCJIOBLIX PHIOB!

1,1 1
1- 2=+ -2+ ..
ajl-z+tz -3
1 1 1 11
+ 2 -2 = et = = =
Ol+s -7 111t 17
1,1 1 1
1 -1y 1.1
B)l-s+7 "0 T3

VrazaHHpie HUXKe QYHKIHMA passiomxurs B uaTepgane (0, 1) B Henomu-
aple paaAbl Pypre: a) 1o CHEVCAM KPATHLIX AyT; 0) 110 KOCHHYCAM KpAaT-
ublx ayr. Hapucosats rpadmrn (H)yHKIHH A rpa@MKH CYMM CGOTBETCT-
BVIOIIHMX DPAAOB B OOJIACTH NX CYLIECTBOBAHHA.

2681. f{x) = x. HalTH ¢ NOMOIIELIO NOJVYEHHOIC PA3JIOMKEHHI CYMMY
pAza
1

5 + o
B

1+ = +

1
2
3
‘ 2 -
2682, f(x)=x". HaliTy c DOMOIIELIO IIOJYIEHHOTC DAZNOMEHNA CYMMEL
YUCHOBLIX PANOB:

1 1 . 1 1 N
DI+ +=5 +0s 2)I-=5+ 5 -5+,
2*  3* 2 3 4°
2683. f(x) = ™"
lilpnﬂfxf’g,
2684. f(x) = -
Ompu £ < x < 1.
2
< I
anpn[l«::x 5
2685. f(x) =

ﬂ;—I‘l’IpHg < x < T

Pasnomxurs B uHTepBane (0, M) oo clHycam KPATHBIX AV (DYHKITUHA!

xnpn{){x%ﬁg,

2686, f(x) = <

Onpﬂg <l x < .

2687. f(x) = (1 — x).
2688, f(x) = sin ;f
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PasnomxuTs B uatepeane (0, ) 10 KOCHHYCAM KPATHEIX OyT OyHKIAN:

1 npu 0 < x < K,

2689. f(x) = Onopu iz < x <m.

1- X gpuo < x < 2h,
2690. f(x) = 4 2h

0 npu 2k < x < 7.
2691. f(x) = x sin x.

cosx npu 0 <x=

2692. f(x) = | n

i
'é'!
—COS xnpné <X <.

2693. Hciionbaysa pasnoxenne pyHEOUH X H B unreppane {0, m)
IO KOCHMHYycaM KpaTHbeIX ayr {cm. NeNe 2681, 2682), noKa3aTh paBeHCTRO

20

7 2
Z cosnx _ 3x"—6nx+2n (0 < x <.
n? 12

n=1
2694** JToxazaTh, UTO0 ecnM (bYHENHA f(x) — YeTHAA U NPH 3TOM

i i
f(é + x) = —f(é -~ x) , TO ee pAJ Pypee B HHTEpBasae (—1M, ) NPEACTARAAET
coDOM PA3NOMEHMEe 0 KOCHHYVCAM HEUETHBIX KPATHRIX AVT, a eclIH (PYVHK-

b N T
mua f(x) — HeuyeTHAA H f[ﬁ +xJ = f[§ —x] , TO OHA pa3jaraeTcA B HH-

TepBanie (—N, M) 10 CHHYCAM HEUYEeTHBIX KPATHBIX AVT.

B vrazaHHpiX HHTEepPBAJaX Pas3JIOMHUTL B pag Pypse hyuxkunm:
2695. f(x) = x| (-1 < x < 1).
2696. f{x) = 2x (0 < x < 1).

2697. f(xy=¢" (-l < x < ).
2698. f(x) =10 — x (5 < x < 15).

R, e e i P oo o SR TR R A A TR R R L A e e,

Pas/iosKHTE B YKAZAHEBIX HETEPBAIAX B HElIONHbIE pASLI Pyphe: a) no cu- %

HycaMm KPaTHBLIX AYyT, 0} 1o KOCHHYCAM KPATHBIX JyT CAeAyiornue GyHKIHH;
2699, f(x) = 1(0 < x < 1).
2700. f(x) = x(0 < x < ).

2701. f(x) = x°(0 < x < 2m).
mpu < x <1,

2702. f(=) = 2-—xupul <x <2,

2703, PasnoKuTh 10 KOCHHYCAM KPATHRIX AVLC B HHTEDBAJE (%, 3]

HyHK L0
3
1 OpH = < X % 2,
flx) = 2

3 —x npm 2 < x < 3.

I'manssa IX
INOOEPEHITUAJIBHBIE YPABHEHHKS

§ 1. IIpoeepra peuienuit., CocrapaeHne gudrpepeHIHATBHBIX
YpaBHeHHH ceMeicTB kpubIX, Hauaaeneie ycaoBus

1°OcHoBHEB e NOHATH A. ¥YpaBHEHHE BUIA
Flx, 4. ¢ s Y™ = 0, (1)

rie § = y{x)}— HcKOMad ()YHKUNA, Ha3bIRaeTcA JupPeperyluaibibia Ypasie-
ruem n-zo nopadka. Jlobas pyHrura y = ¢(x}, obpamaromaa ypasuenue (1) B
PO /IECTBO, HAZLIBACTCH PellleHiteM 3TOTO YPABHEHUH, 8 Tpafiuk 3TOH PYHKUWH —
unmezpanrbioil wpusol, Ecau pemense 3agano B HeAasHoM BEge Plx, y) = 0, To
OHO ODBIYHO HASBIBAETCA UMHIMEZPRAOM.

IIpumep 1. IIposepurs, uTo QYHKIHA =~ SiN X ABNAETCA PRUISHHEM Ypas-
HeHUA

y' +y=0.
Pemenue Hmeem
y =cosx, Yy = -sinx
H, CACAOBATEARHO,

y’' +y=-sinx +sinx =0,

KHTerpan

O(x, y, s 0on C ) =0 (2)

n

IngepeHIMANLHOTO ypaBHeHMd (1), cojep:Kamiuit 72 HERABUCHMbIX TIPOR3RONE-
HbIX OCTORHHEIX C), ..., C_ ¥ BKBHUBAJEHTHRII (2 gaunoil obsacTu} YPaBHEHUID

(1), HasnIBaeTCA 06 UM UNMEZPALGM BTOTO YDABHEHUS (B COOTBETCTEBYIOIEH 06-
nacru). Ipunasag B coorHowenun (2) nocrosrsasim C,, ..., C, OupeneneHHbIe

BHAUCHMS, NOJAYYAEM YacmHbli unmezpas ypasHeruda (1).

