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Mexanuka aegopMupyemMoil CTPYKTYPbI (20 6a/10B)

B 3710t 3amaue Mb1 uccneayeM neopMUPYEMYIO CTPYKTYPY B ToJie TshkecTH. CTPYKTYpy MOKHO
CUUTATh (PUINYECKHM MASTHUKOM, Y KOTOPOTO TOJIBKO OJIHA CTENEHb CBOOOBI (T.€. cylIecTBYeT
TOJBKO OJUH cnocod aeGopMHPOBATH €ro, U €ro I0JIOKEHHE IIOJHOCTBIO OIpPENeIIeTcs
yriom «). JlxeiiMc MakcBeut ucciieioBall moqo0Hbie cTpykTypsl B XIX Beke, a HeZaBHO ObLIO
OTKPBITO UX HEOOBIYHOE MTOBEICHHE.

Ha pucynke 1 nokasansl N2 oMHAKOBBIX PABHOCTOPOHHHX TPEYTOJIbHBIX IUIACTHHOK (KPacHbIE
TPEYrOJbHUKU), KOTOPbIE MIAPHUPHO COEAMHEHBI JIPYT C OPYIOM OJWHAKOBBIMHU CTEPIKHIMH.
Takum 00pa3om, cucTeMa MpeacTaBisieT coboil pemerky pasmepoMm N X N (N > 1). Illapaupst
B BEPIIMHAX TPEYrOJbHUKOB OOO3HAUYEHbl MAaJIEHbKUMH KpyxkKamMu. JlJiMHA CcTOpPOHBI
TPeYrojbHUKA PaBHA /VINHE CTeP:KHSA U paBHa [.

[IyHKTUPHBIMU TUHUSAMH 0003HAauYeHBbl 4YeThipe TPyOku. Baoab kaxkmoit u3 TpydOok MoOryr
CK0JIb3UTh N BepuiMH (cepble KPYXKKH), T.e. TPYOKY MOKHO paccMaTPpUBaTh, KaK
HANIPABJISIIOIIUI cTepKeHb. UeThipe TPYOKH MAPHUPHO COSJIMHEHBI B POMO TaK, YTO €ro yIJIbl
3auKcHpoBaHbl: 1Ba U3 HUX 60°, a aBa Apyrux — 120° (cm. Puc. 1).

Bce mnmacTHKM OJHOPOAHBI, U Macca Kaxaod u3 HuX paBHa M. OcranbHble YacTH CHUCTEMBI
HeBecoMbl. [loyoxkeHue cucTteMbl OJTHO3HAYHO ompenensercs yriaom «, rae 0° < a < 60°. Ha
pucyHke | nmpuBeaeHbI TPUMEPHI MOJTOKEHHUH ISl pa3TUYHbBIX YTJIOB (.

Cucrema pacroyioxkeHa BEpTHKaIbHO (Kak 3aHaBeC), a BEPXHssA TPyOKa MOXKET JABHIaThCS TOJIBKO
B TOPU30HTAILHOM HaIlpaBJICHUHU.

Puc. 1

Cucrema xoopAMHAT nIpuBeleHa Ha pUcyHKe 2. HyieBoll ypoBeHb NOTEHIMAIBHOW SHEPTUU
BeiOpan npu Yy = 0. TpeyroipHas [1acTHHKA oOO3HayaeTcsi mapoi WHAEKcoB (m,n),
rnem,n=0,1,2,..,N — 1, 4To 3aaeT UX HyMEPAIMIO B HANPABJICHUAX X U Y COOTBETCTBEHHO.
A(m,n),B(m,n) u C(m,n) 0003HAYAIOT MOJOKEHUSI TPEX BEPILIMH TpPeyrojbpHUKa (m,n).
Bepxnss nesas Bepmmna A (0, 0) HemoaBUKHa.

JIBMKEHHE CHUCTEMBI IPOUCXOIUT TOJIBKO B IUIOCKOCTH Xy . MOMEHT MHEPLHMHM OIHOPOIHOU
PaBHOCTOPOHHEH TPEYroJbHOM IIIACTMHKA OTHOCUTEIBHO €€ IIeHTpa Macc paseH | = MI?/12.
Yckopenue cBOOOTHOTO TAJICHUS — (.

JInst  KMHETMYECKOM ¥ MOTEHUMAILHOM OJHEPrMU MCMONb3yHTe o6o3HaueHus Ep wn E,
COOTBETCTBEHHO.
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Yacts A
Paccmotpure ciyuait N = 2 (cm. Puc. 3).

Al | Yemy paBHa NOTEHIMAJIbHAS SHEPTHSA CUCTEMBI £, 171 IPOU3BONIBHOTO yria @ npu N = 27? 20.

A2 | Yemy paBeH yroi ap, MpU KOTOPOM CHCTEMa HaxXxOJUTCS B paBHOBECHMH B Tone TshkecT | 1 0.
(mpu N = 2)?

A3 | Cucrema MoOKeT coOBepHIaTh Majible TapMOHHYECKHME KoJIeOaHUsI BOJIM3HM MoJIoKeHHus | 5 0.
paBHoBecusi. PaccunTaiiTe KUHETUUECKYIO SHEPTHUIO 3TOM cucTeMbl. PaccunTaiiTe yacToTy MajibIxX
Kosiebanuit fr mpu N = 2.

Yacts B
PaccmoTtpute cuctemy npu mpou3BoJIbHOM N.

Bl | Yemy paBen yroa ap, TpH KOTOPOM CHCTEMa HAaxXOAWTCS B PaBHOBECHH B Toje TsukecTH | 3 0.
(mpu mpousBosibHOM N)?

B2 | Paccmorpute ciydaii N — oo, Tlpu HEOONBIIIOM U3MEHEHHUH yIila @ U3MEHEHHE MOTEHIMAIbHON | 3 0.

SHEPTMU CHUCTEMBl MOXET OBITh HpejcTaBleHO Kak AE, < NY' | kuneTnueckas SHeprus
cuctembl — Ej, o« N2 uyactora manbix konebanuii — fr o NY3. HaiiinTe 3HAUCHUS V1,V U V3.
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Yacrs C

CucTeMy yIepKMBAIOT B IOJIOKEHHH C Xy, = 60°. JI1s 3T0r0 Ha 0111y U3 3N ? BepIIUH AeHCTBYIOT

HEKOTOPOH CUJIOMN.

» T
Puc. 4
C1 | Kakyro BeplIMHY HY>KHO BbIOpaTh, 4TOOBI 3Ta cuila Obljla MUHUMAJIbHON? 160.
C2 | Yemy paBeH MOAyNlb STOW MHHHMAaJbHOM CHIIBI, U KaKOBO €€ HampasieHue? YkKaxure 310 | 5 0.

HaIpaBJIEHUE C IOMOIBIO yria O, KOTOPBIN ONpeesieH TaK, Kak IOKa3aHO Ha PUCYHKE 4.
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Pacmiupsiromasicss Beesrennast (Bcero 6am108:20)

Camplil Beiaromuiicss (akT B KOCMOJOTHH COCTOMT B TOM, 4TO BceneHHas pacuiupsiercs.
[IpocTpaHcTBO HeENpepbIBHO co3aaercsd. PacmmpeHne NpocTpaHCcTBa O3HAYaeT, YTO MpHU
pacimpennn BeeneHHON paccTosiHUE MEKIY OObeKTaMH YBEJIUYUBAETCS. Y JOOHO MOJIb30-
BAaTbCA T.H. «PACIIUPSIOMIEHCI» CUCTEMOM KOOpAUHAT T = (X, Y, Z) B KOTOPO PacCTOSHUE

Ar = |7 — 7| = (2 — )2 + (72 — ¥1)2 + (2, — 7,)? Mexay oObekTamu 1 u 2 He U3MEHS-
ercs. (MbI mosiaraeM, 9To OOBEKTHI HE YYaCTBYIOT B IPYTUX JBHKECHHUSX, TIOMHUMO JIBHKE-
HUS, CBSI3aHHOTO ¢ pacuimpeHreM Bcenennoii). Cka3aHHOE MPOMILIIOCTPHPOBAHO Ha PH-
CYHKax BHU3Y (M300pakeHHs, pasyMeeTcs, ABYXMEpHbIC, XO0Ts BceleHHas UMeeT TpH W3-
MepeHus).

expansion of space

012 ... X

Pucynoxk. Expansion of space — pacwupenue npocmpancmea.

CoBpeMeHHass KOCMOJIOrHUecKasi Teopusi 6a3upyercss Ha oOIIel TeOpUN OTHOCUTEILHOCTH
OliHmTeHa. OHAKO, IIPU COOTBETCTBYIOIIUX JOINYIIEHUAX, TAaKKE BO3MOXHO YIPOLICH-
HOE paccMOTpeHue Ha ocHOBe HbIOTOHOBCKOI Teopuu rpaBuTanuy. B nocienyromux 3ana-
HUSX MBI OyzieM paboTaTh B paMkax HbIOTOHOBCKOI Teopu.

Jlns m3mepenust puzndeckoro (peaqbHOT0) PaCCTOSHUS BBEIEM «MacIITaOHbINA KO3 uUIm-
enT» a(t) Tak, 4ToObl PU3MUECKOE PAcCTOsIHIE ATy, MEXITY TOUKAMHU Ty U T COCTABIIAIIO:

Ar, = a(t)Ar,
Pacmmpenne Beenennoit moapa3zymeBaeT, 9to a(t) ects Bo3pacraromasi (pyHKIIIS BpEMEHH.

Ha Gonpimmx macimrabax — ropa3mao OONBIIKMX, YeM TalakKTHKH M WX CKOIUICHHS — Hallla
BceneHnnas sBiseTcss NIPpUMEPHO OJHOPOIHOM M M30TponHou. Ilo3ToMy paccMoTpum «ur-
pyLIEUHYIO» MOJenb BeenenHoi, B KoTopoil BeenleHHas 3amoiiHeHa OMHOPOIHO pacipee-
JIEHHBIMU YacTHIaMH. YacTHIl TaK MHOT'O, YTO Mbl MOXEM CUUTATh HX CIUIOUIHON Cpenoi.
Taxxe npeArnonokKum, YTo YUCIO YACTHUL] HE U3MEHSIETCH.
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B Hactosmiee Bpems Bo BeenenHoii npeo6iiagaeT HEpeIsITUBUCTCKOE BELIECTBO, KHHETHYE-
CKasi SHEPrus KOTOPOTo MpeHeOpeKMMO Majia o CpaBHEHMIO ¢ dHeprueit ero maccol. O60-
3HAYMM 32 P, (t) GU3UUECKyO MIIOTHOCTH SHEPTUH (T.€. SHEPTHIO B eAUHULE HHU3HISCKOTO
o0beMa) B MOMEHT BpPEMEHH t , B KOTOPO#l IpeodiasaeT SHEPrusi MacCchl HEPEISTUBUCT-
CKOT'O BEIIECTBA, a TPAaBUTAIIMOHHAS MOTEHIMAJIbHAS YHEPIrHs, KaK 4acTh «IUIOTHOCTH (Hu-
3MYECKON SHEPrum» He yuuThiBaeTcss. O003HaUMM 3a t TeKyIIee BpeMsi.

[MosyunTe BhIpaXKeHUE JUIS P, (t) B MOMEHT BpeMmeHH t, BeIpasuB ce depes a(t), a(ty) u | 2 6amia
Pm (to).