O6paTHO, WMed ceMefcTBO KPUBLIX (2) n Mckmoyas napamerpst C, ..., C,
H3 CHCTeMBI YPABHEHHH
i
q}zosd_q)zos 9d{1:=0;
dx dx

nodyuumM, Boobine ropops, AUdpepeunuaisioe ypapnese suga (1), obumm me-
TeTDAIOM KOTOPOTC B COOTBETCTBYIOINel ofjiacTy ARNAeTCA cooTHOUIEHHe (2).
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[Ipumep 2. Haiith anddepeHHanbHOe YpABHEENE ceMeHCTRA mapabour = >
—x
z ' e+ — — .
y=C/x—C,). 3) 2706. (x + y)dx + xdy =0, y 5y
Pemrenne. MubdepesHunpys fea pasa ypaBHeHHe (3), GyaeM UMeTh : 27907. v + y =0, y = 3sin x — 4 cos x.
‘= — = - 2 |
y = 2Cx - Cymy” = 2C,. (4) ¢ 2708. d—‘;‘: + 0’x = 0, x = Ccos ot + C,sin wt.
Hcernwuaa us ypasuenuii (3) u (4) napaMerpb C, u C,, monyysm EcKoMoe aud- di
.<':. rr 7 X 2 x
diepeHIIMANLHOE YpaBHEeHHe : 2709. y" - 2y  + y=0;a)y = xe ,B)y = x"e".
2yy’’ = y’z. Ao

, . Ayx
2710,y — (A, + Ay + MAy =0,y =Ce T C,e
Jlerko npoBepuTh, uTo PyEKIug (3) ofpalaet 3T0 ypaBHeHHe B TOXAECTERO,

2° Havanwvueie ycaosu g, EcaIM 414 MCKOMOTC YacTHOTO pellleHUs

¥ = y(x) gEddepernHaIbHOTO YPABHEE A

v =10 gy s ) (5)

3alaHLl HaYAAbHbie yoaosus (3adava Houwiu)
Y(xg) = Yoo 426} = Yoo s ¥ ”(:rﬂ} = Yy
W H3BECTHO Ofuiee peuienle ypasHenua (5)
y=0ox C, ... Cl Z' CocraBuTh qudxhepeHnuanbiLie yPABHEHNA 3aJAHHEIX CEMeHCTB KPH- |
TO NPOUIBONIBHEIE HOCTOAHHBIC C,, ..., € oNpefendwoTcH, eClIH 3TC BOZMOMCHO, . BuIx (C, Cls Cz, C3 — IPOUZBOJIbLHEIE JIOCTOAHHLIE): |

IlokasaTh, 4To AiA JAHHBIX Au({epeHIHATRHLIX YPaBHEHU VKasaH-

HEI® COOTHOIMNIEHHA ABRIAKTCH HHTETpaJlaMHA.
2711.(x - 2y)y' = 2x -y, x° —xy + y° = C°.
(- 1) B 2712. (x —y + 1)y’ = 1, y = x + Ce'.

2718, (xy — )y + xy” + gy’ - 2y’ = 0, y = In (xy).

R R L

IIpumep 3. HaliTn KpUBYH ceMeiicTRa

H3 CHCTeMBl YPABHEHHMIHA H? 2714. y = Cx.
Yo = ®lxg, Cps ooy C)s : 2715. y = Cx”.
Y= 01xg Cpp ooy €y y gl 2716. y° = 2Cx.
s B e I - 2 2 - 2
yﬂ[ﬂ 1) =¢.( 1}(1:0! Cl, ey Cn)- ’ :?.:l 2717. X + y C *
2718. y = Ce’.

2719. x° = C(.:‘:2 - yz).

y= Clex + Cze_zx’ (6) ﬁ 2
w . ; ¥
ana koropoi y(0) = 1, y'(0) = —2. % 9790 y? + 1 94 p0e?
Pemeuune, Hmeem - . x .
. xr —2x
y =Ce — 20 7. (7) 2721.In X =1 + ay (@ — napamerp).
ITonaras B dopmyaax (6) u (7) x = 0, vonyuum é g 2
1=C +C, -2=C, -2C, : 2722. (y — yo)" = 2px (Y, p — mapamerpi).
OTKYHA c S ” 2723. y = ClezJc + Cgeﬁx.
1 =0, Gy = ? 2724. y = C cos 2x + C,sin 2x,
H, CIef0BATeNLHO, i x
y = o2t : 2725. y = (C, + C,x)e” + C,.

-3 2726. Cocrasure audpepesuuanbHOe ypaBHeHUE BCEX NPAMbLIX HA
BBIACHUTS, ABIAIOTCA JIY PELIEHMAMH JaHHBLIX AudbepeHlUANbHBIX

; g IockocTu XOY.
YPaBHEHHH YKAa3aHHbIE QJYEHHHHE ! 2727. CocraBute AudihepeHHANTEHOE YPaBHEHNE BeeX Napa6olt ¢ Bep-
2704, xy’ = 2y, y = 5x". ! TUKAJABHOU OCBbIO Ha ITocKoeTH XOY.
2705,y = e y2, y = 1 " 2728. Cocrasurs auddepeHunassHoe ypaBHeHIE BCeX OKPY/RHOCTEH
X - Ha nnockocru XOY.

1 Zazeun u ynpumuenna
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s naHHBIX ceMeMCTs KEPUBLIX HANTY INHUY, YAOBIECTBOPAIOLINE 3a.- £

JaHHBIM HAUYAJBHBIM FCHDBHHM:
2729. x> ~ y* = C, y(0) = 5.
2730. y = (C, + C,x)e", y(0) = 0, y'(0) = 1.
2731. y = Csin(x — C)), y(n) = 1, y'(n) = C.

2732. y = Ce * + Ce* + C.e”" y(0) = 0, y'(0) = 1, y”’(0) = 2.

§ 2. ITnddeperuuansueie ypasHeHHd 1-ro nopagkra

1. Bugel nuddepernunanbubx ypasHenu# l.roomopaaka, %
MudbdeperiHanbEor YypasHeHHe 1-10 NopaaKa ¢ HeU3BecTHOH pyHKIHEN Y, pas- %

pelIPHHEOR OTHOCHTENBHO NPOM3BOIHOM i, BMeeT BHJA

Y= flx ), 1) 4

rae f(x, y) — AaHHEaA (PYHXUKA. B HeKOTOPHIX CAYYAHX BBIICAHO 38 HCKOMYIO

GYHELUMKD CYMTATL NePEMEeHHYI0 X M 3a0MCEIBATE ypasHeHEMe (1) B BuAe

e 85 W T

: ,_ dx :
YuuTeiBasg, 4TO § = dy B x' = ==, guddepeEnHaNbHBE ypaBHeHUA (1) ¥ 2

dx dy

(17) MoHO 3anUcaTH B CHMMeTpHYecKoH dxopMe:

P(x, y)dx + Q(x, y)dy =~ 0, (2) %

e Plx, y) u (x, ¥) — H3BecTHLIe PHYHKIIHH.

IIox pemIeHUAMHM YPaBHeHMS (2) NoHMMaloTCs (MYHKIHM BHaa y = O(x) uam
x = YW(y), YIOBIETBOPRIOUIHE dTOMY ypaeHeyuwo. OBInuA uMHTErpan ypasHEHHMH

{1y 1 (1), uau vpasrenua (2), AMeeT BUJ
Pl{x, y, C) = {,

rage C — nDpon3BOJBRHAR INOCTCAHHAA.
2°.Ilone vanpassae s U #. COBOKYIHOCTE HAIPABJIEHHH

tga = filx, y)

HAJLIBARTCH NOAEM Hanpasieruii gudrepernaasROro ypasHeHud (1) 1 obsid-
HOQ M300pasKaeTcA NPH IOMOIHA CHCTEMBI YePTOUYEeK HIH CTPeNoK € yIJICM Ha-
KJIOHAa .

Kpuspie f(x, y) = k, 8 TouKaX KOTOPLIX HAKJOH IICGJA HMEET IIOCTOAHHOE 3Ha- ¥
uyenue, pasHoe k, HasbIBAOTCA UsoKAulamu. [locTPOUBR M3OKAHHBI U OOJe HA- 2
MpaBIeHKii, B TPOCTERNIMX CAYYAAX MOMEC TpHONHKeHHO HAPHCOB&Th [1OIe MH-

TETPATLHBIX KPUBLIX, PACCMATRHUBAA TOCIEAHIE KaK KPUBLIE, KOTOPLIE B KA JOH
cBOEH TOUKE MMEIOT 3aJaHH0e HANPARJIEHHEe IMOJIA.