[ToMuMO HEpensITHBUCTCKOTO BelecTBa, BO BcesleHHOM TakyKe MPHCYTCTBYET HEOOJBIIOE
KOJIMYECTBO M3IIyYEHHsI, KOTOPOE COCTOUT M3 YaCTHIl C HYJIEBBIMH MacCaMH, HalpuMep,
¢doroHoB. Pu3MUEcKas JJIMHA BOJIHBI YACTHUI] C HYJIEBBIMH MaccaMHU PacTeT MO Mepe pac-
mupenns Beenennoit kak A, o< a(t). [lycts dusndeckas MWIOTHOCTL SHEPTHH U3JTyYECHHS

Oyzer pr(t).

[MosyunTe BhIpaskeHHE JUIS IUIOTHOCTH (M3MYECKOM dHepruu m3inydeHust p.(t)B MOMEHT | 2 6ajuia
BpeMeHH t, BeIpasuB ee uepes a(t), a(ty) u pr(ty).

PaccmoTrpumM ras3, cocTosimiuii U3 HEB3aMMOJCUCTBYIOMMUX (POTOHOB, HAXOAIIUNCA B CO-
CTOSIHUU TE€PMOJIMHAMHYECKOTO paBHOBecHs. B 3ToM ciydae temmeparypa (GOTOHOB 3aBH-
cut ot Bpemenu kak T(t) o [a(t)]”.

C | Brluncinnre 4nciaeHHOE 3HAYECHHE Y. 2 6ana

PaccmoTpuM TepMOIMHAMUKY HEB3aUMOJECUCTBYIONINX YacTHI] ogHOro Tuma X. Cuuraiite
pacuIMpeHye MpoCTPAHCTBA JTOCTATOYHO MEIJIEHHBIM M TEPMUYECKH M30JMPOBAHHBIM, TaK,
4TO 3HTponus X He U3MeHseTcs co BpeMeHeM. [lycTh ¢usnueckas mIoTHOCTh SHEPIUH Yac-
il X Oyzaer px(t). OHa BKIIFOYAET SHEPTHIO MACChl U BHYTPEHHIOKW 3Hepruto. Ilycts ¢u-
3u4ecKoe JaBieHne oyaet px(t).

[Tonyunte BhIpakenue mas dpx(t)/dt , BeipasuB ero uepes a(t), da(t)/dt, px(t),and

4 paa
px(t).




Teoperuueckas 3agaya — T2

Crp.3u3 4

Paccmotpum 3Be3ny S. B Hacrosiiiee Bpems t, 3Be37a HaXOJUTCSI OT HAC Ha (PU3NYECKOM
paccTosHun 1, = a(ty)r, TAe T - KOOPJMHATA B PACIIMPAIOIIEHCS CUCTEME KOOpAMHAT. Mbl
HE YYUTBIBAE€M JOMOJHUTEIBHOTO ABM)KEHHUS, T.€. CUMTAEM, UYTO Kak 3Be3/a, TaK U HalJto-
JaTelnb CIEeAYIOT paciiupeHnto Beenennoit 6e3 10NoJTHUTENbHOTO IBUKEHUSI.

3Be3/a UCIyCKaeT SHEPTUI0 B BUIE CBETa C MOIIHOCTHIO P, KOTOpas M30TPOIMHA 1O BCEM
HampaBJieHUsM. [T HaOJIFOICHUST 3BE3/bI UCITOJIb3YeM TeJIecKoIl. I mpoCcTOTHI MPero-
JIO)KUM, Y9TO TEJIECKON BOCHPHHHUMAET CBET BceX 4acToT ¢ K.i.j. 100%. ITnomane JmH3BI
TeJIecKoma paBHa A.

[TonyuynTte BBIpaKCHHE Uil MOLIHOCTH P, , MOJy4aeMoOW TENeCKONOM OT 3Be3Zbl S Kak
r

¢byukuuto 1, A, P,, MaciurabHoro ko3¢ duirieHta a(t,) B MOMEHT UCIyCKaHUS CBETa 3BE3-

1oi te, 1 MacTaOHBINA KOG GUIMEHT B HacTosiee Bpems t (T.e. BO BpeMsi HAOJIrOICHHS)

a(ty).

4 faa

B orcyrcTBHe rpaBuTaliuM CKOPOCTH PACHIUPEHHS BCEJICHHOW JOJIKHA OBITh TOCTOSIHHOM.

B paMKax HrroToHoBCKOM TCOpHUU ITO CICAYCT NNOHUMATL TaK, YTO B OTCYTCTBUC CHIIbI
da(t)

YaCTHULIbI BCUICCTBA YAAIAIOTCS APYTr OT Apyra € MOCTOSTHHOH CKOPOCTBIO, U ITIOOTOMY T

SIBJISIETCSI IOCTOSIHHOM, 3aBUCSIIECH OT HAYAJIBHBIX YCIOBUM.

Teneps paccMoTpuM, Kak HpI0OTOHOBCKasi rpaBUTAIMs BIUSAET HA MAcIITaOHbBIN K03 du-
1ueHT a(t) Bo BeenenHoi, 3an10IHEHHON HEPENATUBUCTCKUM OJTHOPOTHBIM M U30TPOTI-
HBIM BEILIECTBOM.

Kak mokazano Ha puUCyHKe BbIIIE, TPEAnoynokuM, uto C sBisercs neHTpom Hamei Bee-
JICHHOU (IaHHOE MPEIIOIOKEHNE MOXKET OBITh CHSTO B OOILECH TEOPUM OTHOCHTEIBHOCTH
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DitHINTelHa, KOTOpask HAXOUTCS 3a MpeIeiaMK Halllero paccMoTpenus). Pa3obbem Beie-
CTBO Ha TOHKHE 000s104kH BOKpyr C. PaccMoTpum onHy u3 Takux obojodek (cdepa Ha
pPHUCYHKE BbIle). PaccTosiHre OT 3TOH 000J0YKH 0 IICHTPA B «PACIIUPSIFOIICHCS» CHCTEME
KOOPJMHAT paBHO 1 (IOMHHUTE, YTO 3TO PACCTOSIHUE HE 3aBUCUT OT BPEMCHH).

Hcnonek3yiiTe nprkeHne OOOJIOUKHM JUIsi HAXOXJICHUs cooTHomeHus mexny da(t)/dt,
F | a(t) u motHocThIO 3Hepruu macchl p(t). (Eciu Bel monyunte B OKOHYATEIbHOM BbIpa- | 5 6a/IoB
YKEHUH [MOCTOSHHYIO, 3aBUCSIIYIO OT HaYaJIbHBIX YCJIOBHI, MOYKETE HE BBIYUCIIATH €€).

Ha ocHoBe mojenu, onucannoit B pasaeie (F), caenaiite BbIBOA, yckopsieTcs (@) win 3a-

16
memisercs (b) pacimpenue Beenennoit? Beidepure (a) wm (b). A

K cBenenuto, B 1998 rogy oTKpbIT HOBBIM BHJI SHEPTHH B Hallleil BceneHHo. DTO OTKpBITHE CYIIECTBEHHO
HU3MEHSIET BBIBOJI, MOJTydeHHBIN B paszzaene (G).




A
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JlelicTBHEe MATHUTHOI'O OJIS HA CBEPXIPOBOAHUKHU (20 6ass10B)

DNEeKTPOH — 3JIEMEHTapHasl 4acTULla, Y KOTOPOH €CTh 3JEKTPUUECKUH 3apsii U BHYTPEHHUU
MAarHUTHBII MOMEHT, CBSI3aHHBIM C €€ CIIMHOM (MOMEHTOM HMIyJbca). M3-3a KyJTOHOBCKOTO
B3aUMOJICHCTBUSL SJEKTPOHBI B BaKyymMe OTTaJKuBarOTCSA. OJHAKO, B HEKOTOPBIX MeTaulax
CyMMapHasi CWia, JEHCTBYIOIIAs Ha DJJIEKTPOHBI, MOXKET CTaTh CHJIOM TNPUTSHKEHUS H3-3a
kojiebanuii pemerku. Korma temmeparypa MeTaia JOCTaTOYHO HU3Kas (HM)KE HEKOTOPOM
KpUTHUYECKOW  Temmepatypbl  T.),  SJCKTPOHBI  C MPOTHUBOIOJOXHBIMH  HMITYJIbCAMHU
Y IPOTUBOTIOIOKHBIMU CIIMHAMU MOT'Y 00pa30BBIBaTh KyIepoBckue mapbl. O0pasys KylepoBCKYIO
napy, KaXIblii M3 3JIEKTPOHOB YMEHBIIIAET CBOIO SHEPIHI0 Ha BEJIMYMHY A MO CpPaBHEHHUIO
C 3JIEKTPOHOM, CBOOOJIHO JABIKYIIEMCS B METaJJIE. DHEPTUsl CBOOOHO BHIKYIIETOCS ICKTPOHA
paBHa p?/2m,, T1e p — UMIYIbC IEKTPOHA, a M, — ero Macca. KymnepoBckue mapsl MOTYT
nepemMeniaThcsi 0e3 COMPOTUBIICHUS, U METAJUT IPH ATOM CTAHOBHUTCS CBEPXIIPOBOHHKOM.

Opnako, Aaxke HpuU TeMIeparypax HUKe T, CBEPXIPOBOJUMOCTb MOXKHO pa3pyLIUTh, €CIU
K CBEPXIIPOBOJIHUKY INPWJIOKHUTh BHEIIHEE MAarHUTHOE Ioje. B 3TOM 3amgade Mbl HCCIENyeM
paspylleHre KylepOBCKIX Iap MOCPEIACTBOM JIBYX 3P PEKTOB.

[TepBsiii 3pdexT — mapamarHUTHBIA. B HEM 31€KTpPOHBI BMECTO CO3[JaHUSI KYNEPOBCKOM IMaphbl
C IPOTUBOIIOJIOKHBIMU CIIMHAMH, YMEHBIIIAIOT CBOIO SHEPIHI0, BHICTpAWBas CBOW MarHUTHBIN
MOMEHT MapaijieIbHO MATHUTHOMY IOJIO.

Bropoit agdext — auamMarHuTHBIA. B HEeM MarHUTHOE ToJie U3MEHsIeT OpOUTaAIbHOE JABM)KEHUE
KYIIEPOBCKHX Map M YBEIUYMBAET WX dHepruro. Korga mpuioxkeHHOe MarHuTHOE T0JI€ TIPEBBICUT
HEKOTOPOE KPUTHUYECKOE 3HAYeHHE B, , yBeJIMYEHHE HHEPrUM CTAHOBUTCSA Oonbine dyem 2A .
B pe3ynbrate, 3J€KTpOHAM CTAaHOBUTCSI HEBBITOJTHO 0OPa30BHIBATh KYIIEPOBCKUE MApPHI.

HenaBHO ObUI OTKPHIT HOBBIM THII CBEPXNPOBOJAHUKOB — CBEpXNPOBOAHUKK M3unra. OnHu
HE yTPauMBaIOT CBOWCTBO CBEPXIIPOBOAMMOCTH JaXke KOTJa K HUM IpuiioxkeHo noie B 60 Tecna.
A 3TO CPaBHUMO C MAaKCUMAaJIbHOW CHJION MOJIeH, KOTOpBIE CO3al0TCS CErOJHs B JIAOOPAaTOPHSIX.
Mpbl  uccrmemyeMm, Kak CBEPXIPOBOJHHKHM VI3WHTa MOTYT TpeOoJieTh IapaMarHUTHBIA
U IMaMarHUTHBIN 3¢ (EeKThI.