—_—— i

x' = gz, y), (1)

§ 2, ¥YpaeHeHHA 1-ro mopsaska 323

e ——

IIpumep 1. MeTogoM HM30KJIHUH HOCTPO-
HTE 110JI¢ MHTErDAJBHBIX KPHEBIX YDABHEHHA

¥ = x.

Pemenue. [MocTpOMB H3OKNIMHE X = &
(IpsMBbIE THHHY) U 1I0Jle HATPABNCHUH, IIPH-
GrMMCEHHO I[I0Iy4YaeM [IGJIe MHTerpalbHEBIX
gpiepiX (prc. 105), O0nium permerueM ABJA-
eTCA ceMeiicTBo mapabon

2
X
=2 4.
¥~ 3
MeToZoM H3OKJIHH IHOCTPOHTD ITPUBIH-
sKeHHC NoJie HHTerpajlbHbIX KPHUBLIX AJA
VKA3aHHbLIX HHIMe AuddpepennMaisHBIX

ypaBHEeHHI:

] f_ ] 2 i 4 x"f'y-
2733. y x 736, y —y
2734,y = - %, 2737. v = x° + -

¥

2735. 4" =1+ 4.

3°. Teopema Kowu., Ecaudvaknnua f{x, y) HenpepbiBHa B HCKOTOPOR 06-
nacty Ufa < x < A, b <y << B} 1 umeeT B 3Tol 0OAACTH OTPAHHYEHRYH IDOHA-
BOJHVIO f’y{x, /), TO HEPE3 KAMAYI0 TOURY (X, Y,), UDHHAATEKAMLYIC L/, 1DOXOAAT
0/li1& ¥ TOJbHKO OIHA WHTerpanbHas Kpuead i = ¢{x) ypaBHenua (1) (p(x,) = y,).

4° Meton noMaHBIX JHIepa. Jra npubIHMKeHHOIO HOCTPORHUSA
HHTErpaldbHOH KPpMBOH ypaBHeHHA (1), npoxXomgAmeH yeped 3afaHHYID TOUKY
M ,(x,, ¥,), 9TV KPHBYIO 3AMCHAIOT JIOMAHOM ¢ BepmnHamu M (x, y,), rae
=X vAX, oy Ty Ay
A x, = k (m1ar mpouecca),
Ay, =hf{x,y) (i=0,1, 2, ...}
IMIpumep 2. MetogoMm FHinepa iada ypaBHEHHA

*Y

¥ =5

HavTH (1), ecnu y(0} =1 (h =0, 1).
CocTapngeMm rabauiry:
i 0 1 2 3 4 2 ] 7 8 9 10
X, 0101 (0,2 (0,3 |04 |06 [06 (07 |08 0,9 (1,0

Y, 1|1 1,0051,015 |1,03( (1,081 | 1,077 | 1,109 | 1,148 |1,194 {1,248

y = Iz_g* 0 (0,005 |0,010 [0,015 |0,021 |0,026 (0,032 {0,089 [0,046 |0,054

Nrak, (1) = 1,248, ks cpaBHeHus [ pUBOIHM TOUHOE 3HAUEHHC y(1) = o =1,284.
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——

Metogom Ditnepa ralTH YACTHBIE PElleHNA JaHHEX Audidpeperuans- %

HbIX YPaBHeHUIl 1A VKA3aHHBIX IHAUEHHE x:
2738. ¢ = y, y(0) = 1; waiiTkt y(1) (4 = 0,1).
2739.y = x + y, y(1) = 1; nasitu y(2) (h = 0,1).

2740. y’ = —i—h, y(0) = 2; madita y(1) (h = 0,1).

wu4f=y—%tmm=1ummnmn(h=mm.

§ 3. Tuddepernumaneasie ypapaeHra 1-ro nmopsaaka
¢ pazleAdIHMYCH HepeMeHnbIMU, (OpPTOrOHAJABHBIE TPAGKTOPHH

1°.¥parsuenus l-To opAika c pasfensomuUMuca nepe- §
MEeHINILI M. YPABHEHUEM ¢ pa30esfiouiumicqd NEPEMERMbIMU HA3LIBacTeA ¥

ypagHeHue 1-ro mopaaka gua

HILK
X(x)¥(y) dx + X,(x)Y () dy = 0. 1 %

Pasaenus obe vacty ypasHenud (1) va g(y) 1 yMHOXHB Ha dx, 6vaeM HMeETh .:j'
% = f{x) dx. Orcrona, METerpUpyA, NoavuumM o0MIHHA HHTEerpan ypaBsiedud (1) .{*:
fjnﬂe g
ﬁ%==jﬂmdx+c. @ §

AHanoruyHo, pasienus ofe uacti ypaswerus (1) na X,(x)Y(y) u uponster- ¥

pHPOBAB, NOAy4YHM oOLIME uHTErpan ypaeHenud (1°) B smae

X(®) gy o [1W 4 — ¢ 2y 3
X ) Yy Y @ §

Ecnmu nna HCKOTOPOTO BHAYCHMA ¥ = Y, MBI HMeeM g(yﬁ} =, To PYHKIIHA 3

= y{] ABIAETCH TAKME, KAK HECNIOCPEACTEOHHD JIETHKO }"'E'G,E[HTLCH, pPCLIEGHHEM YDAB-

neHNA (1), AHAROrHYHO, IpAMBIE X = d K ¥ = b DYIYT MUTETPANLHLIMM KPHBRIMHE
ypasHenus (17}, ecla @ u b ABAAIOTCA COOTBETCTBEHHO KODHAMM YpaBHeHHH - @
X{x)=0nY(y) = 0, na nmeBpie HACTH KOTOPRIX NPUXOAUIOCE AeIKNTh HCXOJ[HOE &

ypapHeHue, |

IIpumep 1. Perunrh ypasneaue

'~ 3)" %

B TACTHOCTLI, HadTH PeIleH e, YAOBAETEQDAKIIEe HAYANREOMY YCOJIO0BHIO,

y(1) = 2. B

v = fx) () W §

§ 3. ¥parucuuns 1-10 1oDAIKA ¢ PAILNAONIMMICSE IeDeMeHbIMI 325

e

Pemeuue ¥pasHende (3) MOMHO JAINHCATE B BIAE

y _ _¥.
dx x
Orcloaa, pazjenas nepeMedHble, DyhAeM MMeTh
dy _ _dx
i x
i1, CJIEJOBATEILHO,
Inly| = ~Infxf + In C,,

rge OPOM3BONLHAH TOCTOALNAs In € ka3sta B norapudpmuyeckom Buge. Ilocre
HOTEHIHMPOBAHUA TIOAyuuM obduiee pelulenue

y=gs (4)

x
rae C = IC,.

[Ipy pesesKH Ha ¥ MbI MOI'MIM TIOTEPATH pemreHHe ¥ = (), HO NocACAliee co-
nepasures B popmyre (4) npn C = 0.