Yacth A. DJIEKTPOH B MATHUTHOM 110J1€ oy W
PaccmoTpuM BUTOK pajguyca 7, OJIHBIHI 3apsag KOTOPOro

-6, aMacca — m . Macca U 3apsaa paclpeneiacHsl

1o BUTKY paBHoMepHO (Puc. 1).

Puc. 1
Al L 2
UYeMy paBeH MOMEHT UMITYJIbca L 3TOro BUTKA (BENMUMHA U HANpABIEHME), ECIU OH Bpamaercs | 2 0.
C YIJIOBOM CKOPOCTBIO @7
A2 M 20
BenuuuHa MarHuTHOTO MOMEHTa onipesiensiercs kak |[M| = IA, rne I — 5710 Tok, a A — miomap .

BUTKA. HaliinuTe COOTHOIIEHNE MEXY MATHUTHBIM MOMEHTOM M ¥ MOMEHTOM UMITYyJIbCca L BUTKA.




Teopernueckast 3agaua — T3

Ctpanuna 2 us 4

HyCTb T_i — HOpMaJIb K BUTKY, U OHa COCTAaBJIACT YI'OJI 0 c MNPUITOKCHHBIM MAarnvuTHBIM IIOJIEM

(Puc. 2).

A3 | PaccmorpuM  KOJBIO, ONUCaHHOe B myHKTe Al, B ol 20.
IOMEIIEHHOE B OJHOPOJHOE MAarHUTHOE I0Jie MHIYKIHEH A~z A A A A
' |
B, , KOTOpoe HampaBieHO BIOJIbL Ocu Z . Yemy paBHa ! : :
NOTeHIMANIbHASL YHEPrusl Takoi cuctembl? IloTeHnuanbpHas : 1 )
SHEprysl paBHa HyJO 1ipu 6 = 17/2. ' \ :
! '
! '
! '
1 1 1
Puc. 2
A4 | 'V snexkTpoHa ecTh COOCTBEHHBIN MOMEHT ummyibca (cnuH). Ero Beinmunna B onpenejieHHoMm | 1 6.
HanpaBJieHUU paBHa h /2, rne h = h/2m, a h — nocrosHaas [Tnanka.
DJIeKTPOHBI IOMEIIEHbI B MATHUTHOE 110J1€. UeMy paBHa OTEHIHaIbHas SHEPTHs 31EKTPOHOB Uy,
U Ugown, YbH CIIMHBI TAPAJUICIIBHBI TIOJIO U aHTHIIAPAJICIbHbI, COOTBETCTBEHHO.
Bripasute cBoii oTBET yepe3 MarHeToH bopa
Up = =5.788x 107°3B - T !
2m,
Y MHIYKIUIO 1ot B.
AS | VI3 KkBaHTOBOII MEXaHHKM H3BECTHO, YTO HOTeHIManbHbie dHeprun Uy, u Ugeyn B 1Ba pasa | 16.

Oonbiue 3Hauenuit Uyy v Ugoyn, HaliieHHbIX B IyHKTE A4. IIyCTh NPHIIOKEHO MarHUTHOE IOJIE
unaykiuen 1 Tecna. Yemy Toraa paBHBI OTEHIIMAIBHBIC YHEPTUU JIEKTPOHA Uup 51 ﬁdown, yen
CIIMH NapaJijieieH U aHTUIIApAJUIENIeH NPHIIOKEHHOMY IOJII0 COOTBETCTBEHHO? B nanbHeiinem
B 33/1a4€ UCIOJIb3YITE B CBOMX BBIUYMCIICHUSX BBIPAKEHUS IS Uup 1 Ugown-

Yacrtp B. [lapamarauTHblii 3p¢deKT MArHUTHOIO MOJISA HA KYNIePOBCKHE Napbl
B 5roil uwacTum 3amauM MBI HCClieyeM MapaMarHuTHBIA 3()(EeKT NpUI0KEHHOrO BHEIIHETro
MarHUTHOTO MOJIs Ha KynepoBckue napsl (Puc. 3).
TeOpeTHHGCKHG pacyc€Tbl IIOKA3bIBAIOT, YTO B CBCPXIIPOBOAHMKAX JIBa OJJICKTPOHA MOI'YT
00pa30BbIBaTh KYNEPOBCKYIO Mapy, MpU 3TOM 0OIIast SHEPrus CUCTEMbl YMEHBIIAETCs. DHEPrus
KYIEpOBCKOM Mapbl MOKET OBITh 3alKcaHa Kak

pi | i
_l_
2m, 2m,

—>
rage  IepBble  JIBa  4ieHa B
COOTBETCTBYIOT KHHETHYECKOU \

— 24,

DHEpPruu KzfnepOBCKoﬁ apsl, Kymeporckas mapa
a MOCJEeIHUN — YMEHBIIEHUIO
SHEPIUu n3-3a CO3JaHus
KYIEepOBCKOM mapsbl. 31ech, A — Puc. 3

IMOJIOKHUTEIIbHAA IMTOCTOAHHA.
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Bl

CuwurTaiiTe, 4TO MAarHUTHOE TOJIE IEHCTBYET TOJIBKO HA CIIUH 3JIEKTPOHOB, a HE Ha UX OpOUTAIBHOE
nBuxkeHue. Uemy paBHa sHeprus Eg KynepoBCKOH Mmapbl, HOMEUIEHHOW B OJJHOPOIHOE MAaTHUTHOE
none B = (Byx,0,0) ? HamomMHMM, 4YTO Yy OSJIEKTPOHOB, OOpa3yOUIMX KYIEPOBCKYIO Iapy,
MPOTUBOIIOIOKHBIE CITUHBI.

160.

B2

B HopManbHOM (HE CBEPXITPOBOISIIEM) COCTOSIHUM 3JIEKTPOHBI He 00pa3yroT KyIepOBCKUE Maphl.
[Tone B = (B,,0,0) o1HOPOAHO M HAMPABJICHO BJOJH IUIOCKOCTH B HAMPABICHUH OCH X. Uemy
paBHa MUHUMaJIbHas SHEPrus ABYX 53JEKTpoHOB Ey B 3ToM mone? lcmonw3yiite B cBOMX
BbruuCHeHusaX Uy, U Ugown U3 nyHkTa AS. J[EWCTBMEM MarHMTHOTO IO Ha OpOMTaIbHOE
JIBIDKEHHUE JIEKTPOHOB MOXKHO MPEHEOpeyb.

160.

B3

Korma rtemneparypa paBHa HyNIIO, CUCTEMa 3alMeT COCTOSSHUE C MHUHHUMAJIbHOW SHEPrUEH.
CBepXnpoBOJAUMOCT HCYE3AET, €CIM MHAYKLMS TMOJs MPEBBICUT KPUTHUECKOE 3HaueHue Bp

(t.e. mpu |B| > Bp). Uemy paBHO 3TO KpuTHYECKOE 3HaueHue B,? Bripasute oTset 4epes A.

10.

Yacrtp C. IlmamaranTHbii 3¢ pekT MArHUTHOIO MOJISl HA KyNIePOBCKHE NAPbI

B sT0i1 yactn 3aJa4dyu MOXKHO npeHe6petH) I[CflCTBI/IGM MAarauMTHOI'O IIOJIsI Ha CIIMHBI 3JICKTPOHOB.
MpsI paccMOTpUM JIEHCTBUE BHEITHETO MArHUTHOTO TIOJISI HA OPOUTATIFHOE IBUYKEHUE KYTIEPOBCKHUX
nap.

—

Korma Ttemmeparypa paBHa HyNIO, a CBEPXIPOBOJHUK HAaXOJUTCS B MarHUTHOM moje B =
(0,0,B,) , TO pa3HOCTb SHEPrUd MEXKIy CBEPXIPOBOISIIMM COCTOSHUEM M HOPMAIbHBIM

COCTOSIHUEM MO>KET OBITh 3allucaHa
+00
h? d*) e?BZx?
F = Y| —ayp — + Y | dx

2
4m, dx me

3neck P (x) — QyHKIMS, 3aBUCAIIAs OT X U He 3aBHcAIIas oT y. P(x)? 3aqaeT BepoATHOCTh HaliTH
KyIIEPOBCKYI0 Tapy BONM3M TIOJIOKEHHS X . 3/1eCh Q@ — TIIOCTOSHHAs, M OHA CBs3aHa
C YMEHbBILIEHHEM SHEpruM MpU 00pa30BaHUM KYNEpOBCKOHM mapbl. Bropoii u TpeTtuii uneHsl B F
CBSI3aHBl C KHHETUYECKOM dHEpruei KynepoBcKOi maphl, yYUThIBast J€HCTBHE MArHUTHOT'O TOJIS.
Korna temnepaTtypa paBHa HyJI0, CUCTEMa MMHHUMU3UPYET CBOIO sHepruto F. B stom ciyuae
¢yuxmust P (x) MOXKeT OBITH 3aMTUCaHa B BUIC

1
2A\4
_ (== — x>
rne A > 0.

Cl

Haiinute A u BeIpazute oTBeT 4epes e, B, u h.

Ipumeuanue:
+00

J e—ax? dx=\/z
a

-0
400
1 o
a2
fxze axtdx = — |—
2aNa

—00

31ecsr a — IMOCTOSHHASL.

30.

C2

Haiigute KPUTUYCCKOC 3HAYCHNUEC MHAYKIIUU ITOJIA BZ, KOoTaa CBCPXIIPOBOAANICC COCTOSAHUC
nepecTacT OBITh OHCPIrCTUYCCKHU BbII'OAHBIM. BBIpaSI/ITC OTBET YEPE3 .

20.




Teopernueckas 3agaua — T3

Crpannna 4 u3 4

Yactp D. CBepxnpoBoauuku U3unra

B BemiecTBax co CnMH-OPOUTANIBHBIM B3aUMOJEHCTBUEM (CIIMH-CIMHOBBIM B3aUMOJICHCTBUEM
MOKHO TpeHeOpedb) Ha 3JIEKTPOH, OONAJAIOMUi MMIYIbCOM P , AEHCTBYET BHYTPEHHEE
MarHuTHOE T0Jie El 1 =(0,0,—B,). C npyroii CTOpOHBI, HA AIEKTPOH, OOJIATAIOIIIA HMITYJIHCOM

—pP , IEHCTBYeT NPOTHBOIOJIOXKHO HalpaBleHHOe MarHuTHoe none By, = (0,0,B,) . Drtu
BHYTPEHHUE MAarHUTHbIC TOJS JEHCTBYIOT TOJIBKO Ha CHUHBI 37eKTpoHOB (Puc. 4). Takue
CBEPXIPOBOHUKH HA3BIBAIOTCS CBEPXIIPOBOHUKaMH M3uHra.

|1 |1 U
vy v 1

anekTpoH 1 3NEKTPOH 2

|1 11 st | e
I |
I

Kyneposckas nmapa
Puc. 4: JIBa anextpoHa o0pa3yrT KyIepoBcKyro mapy. Ha anekrpon 1, o6nmagarommii

5
UMIIYJILCOM P, ecTBYeT MaruutHoe noie By, = (0,0, —B,), a Ha 21eKTpOoH 2, 00J1a1ar0 K

MMITYJIbCOM —P, I€HCTBYET IIPOTHBOIIOJIOKHO HAIIPaBIeHHOE MaruuTHOE nonie B, = (0,0, B,).
BuyTpeHHHE MarHUTHBIE 110151 0003HAYEHBI IITPUXOBBIMU CTPEJIKAMH.