Heuonpsys 3ajjadHOe HAYARLHOE YoIoRKe, monyuum C = 2, |, CIefOBATENLHO,
[ICKOMOC YACTHOE PelIeHMe eCTh

y:

= b

2 HekoTophle nuddepesuuaabHble YPABHEeHHW I, TDH-
EODAINHECH K YDPABHEHHAMCpPasJedAKNMIUMUCA NepeMeH-
H bl M H., JIuddepeEnUanLable YPARHEHKA BUIA

y = flax + by +¢) (b =0)

OPUBOLATCA K vpaBHenusaMm swja (1) Ipu nomolny saMedel ¢ = ax + by + ¢, rae
U -— HOBASg MHCKOMAH QPyUKLHMA.

3. 0pToroHaleHbBIE TPAEKTOD WM — KPUBBIE, TepeceKaRIIHe JH-
HHI jannoro cemeiicrea ${x, y, a) = 0 (g — mapameTp) HoA IPAMBIM YIJIOM.
Ecnu F(x, ¥, ) = 0 ecTh htudybepeHINANILHOE YPaBHEHKE ceMeHCTBa, TO

1
F[x, i, ——,] =0
¥

-— JUphepeEIHAIBHOS YPABHEHHUC OPTOTOHANBHBIX TP&CKTODHH.
Hpumep 2. HafiTn 0pTOroHAIBHEIE TPAEKTODHH CeMeilCTBA AMIHUIICOR
2 2 2
x b2y =a. (3)
Peorewnue Jupdepenuupya obe wactu ypaBHEeHus (5), Haxonum gaduhe-
PCHIIMANTBHOE VP&BHEHHEe CeMCHCOTRA
x + 2yy” = 0. Y|

r "

1
(Otcioga, sameHsAA ¥' Ha — =, DoayuuM Judydyepen-
¥

U8 Ihnoe YPABRHEHHE DRTOrOIANLHBIX TPAEKTORHH

x—g%;-——wf}nsmy':z—y. A

X

2 -
Hli'rerpz{pyﬂ, GvaeMm uMeTe gy = Cx” (cemedcTso Iapa-

bom) (puc. 106). Puc. 106.
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4“. CocraBnenme sudbdepennMalbdbX YpareHeHHH. Fpu
cOoCTABNEHHH AUGMCPedI MAlBHOT0 YPABHeHUA B FeOMCTPHYECKEX 3a1aaX 4alTo
MOMET DBITh HCIOAL3OEAH IeoMCTPHYECK Ml CMBICT NPOM3BOAHON KAK TANTeHCA
yraa, o6pasoBaHHOTO KACATENBHOH K KPMBOH ¢ MOMOMKHATENLHEIM HAIPABACHUEM
oc OX:; 3TO DOIROAMET BO MHOTHX CHYUAAX CcPA3y YCTE&HOBHTL COOTIIODIEHHA
MCKAY OPAMHATOH I MCKOMOI KpHUBOH, e¢ a0CHHCCOH X | y’, T. €. TOJAYVIUTE gud)-
diepeHlMaiBHOe ypaBHenne, B Apyrux cayyaax (cM. NeNe 2783, 2890, 28935) ne-
NOAB3VEeTCA IeOMETPHUYECKHIE CMBICT OIIpeleICHHOID UHTErpaia Kayk [(IQMIana
KPHBONMHEHON TPaneuMy HIH JIHHE Ayrd. IIpH aToM HenocpeJCTBeHHIOo H3 YC-
JOBMH 314U TOJVIACTCH HpocTeliiee HHTErPANBHOe YPAaBHCHHE (MOCKOIBKY HE-
Komad HYHELKA COARPKNTCA NOA 3HAKOM HITerpana), ofHaro myrem JAudre-
PEHIMPOBAHNA 06CHX ero 4acTel MOKHO JETKO NePedTH K AutpepeHIHaNABHOMY
YPaBHCUH KD,

IIpumep 3. Haiitu kpusyo, DpoxoJ4ANIyi0 Yepes Touky (3; 2), 218 KOTO-
poit 0Tpe3ox n0Gol ee KacATEIBHOH, 38 KNYRHHEIH MEAKAY KOODAUHATHBIMH OCA-
MM, AE€JUTCA NOOCHAM B TOYKE KacaHu:d,

Pemenue. [yere M(x, i) ecTek copejiiHa Kacarelbliod AB, 10 yCIOBHIO
ABJAHIOIIAACA TOUKOH Kacanmd (TOUKH A ¥ B — 3T0 TOUKK LepecedYeHHUA Kaca-
tTenanuolt ¢ cesmu OY u OX). B cuny yeaorna OA = 2y u OB = 2x, Yranosoi
xoudPMUIMeHT KacaTedbHOH K KpUBOH B TOuke M{x, i) paBen

dy _ _OA _ _ ¥
dx OB x

T0 U ecTh AUhhQePEHIEALLLIOS yPARHEeHHe HCKOMOM KpuBoii. 1Ipeobpasoeas,
TONVIHM

dx | dy

¥ =0
Xy

M, CJeAcBEaTelIEHO,
Inx+Iny=InC um xy =7C.

Henonbaya Hadannhoe yeioeme, onpeaeanm C = 3 - 2 = 6, Wrax, uexoman
KPHUBAA eCcTh rumepbora xy = 0.

Pemutre nuddepennnansibie YypasHEHHA

2742 tg x sin” ydx + cos” x ctg y dy = 0.

2743. xy’ —y =y’

2744, xyy’ = 1 — x°.

2745. y — xy’ = a(l + x’y").

2746. 3¢" tg ydx + (1 — &) sec” ydy = 0.

2747. y'tgx = y.

HaiiTi 4acTHLIe DellleHHA VPapHeHWH, yJO0BJIETBOPHIOINIHE VKazaH-
HBIM HA4YANLHEIM YCIOBHAM:

2748. (1 +e)-y-y =¢;y=1npu x = 0.

2749. (xyz + x)dx + (xzy -y)dy=0;y=1uapu x = 0.

2750, y'sinx =ylny; y=1 upu x = g

§ 4, Onvopoauwre ypaprernsa 1-ro mopanka 327

Pemure auddepeHniaaLlLle YpaBHEHU S, NCIIGIL30BAE 3aMeHY nepe-
MEHHBIX:

2751. " = (x + y)’.

2752. y' = (8x + 2y + 1)°.
2753, (2x + 3y — 1) dx + (4x + 6y — 5) dy = 0.
2754. (2x - y)dx + (4x — 2y + 3)dy = 0.

B NeNe 2755 1 2756 uepefiTl K OONAPHBIM KOOPAHHATAM!

2755, y’ = dxt eyt o

)

2757%, HaliTn KpHBEVIO, Vv KOTOPOH 0TPe30OK KACATENBHOH PaBeH pac-
CTOAHNIO TOUKM KACAHUA OT HAYATA KOOPAUHAT.

2758. HaliTu KpHBYIO, ¥ KOTOPOW OTPe3OK HOpPMAJu E JiO00OH Toduke
KpHUBOW, 3AKNTIOUEHHBIH MEMXAY oCAMH KOODJAMHAT, JeJMTCH IONOJIaM B
3TOH TOUKe.

2759, Haiity XpuBEYIo, ¥V KOTOpPOH NOZKACATESIBHAA HMeeT IIOCTOSH-
HVIC AJHHY &.

2760. HaliTu KpuByw, y KOTOPOI MoAgxkacaTensHas BABoe Goiee abce-
I[FICCHI TOYKK HKACAHUA. _

2761% HallThu KpHBYIO, ¥ KOTopoH abenucca LEHTpA TAMECTH I1J0-
CKOif QUTVPBI, OTPAHAYEHHOH GCAMH KOOPJWHAT, 9TOH KPHBOI U OpAN-
uaToi aob0l ee TOYKHM, pasHa 3/4 adCLMCChI 9TOH TOUKH.

2762. HailiTH ypasBHCHMe KDHBOH, Ipoxoganieid uepes Toury (3; 1),
1714 KOTOPOH OTpe30l KacaTenbHOH MEMAY TOMKOH KacaHuda U ockiy OX
NeINTCA II0NOJAAM B TOYKe IepecedyeHMA ¢ ocklo OY.

2763. HaiiTu ypaBHeHUe KpHBOH, NpoxoaAiied depes toury (2; 0),
ecJIH OTPE3OK KACaTeJLHON X KPMBOH MEXIy TOYKOH KACAHUA H OCHIO
OY uMeeT NOCTOSHHYIO AJIHHY 2.

2756. (xE + y?‘} dx — xy dy = 0.

HaiiTu opTOTOHANBHLIE TPACKTOPUH JAHHBIX ¢eMeHCTB KPUBBIX (@ —
apaMeTp), MOCTPOUThL ceMeHeTsa H UX OPTOrCGHAJIBHEIE TPASKTOPHH,

: 2766. xy = a.

2764, x° + y° = a°.
2765, y° = ax. 2767. (x - a)’ +y° = a”.

§ 4, Onuoponupie gudrepeHunaabHble YpaBHeRNs 1-ro nopAagka

1°.OnHopoAHBE YpasHeHHEA AuiepeHnnancHoe ypaBHeHHE
Plx, y)dx + x, y)dy =0 (1)

HA3BBACTCH 0FHopodHbLM, cean Plx, y) 1 G{x, y) — oxHopokLie QyHKITHH 0OH-
HAKOBOrO UaMepeHuda. ¥ papiciue (1) MoxKeT DBITL NIPHBEJAEHO K BRAY

r— 4 H
y f(x,f
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M HpH MOMOLIH DOACTAHOBKM Yy = XU, I'Ae U — HOBAA HeHM3BeCTHAA QYHKUUA,
npeofpasyeTCA B YPABHCHHE ¢ PASALIAIOIMMHACH liepeMeHHpIMHE. MOMXHO TarkMe

NPHMEHAThL IOACTAHOBKY X = Yi.
IMMpumep 1. Haiitu o0imee peuieHMe YpaBHEHBA

. __ N E
=g + &
y X

i
Pemeunne. IToraraem y = ux; torga « + xu’ =e + ¢ unu

e du= ~d—£
x

Hurerpupya, noayukd 4 = ~In In ¢ , OTKVI&
X

y=—xlnln9.
X
2°. ¥YpasHeHUA, IPUBOAAIUNECA K OAHODpOAKE M. Ecnn

a.x+byte
yr _ f[ 1 1Y 11 {2)
ayX +boly+ Cy

a, b
1 %1 £ 0, ro, nosarad B ypasHennun (2) x =u + ¢, y = v + P, rae
ay by
1I0CTOHAHHEIE 0. M [ OnpeAendaTca U3 CHCTEMSBl YDaBHEeHHH
ac+bB+e =0, au+bf+c,=0,

OOJIVUHM OJHCepoAHoe AMddepenunaibHoe YPaBRHEHHEe OTHOCHTENbHO NepeMen-
HEIX 4 H V. Ecan 6 = 0, 1o, nonaraa B ypaBueunn (2) a,x + by = 4, Doay4nM

YpaBHCHKE C DAZICNANUIEMHACA IIepeMeNHBIMLI.

IIpounrerpuporarts audpdepeHNHANTBHBIC YPABHEHHA!
2768.y = ¥ — 1.

2769. y’ = —X+¥

2770. (x — y)y dx - x dy = 0.

2 2 e .

2771, Hnsa ypasaenusa (x~ + y )dx — 2xydy = 0 maiiTH ceMelicTBO

HHTErPAJbHBIX KPHBLIX, 4 TAKKEe BLIJEIHTL KPUBLIE, HPOXOAAMHIHE CO-
OTBETCTBEHHO ueped TourH (4; 0) m (1; 1).

2772. ydx + (2Jxy — x)dy = 0.

2773. xdy — ydx = »J:c2+ yz dx.

2774. (4x° + 3xy + y)dx + (4% + 8xy + x%) dy = 0.

oy

§ O, JIuneiturie ypapHeHnA 1-r0 nopaaxa. ¥YpaBHeHue Bepuyaan 329

2775. HaiTu yacTHOe pemieHne ypaBHEHNS
(x* - 8y dx + 2xydy = 0

H3 YCJIOBHA, 4TO i = 1 npu x = 2,

PemuThs vpaBHeHuA:
2776. (2x —y + 4)dy + (x — 2y + 5)dx = 0.

,  1-8x-
2777y’ = Hf;i .

2778,y = Xr2y+l
2x+4dy+ 3

2779. Haiitu ypaBHeHlte KPUBO, TPOXOAALLel yepes Touky (1; 0) u
ofnafamineii TeM CBOMCTBOM, YTO OTPE30K, OTCeKAEMEIH KAaCATeXbHOH Ha
ocu OY, paBeH MOAAPHOMY PajiUyCy TOYKH KacaHHS,

2780%% Kaxyio ¢hopMy CleayveT OpHAATb 3€PKANY OPOKEKTODa, 4T0-
OBl IyYH OT TOYEYHOTO MCTOYHMKA CBETA OTDASMINChL IapalljlefbLHbBIM
NMYyYKOM?

2781. Haifitn ypaBHeHMe KDHUBOH, Y KOTOPOI NoJKacaTelbHas pPABHA
cpejHeMy apuGMeTHUYSCKOMY KOOpPAMHAT TOUKH KaCaHMA.

2782. HaiiTu ypaBHeHHe KPHBOH, A8 KOTOPOI OTPE3OK, OTCEKAEMBLIH
HA OCH ODAMHAT HOPMAJLI B NI0O0H TOUYKE KPHBOH, pABEH PACCTOAHUIO
3TOM TOUKH QT HAYAJIA KOOPAMHAT.

2783%, Halitu ypaBHeHHE KDHBOH, NJif KOTOPOH NAOIALE, 3aKIIO-
YeHHAA MEeXAY OCblo adCIUCC, KPUBOH W ABYMA OPDJMHATAMM, OXHA U3
KOTOPBIX IIOCTOAHHASA, & APYYas — NepeMeHHAd, PABHA OTHOLIEHHIO Ky6a
TlepeMeHHOM OPAHHATHL K COOTBETCTBYIONIeiH abcnucce.

2784, Halitn KpuBYIO, IJIA KOTOPOIl OTPE3OK HA OCH OPAMHAT, OTCe-
xaemol J000i KacaTensbHOH, paBeH abciucce TOUKM KACAHHA.