D1 | Yemy paBna sueprust E; KynepoBCKOil mapbl B CBepXpoBoaHuKe M3unra? 160.
D2 | K BemectBy, Izie e€cTh CIMH-OpPOMTANIbHOE B3aUMOJICICTBHE, BJIOJb IUIOCKOCTH HPUIOXKEHO | 2 0.
ogHOponHoe MarHuTHoe mnone B = (B,,0,0) . Yemy mnpu sTtoM paBHa 3Heprus E, nByx
251eKTpoHOB? (BHyTpeHHHE MarHUTHBIE TOJS MO-IPEXKHEMY JAEHCTBYIOT UM HalpaBJeHb
nepneHauKyisapao By . Takxke MoxHO IpeHeOpedb IEHCTBHEM IOJs, HAIPaBIECHHOIO BJOJb

IUIOCKOCTH, HAa OPOMTAIbHOE IBUYKEHHE KYIIEPOBCKHX I1ap.)
D3

Yemy paBHO KpUTHUYECKOE 3HAUYEHUE UHAYKIUU B, Korna npu |§”| > B, Ey < E}? 10.
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(Full Mark = 20)

Part Model Answer Marks
Al | The potential energy for N = 2 is: 2
Ep(a) = Mg * Yem(o0) X4+ Mg - Ay x 2 (0.5 points) - Eq. (1)
where
Yem(0,0) = — gsin (% + a) (0.5 points) - Eq. (2)
is the y coordinate of center of mass of triangle (0,0), and
Ay = Ya0,1) — Ya©,0)
= -l [sin (g + a) + sin (g - a)]
= —/3lcosa (0.5 points) - Eq. (3)
is the translational difference of two neighbouring triangles in y-direction. Solving Egs.
(1), (2) and (3), we obtain
Ep(a) = —gMgl(4\/§ cosa + 3sina) (0.5 points) - Eq. (4)
A2 Ep 1

N

restoring torque=—dFp /da

1 O ) &
aF, 60
At equilibrium, the potential energy reaches a minimum, which gives:
dE
LEp(@) =0 (0.5 points) - Eq. (5)

da lg=qyg

\/§SinaE+3cosaE =0 - Eq. (6)
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or

ag = tan~?! \i_§ (0.5 point) - Eq. (7)

A3

If the total energy of the oscillation has the following form

E(Aa, Ad) = Ey, + By = 2K(Aa)? +1(Ad)? , (0.5 points) - Eq. (8)

where E, and Ey are the potential and Kinetic energies of the system respectively, then the
motion is a simple harmonic oscillation with angular frequency w = \/K/I. Here Aa =
o — ag. Under a small perturbation, the potential energy change is:

AE 1d2
P73 doz2

(At?l)2

= (%) (g Mgl) (4V3 cos ag + 3sin ag)(Aa)?

=7 Mgl(aa)? (1 point) _Eq. (9)

The total kinetic energy of the system includes the translational kinetic energy of every
plate and the rotational kinetic energy of every plate relative to its center of mass

Z Etrans + Z Erot _ Eq (10)
The rotational kinetic energy is

YEL =4 X% %% (Ad)? = %MIZ(AO':)Z (0.5 points) - Eq. (12)
E"™Scan be obtained by considering the motion of the center of mass of each triangle and

setting N = 2.

T 1 s
Xem(mn) = M(2lcosa) + n(2l cos a) cos 3 +—cos (a + —),

NG 6

: L. :
Yem(mn) = —N(2l cosa) smg — 7sin (a + g) (0.5 point)

Differentiating and substituting

sina—\/‘/;,cosa—\/_,sm(a+ ) 2\/—'C°S(0‘+g)::\/_\%’

Page 2 of 15
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. . . 32n—-1) .
Xem.(mn) = — (Zm +n+ E) \/? A, Yem.(mn) = W [Ad.

2 .2 (12m+6n+7)2+27 . .
cm.(mn) — xcm(m n) + ycm(mn) 228 lz(Aa)z' (1 pOIﬂt)

14

Etrr?lnli = Pl [vcz.m.(o,o) + vcz.m.(o,l) + vcz.m.(l.o) + vg-m-(lll)] ?Mlz(Ad)z'

Etrans Etranﬁ + Erot ZMZZ(AC'()Z_ (1 point)

Alternatively, another way to get E;™ is based on the center of mass of the whole system:

Ex = Y ESRN + Y ERY (0.5 points) - Eq. (12)
where
M
Ertrc:arll<S =7 [Vrz.c.(o,o) + vrz.c.(l,O) + vrz.c.(o,l) + Vrz.c.(1,1)] - Eq. (13)

is the translational kinetic energy relative to the center of mass of the system and

Sty = 5 vém - Eq. (14)

c.m.k 2
is the translational kinetic energy of the center of mass of the system.

The center of mass of each of the 2x2 = 4 triangles always form diamond shape with
lateral length 2l cos a. The center of mass of the whole system is at the center of the
diamond shape. Hence

d(v/3l cos a) Ad
Vre0,0) = Vre(u) = 3. a
da wma
d(l .
vr.c.(l,O) = vr.c.(O,l) = ({cos ) Aa - Eq (15)
a=ag
Substituting Egs. (14) and (15) into Eq. (13), we obtain
ETS = 4 sin ag MI?(Aa)? - Eq. (16)