§ 9. JIuneitnpie audrbepernuancible ypapHeHus 1-ro mopsyika.
¥YparHenue Bepuyann

1°°Jluboefiubie ypaBE edu a. JuddepeHnuajibsaoe YpagHeEre BUIA
y' + P(x)y = Q(x) (1)

OTHOCHUTEABHO ¥ ¥ I’ HA3BIBACTCA JAUHEUHHbLM,
Ecas $yaxuua @(x) = 0, To ypassHenne (1) npuHuMaer Bua

”,
¥+ P(x)y =0 {(2)
H Ha3pIBAaeTCHA 0JHOPOOHBIM RUHEUHbiM AUQICDEHNMANBHLIM YpABHeHMeM. B
3TOM cliydae mepeMeHHble bazfeldAwrea U ofinee pelenme ypaphenns (2) ecrn

Apiey ax

y=Ce (3)

I peuiewya HCOAHOPOGAHOTO NTHHEH KOO YPABHEHU A (1) npuMeHEAeM TAK Ha-
ShIBAEMEBIH MeTOA 8apUd iy RPOUIBUABHOL NOCIOAHKOL; 9TOT METCL COCTONUT B
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TOM, YTO CHAYEAA HAXOTUM ohilee PelJCHUE COOTBETCTRYIOIIETO OAHODOLHOID K -
HelHOTO YpaBHeHUA, T. C. COOTHOILCHME {3).3aTeM, IIoJaras B 9TOM COOTHOLIEHHHU
pennuuny O QyHKIMel oT X, HIeM pellelle BeoAHOPOTHOTO ypasuerusn (1) 8
suze (3). Jna aroro nogctaengem B ypapHenne (1) y u1 y', onpegennemsle B3 (3),
M M3 NOJVYeHHOTo AU eperiMalbLHOr0 YpaBlcHns onpegendeM GyHrnmno Clx).
Tarnm obpazon, oblllee pellledHe HEORITOPOAIIOT0 YPABHeEKHA (1) mony4uaem B Bue

pixy dr
y=Clxe
IIpumep 1. Pelnur, ypasHeHue
' =tgx-y+cosx. {4)

Pemenue CoOTBeTCTEBYIONEC OAHODOJHCE VDABHEHHe eCTh
y —tgx-y=0.
Pemras ero, noayunm
1

CO5X

y=0C

Cumraa € GVHKIHeH 0T X, AugubepDEeHLUDPYA, HAXOIHM

1 dC , sinx

y =
cosx dx

2
cos X

IMoacTasaaa y 1 ¥’ B vpaBHeHHe (4), NONYYHUM

1 Ei“f: 4 SINX A tg x ¢ 4 ¢os x, HIY {JE = u032 X,
cosx dix

cos> x COSX dx

OTKVI&

C(x]=Jcnszxdx = Jx+ gsin2x - Cy.

CrecacsaTennHo, obilee penteHue ypapHeEnd (1) aMeeT Bu

(1 1 . 31
= i 2 —sin2x+C, . .
Y II\gx-lh‘iqml I+C1) P

Ilnsg pelieHns TMHEHIOTO VpaBHeHHESA (1) MOMKHO TaKXKe TPHMeHHTL LCACTa-
HOBKY

¥ = uv, (9)
rae 4 ¥ v — QOyHRLKME of X, Torjia yparHeHHe (1) IpHMET BIT
[+ Plxh]v + v'u = Qx). {6)
Ecan norpeboeatTh, uTodLI
u'+ Plx =0, {(7)

ro u3 (7) Hailifnem u, sarem uz (6) HaligeMm v, a CIeIOBATEILIIC, B3 (D) HaHAeM 4.
2°. ¥pasHeuuc Bepnyaau., ¥parHenue 1-ro uopamxa suila

# ¥4
y' + Plxly = Q{x)y
roe o # O u o # 1, vHaswieactea yposHeruem Bepryaau. OHO UPMBOAUTCA K TH-

o 1
HEeHHOMY C JIOMOINLFY NOACTAHOBEKHE & = [ . Mo@HO TarHHe nenocReCTEeHHO

§ 5. Jinneiiusie ypapwerua 1-ro nopapxa. ¥pasnenne Bepuyimi 331

NPHMEHATh DOACTAHOBKY ¢ = d{), MM MeTO BaPHAIIHH N POUSBOAbHONA UOCTOAH-
HOI,
ITpumep 2. Petuwrn ypasHenue

!

v Ay ndy

1
Pewesnne 3Iro— ypaBHeuuce Depuyanu ({1 = 5] . Ilonaran

Y= iy,
ITOSTVHHM

ot vy = 4 WU + x UL Ul u(u’— EHJ + v’y = xduv, {8)
X x

HJIH OnIpCcACTILIINA ll]}THK.IIHPI (2] HGTPEEFEM BEITIGIHEHRKHA COOTHOILICIIHA

u'—éu=0,
x

OTKYIA
4

H=xx,
Iloacrasnas »TO BLIDAMKEHHE B YDaBHeHue (8), monyuum
P 4
vx = xg4lx .,
OTCHIA HMaxoIvmMm L,
1 52
b= [—lntx|+CJ :
2 ;
CHIeIQOBRATENRAG, UEIHEE IJEHIEHHE IIGJI}-'TIHM E BHIE

2
y = x4(%1n|xf +C) )

Haijiti ob1e HHTErpANbl YPABHEHMIL:

2785. 4% ¥ _ 4,
dx X
o786. 94 4 2y _ 3
dx x
2

2787% (1 + 1’} dx = (J1+y siny — xy) dy.

2788. y° dx — (2xy + 3)dy = 0.

HaiiTu uacTHble pelreHUWA YpaBHEHUI, YVROBIETBOPAMILIHE YKAa3aH-
HbIM YCJIOBHAM:

2789, xy’+y-e =0;y=bupun x = a.

2790.y' - ¥ -1 -x=0;y=0nupu x=0.

1] - x”

2791y -~ ytg x = sy =0upn x = 0.

COEX
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HajiTu obliie pelUeHUA VPABHEHMWH:

2792, d—g + g = — xyz.

2793. nyd —y 4+ x=0.

2794, ydx + [ x - %xay] dy = 0.

2795. 3x dy = y{1 + xsin x — 3y3 sin X} dx.

2796, Jlanw TpH 9acTHEIX PEINeHMA Y, Y, Y, JAHEHHOr¢ YDaBHEHHA.
Yo~ U

¥-i
moboM x. KaKoB reoMeTpUYeCKHE CMBIC) 5TOTO pesyibkTaTa’

I[DKEI_BEI_T]: YTO BLIpAKEeHHE

2797. HafiTi KpHEBkle, AIA KOTOPHX MNOIIaAL TPeyrolbHUKA, 00pa-
30BAHHOTO ochi0 OX, KacaTelIbHOH U PAagUyCcOM-BEeKTODOM TOUKH Kaca- #

HHAH, IOCTOAHHA.

2798. HaiiTu ypaBHeHHe KPUBOil, y KOTOPOH OTPeBOK, OTCEKACMBIH &
KacaTenpHON Ha ocH abcnMce, PAREH KBAAPATY OPAMHATH TOYKM Kaca- &

HJA.

2799. HafitTu ypapHeHHEe KPUBOH, ¥ KOTODPOH OTPE30K, OTCEKAEMEBIH

KAacATeHXbHOH Ha OCH OPAUHAT, paBeH NMOJAHODMAIM,

2800. HaiiTi ypaBHeMUe KPUBOI, y KOTODOH OTPE30K, OTCEKACMBIH &
KacaTelbHOH HA OCH OpAMHAT, NPONGPIUOHANEH KBAJDPATY ODAMHATHL 2

TOUKH KRaCaHHA.

2801. HaiiTi ypaBHeHKe KPHUBOI, AJf KOTOPOI OTPEe3OK KACAaTebHOM §
paBeH pacCcTOANMIO TOUKM epecevdeHus 9TOM KacaTelbHOH c ockio OX §

or Touxu M(0, a).

§ 6. VpapHeHHa B NMOJHBIX AuddepeHIIHaNAX.
HuTerpHpyIOIIHI MHOMKHTEID

1°. ¥YpaBueHua BOONNEMX Auddepedninarax, Ecnn aoa qudh- jg_-f

(hepeHUHATBEHOTO YPABHEHMWA

BBILIOJAHCHG TOKEECTHO _3 =3 , To ypasHenke (1) Mmosxer 66ITH 3aTIHCAHO B BUAS &

dU(x, ¥) = 0 u HasbiBaeTcH YpasHenuem 8 noanbx Guddeperuuarax. O6u{u#
unTerpan ypasuenus (1) cers Ulx, y) = C. Oyuruus U(x, y) onpejeaserca cuo- @

coboM, yrasaHHeRIM B 1. VI, § 8, unu oo dopmyae

j P (x, y) dx + j Qxy y) d

X

{em. . VI, §9).

coxpaHgeT HOCTOAHHOE 3HAUCHUE IIPH X

Pl y) dx 4 QU 4) dy =0, (1 §

§ 6. ¥YpapHeHVA B noNHBIX fuddepenuranax. Hurerpupyviommi Muoxuarens 333

IIpmep 1. Haiitu obGiguit ruTerpan au@QepeHuiaabR0IC YPaBHeHHA

(3x% + 6xy")y dx + (6x%y + 4y dy = O.

Pemeuune 3T0 — YypaBHeHHe B HOJHBIX su(ihepeHLHAnax, Tak KAaw
] 2 2 2 3
A3x"+6x d6x"y+4
us 5 y) _ o gx ¥ 12xy », chefoBarennuo, YpABHEHKE MMeeT Bl
dly =

3/ech

ol 2 JU
= 3x° + Bx o = 6xy +

QTCHM A

U= I (3x” + 6xy”) dx + o) = x° + 3x7y" + oly).

T

Judibepeuiiupya L oo i, Halizem %_2 = ﬁxzy +@(y) = ﬁ:czy + 4y3 {110 ycnGBHB);

, 3
oTcioga @ (y) = 4y” u o(y) = y4 + Cu' OrOHYATEARHO moayduMm U(x, y) = £+

2 2 4 3 22 4 " ”
F3xTy” + y = C,, crenoBarteapuo, x 1 3xy + y = C ecThb HCKOMBIH 06D K
HHTCI'PAN AAHHOTO YDABHEHA.

27 AHTerpupyOILUME MEOXHTe Tb. KECIH JileBad 4acTs ypaBHeHHs (1)

HC ABAAECTCA NONHLM AHdXbepeHUNAIOM W BHIIIOAHEHBI yeJIoBHA TeopeMbl Kouru, To.

CYIIECTEYET (PYHKURA WL = U(X, Y} (URMEe2pUPYIOWLLL MHOKUNETD } TARaA, UTO
WP dx + @ dy) = dU. (2)
Orcroga noaydacM, 4To GYHKIUA L YIOBIeTBOPAET YDARHEHHIG
d d
',—""( P = = .
5 M ) = 5, (hQ)
HETerpUpyIOUIHE MEOIKHTEb L JeTKQ HAXOIUTCA B ABYX CHYYaAAX!

1(9P 3
! {@ - a%j = F(x), Torza i = p(x);

1 rap aQw
2y = | = LX) = =
)Pll\ay axJ Fl{y}! TDl—'ﬂ,a]J. My}
, 3

IIpumep 2. Penmuth ypagRiedHe {2xy+:c y+9;3—] dx + I[:Jc:2 + yz) dy = 0.
3 e

Pemwmenne 3mecs P = 2xy + xzy o yz u _I_[E}_P_@ —
3 & gx

_ 2x+x2+y2~—2x

PR = 1, caegoBaTennHo, H = U{x)}.
x +y
dUP) _ dug)
dy dx
di . 1(0P dh
b

0\ oy ax) dr =drminp=12x u=ce¢".

dp 0Q
ay de i Mox ™

Tar rax

HITH 3.1

AT TP b g’ e m e
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X
Vmyokag ypasHeHde Ha {l = e, DOJYUYHM

3

ex[Exy+x2y+%} dx - ex(gc2 + yz} dy =0

— ypaBiicHne B NONEBIX guddepenunanax. [IpoMHTerprpoRag ero, byaem umers

ODIIMH HHTerpan ;-
, ul

yex{x +y§ = C.

HaiiTu o61ijMe MHTerpaJjbl YPaBHEHHN:
2802, (x + yydx + (x + 2y)dy = 0.

2803. (x2 + yr2 + 2x)dx + 2xy dy = 0.
2804, (1:3 - Sxyz + 2)dx - (Sx‘gy - y'j) dy = 0.
2805. x dx + ydy = Z9E_YIX

2
X Ty

3 2
2806, 2X 9% | U —3% gy — 0,
Y Y

2807. HaiiTH YacTHHIIL HHTETpal ypaBHeHUA

.
(xﬂaﬂ dx + e” (l—g] dy = 0,

yIOBJIeTBOPAIONMA HauanbHOMY yea0BHI0 y(0) = 2. ¥

Periurs ypasHeHU S, JONYCKAXIHe HHTErPHPYIOLTHI MHOKMTEH BHA-
Aa po= p{x) unu b= Wy
2808, (x + yg) dx — 2xy dy = 0.

2809. y(1 + xy)dx — x dy = 0.

K L

9810. ¥ dx + (° — Inx)dy = 0.
X
2811. (xcos iy — ysin y) dy + (xsin y + ycos y) dx = 0.

§ 7. Muddepennuanbible ypagpHeHnsa l-ro mopanka,
He pazpeleHHble OTHOCHTEJBHO MPOU3BOIHOM

1> findphpepesnHaTbHLIE YPABHECHHNSH 1=POHﬂpHﬂKaBbtcmHK
cTeneneil., BEcnu gado ypaeBHeHHE

F(x, Y, y.r} - 01 {1) g

HALPHUMED, BrOPOil CTCHeHH OTHOCHTCALHG Y, To, Paspelnas ypasnexue (1) DT"I- "

HOCHTENBLHO i, UQIYYMM J1BA YPABHEHUSA] -
.lf’:fi(xi ¥, .r:fflfg(x! y). (2

H

§ 7.¥paBHenMa 1-ro nopajgka, He paspellleH HEIE OTHOCHTENLHO HPpoU3ECOHen 335

TaxuM olpasoM, depes xamaAyio Toury M (x,, ¥,) HeroTopon ofracTu mioc-

KOCTH DIDPOXOART, BOODIIC rOBOPA, fiBE MHTETPAJIRHBIE KPHEBLIe, O0LI¥H HHTerpam
ypaBHeHRA (1) B 9TOM coyuae HMeeT BH]

D(x, y, C) = ©(x, y, OYPy(x, ¥, €) = 0, (3)

rae ¢, u @, — o01ine WHTErpansl ypasHesud {2).

Kpome Toro, andg ypaeHeHKa (1) MOMKET CYIHECTROBATE 0co0bill unmezpat, I'eo-
MeTPHYECK) OCO0RIHE MHTerpan apeicTasiaer coboil orubawuyio ceMelicTBa KpH-
ebIX (3) B MOceT OBITE MONYYEH B PE3yJALTaTe HCKIOUeHEMA C U3 CHCTEMBI ypaB-
BeHUN

Dz, y, C}=0, @, (x,y, C) =0 (4)
WM B Pe3yiibTaTe MCKIKYEHHA p = i’ M3 CHCTEMBI YPABHEHHH
Fx, y, p)=0, F {x,y,p)=0. (5)

dameTHM, UTC KPHBBIE, OupeAendeMble ypasHeEuAMM (4) nin (5), He Beerza |
ARIAITCA DeIleHHAMMW vpaBHeHHA (1) DodsTOMY B KamIoM OTAEJIBHOM Ciaydae |
|

|

!

HeoOX0AKMAE TDOBEPKA.
ITpumep 1. Haiity ofiuid ¥ ocoBbli MRTErPANEI VPABHEHUH

xy'z + 2xy" —y = 0.

Pemenune Pemas orHOCHTENSHO §', HMeEeM AB& OJHOPOAHLIX YPABHEHHA: -

. A ‘
¥ -1+ 1—|—x,y 1 1+x, ;

MIpelesedHBIX B obaacTy
x(x + y) > 0,

061iIe WHTeIrPANEl KOTOPBIX
L2 . 2
(fl+£+1) =9; ([1+E+1] - ¢
x X X X

(2x +y~C) 24t +xy =0, Cx+y-C)+ 2Jx"+xy =0,

lepemnoskasa, nonyuaeM o6MIME MHTETpas JAHHOTC VPaBHEHUA

[2x+y—C}2—4(x2+:cy}=D

HIK

NS |

(¥ - C)° = 4Cx

{temeiterso napaGoa).

Huddepenitupya obmmi ueTerpan no C u uckIouas {, HaikgeM ocodbIi HE-
Terpa

x+y=0.

{HPGBepRa MOKA3BIRAeT, yto ¥ + ¥ = 0 ecTh pellleHHe JAaHROIO YPABHEHHSH,)

- . 2
Ocobriii wrrerpan MommHO TaKxe HaiTH, auddepenNpya xp- +2xp—y=0
0 p ¥ yexawuad p.
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2°. Pemenve andpdhepeEIHANLAOIr0 YPABHEHUA MeTOAOM j

EBeAeHHEA nmapamMmerTpa. Ecnu augdepeHnianbHoe YpaeHeHHe 1-ro mo- :
PAOKA MMeeT BH] '
x =y, ¥,

TO IepeMeHHBIe ¥ B X MOryT OBITH ONpeJiesieHEl U3 CHCTeMbl YpaBHEeHUH

» "3 Tapds x = oy, p)

rae p = y’ urpaeTr poss IapaMeTpa.
AHamorudHo, ecnu ¥ = y(x, ¥'), T0 X 1 y OUPEAETAKTCS U3 CHCTEMEBI YPaB-
HeH R H

p= 99 +aﬁc—iﬂ, y = yix, p).
dy dpdx
IIpumep 2, Halrst 06mui ¥ 0COOBIH HITCIPANIR YPDABUCHMA

2
r"2 ra x
= - + —_—,
y=u XY 2

Pemenue. Jlenas mogcravoBry ' = p, NepenuilneM YpDaBHEHHE B BHAE

2
X

2
—_— — + —_
y=p —ap 5

HudohepeHI NPy 00 x, cYHTAR p HYHEIKEH OT X, HMeeM

dp dp
—2p%F . p- + x,
P pdx P xdx *

WIH {%{2;? - x)=(2p - x), uanu % = 1. Uurerpnpys, noayuum p = x + C.

IMopcTapnaaA B mepBOHAYAJLHOE YpaBHeHue, uMeeM 00ILee peiucHue:

2 3
y=(x+C}2~x(x+C}+£2~ nﬂny=‘%+0x+02.

Huddepernupys oboiee peinense no C 1 ueraouas C, noayuaeM ocoboe peine-
2 2
X X
HHE: If = T (IipoBepka noxaswlBaeT, yTO i = T eCTh PeLICHuC ZAHHOTO YyDPAaB-

e FEeeTe . e e

HEeHRUA.) 3
Ecau nbupaBHATE HYAK MHOMHTCIE 2p - X, HA KOTOPLI OLLIG IDOH3BEEHO &

ol Sy Lo,

x &
COKpaIlleHHe, TO IIOJAYYHM p = g H, ODOJCTABUE P B TAHHQOE ypABHEHHE TIGNYUMM &

Sk

2
x
y = i TO JKe camoe ocoboc pelrenue.

it (Y B e e R

Haiitu obiime u ocofele MHTErpann: ypasHeHuit (8 NeNe 2812, 2813%.
LIOCTPOMTDL MOJE MHTErPAJbHBIX KPHBHIX): '

2812, y”° - %‘y’ +1=0. 2814. yy” — (xy + 1)y’ + x = 0.

28135. yy’2 - 2xy" + y = 0.

2813. 4y’ — 9x = 0.

§ 8. Ypasueuus Jlarpanxa u Kaepo 337

,‘2 .2
2816. Haiitu uHTerpanbELle KPUBLIE YpaBHeHUA ¥ + y = 1, npo-

XOAAIMe Yepes TOUYKY M(O; %—J .

Brogs napaMeTp y’ = p, pellUTh ypaRHeHHA!
2817. x =siny’ + Iny’, 2820. 4y = x4+ y’z.

. 2 2
2818. y — y' e . 2821, " = ¥ ¥

2y’
2819.y = y”° + 2lny’.

§ 8. ¥Ypasnenua Jlarparmra n Kiaepo

1°° ¥paruenue Jlarpan xa YpasHeHHe BHIR
¥ = xo(p) + yip), (1)

roc p = y’, HasbiBaercd ypasueniuenm Jazpanxa. Hpu nomomu anddepeHiinpo-
BaHMA, yuuThiBana, uro dy = p dx, ypasHeHHe (1} cBogHTCH X IMHEeHNHOMY OTHO-
CHTEJILHO X!

pdx = o) dx + [xo'(p) + W (p)] dp. (2)
Ecan p = ¢{p), To u3 ypaeHenui (1) ¥ (2) nonyyaem obimee permeHKe B napamer-
PHYECKOM BHLE!

x = Cf(p) + ), y = [CF(p) + glp)e(p) + WD),

ra¢ p — oapamerp, f(p), g(p) — HeKOoTOpble M3BeCcTHRIE yHKENuK. Kpome roro,
MOKET CYILIEGCTROBATEL ocoboe pelleHMe, OTHICKHEBaeMoe OOBIMHEIM NDUEMOM,

2°. ¥Ypasrnenue Kanepo. Ecan B ypapHenuu (1) ¢o(p) = p, T0 nony4aem
ypasuenue Knepo

y = xp + y(p).

Ofitee pemnenue erc umeet eug ¥ = Cx + y(C) (cemeiicTso npamux). Kpome Toro,
cyiecTeyer ocoloe penleHne {ornfampiyas), NoayJyalwiieecs B pesyibrare HCK-
JIKYeHHSA HapaMeTpa p M3 CHCTeMbl YPaBHEHWH

x=—y'(p),
y=px +yp)
Il pumep. Pemure ypapHeHHE
¥y=2y'x+ y% (3)

Peumrer ne, Ilonaraem y’ = p, Toraa y = 2px + P%; auddepeHIupya 1 3a-
MeHsA dy Ha p dx, monyduM
pdx =2pdx + 2xdp - d—*;}
P
HIIH
1
-

3