For Etrans

cm.,k
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dxcm, 2 dyem. 2 .
ven = () +(52) | e - Ea. (17)
a=ag
is the velocity of the center-of-mass of the four triangular plates, with
1
Xem, = Xem.(0,0) T > (xB(0,0) + xA(l,O))
V3l 3
=Tcos(g+a)+5lcosa - Eq. (18)
1
Yem. = Yem.(0,0) T EAy
V3L . V3
=—Tsm(g+a)—7lcosa - Eq. (19)
Substituting Egs. (17), (18) and (19) and into Eq. (14), we obtain
ETan: = (24 10sin? ) MI2(Ad)? (0.5 points) - Eg. (20)
Combining Egs. (12), (16) and (20), we obtain
Ex = B+ B2 + B
5 .
= (g + 14 sin? aE> MI?(Aa)?
347 150 N2 .
= EMI (Aa) (1.5 points) - Eq. (21)
According to Egs. (8), (9) and (21),
1 [38V57g )
f= 347 = 5= 547 (05 points) - Eq. (22)
Note 1: 0.5 point should be deducted if there are numerical mistakes, but all steps are
[ p p
correct.
Note 2: A rough estimate of f~\/% can get 0.5 points out of 5 points.]
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B1 | For arbitrary N, the total potential energy 3

E, = ﬁl,_n1=0 Ey(m,n) - Eq. (23)

where

1
Ep (m: n) = gMg [yA(m,n) + YB(m,n) + yC(m,n)] - Eq. (24)
(0.5 points for Eqgs. (23) and (24))
and

. (T . T
Ya(mm) = —nlsin (§ - a) — nlsin (§ + a) = —/3nlcosa
YBmn) = Ya(mn) — lSina = —/3nlcosa — lsina

Ycmm) = Yammn) — Lsin (g + a) = —/3nl cos a — I sin (g + a) - Eq. (25)
(0.5 points for all three correct coordinates)

Thus,
Ey(m,n) = —%Mgl [3\/§n cosa + sina + sin (g + a)] - Eq. (26)

and

N-1
E, = Z Ey,(m,n)
m,n=0

= —%Mng%l"nl:O [3\/§n cosa + sina + sin (g + a)] (0.5 points) - Eq. (27)

Using the mathematical relations

N-1 N-1
z 1= z 1=N
m=0 n=0

and

_ N(N-1)
T2

- Eq. (28),

N—-1 _ \'\N-1
m=0M = Zn:O n

Eq. (27) becomes
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E, = —%NZMgl [3@(1\] _2 L cosa + sina + sin (g + a)l
or =-— §N2Mgl [M + %sin a] (1 points) - Eq. (29)
At equnlbrlum = 0, therefore
- —3\/5(1\’_21) sin ag + cos ag, + cos G + a}'g) =0 - Eq. (30)
ag = tan~! (31‘( ) (0.5 points) - Eq. (31)

[Remark: Increasing a lowers each triangle relative to its vertex A, but globally raises the
system, i.e. the bottom tube is raised higher. When N — oo, the global displacement
dominates, consequently a — 0.]

B2

Under a small perturbation, the potential energy change, according to Eq. (29) is

AE _ 1d’Ep

b~ gz |,y (B)*~N? or y; =3 (0.5 points) - Eq. (32)

[Remark: There are N?triangles and the y coordinate of the total center of mass is
proportional to N, hence E,~N3 and y; = 3. Using this argument to derive the

correct y4 can also get 0.5 points.]

The kinetic energy of a triangle includes the translational energy of its center of mass and
the rotational energy about its center of mass. Hence the total kinetic energy of the N?
triangles is

Ey = Zm,n Ec.m.(m,n) + Zm,n Er.c.(m,n) - Eq. (33)
where
1 MI? .
Er.c.(m,n) > 12 (A )2 = —MZZ(A(I)ZN]. - Eq (34)
and
M 2
Ec.m.(m,n) = ?vc.m.(m,n)
_ M(Ad)? dXem.(mn) 2 dYem.(mn) 2 .
== [( " ) + (T) , (0.5 points) - Eq. (35)

a=ag
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Since
V3l s
Xem.(mmn) = XA(mn) + TCOS (g + a)
l V3i
=(2m+n)lcosa +§cosa — Tsina
and
V3l m
Yem.(mn) = Ya(mn) T Tsm (g + a)
=\/§nlcosa+@cosa+£sina - Eq. (36
6 2
(0.5 points for correct x and y)
dxc.m.(m,n) . . \/§
e —(2m+n)sina —5sina —?cosa [
d V3 1
% = l—\/gnsina —?sina + Ecos al l
we have
) (4m? 4+ 4n? 4+ 4mn + 2m + 2n) sin? ag
Ecm(mny = 3 MI?(8d)? 2v3 o, , 1 - Eq. (37)
+T(m —n) sin ag cos ag +3
Since a'E~% in Eq. (31), we have
1 1 .
Ecm@mmny = A-N? 5+ B-N--+C~1 (0.5points) - Eq. (38)
According to Egs. (33), (34) and (38), we have
E, = ZmnEc'm'(m‘“) + ZmnEr'c'(m’") ~N X N X 1~N?
or y, = 2 (0.5 points) - Eq. (39)
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[Remarks: Ex~N? because there are N? triangles, each contribute E,.(m,n)~1
(relative-to-center-of-mass kinetic energy) and E.,, (m,n)~1 (center-of-mass Kinetic

energy).]

Note that E..(m,n)~1 is true for arbitrary a while E., (m,n)~1 is only true for the
special case of ap > 0 or N - oo,

Therefore
i [2 VW
k
or y3 = 0.5 (0.5 points) - Eq. (40)
C1 | The minimum force should act on the farthest triangle (N — 1, N — 1), whose motion can be 1

decomposed into the motion of the center of mass and the rotation around the center of
mass: ¥ = Uem + Urot- AS Shown in the figure, 7., of vertex C makes the smallest angle
relative to the direction of U, ,, near a,, = m/3. Hence its displacement is the largest and
its corresponding force is minimum, i.e. the minimum force should act on vertex C(N — 1,
N —1). (1 point)

Vrot_B

[Remarks: A rigorous calculation is given in Appendix 3.]
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C2 | At a = a, = mr/3, asmall change in « will change the potential energy by: 5
dE,
AEp((lm) = E Aa
=Qm
1 3vV3N , 3
= §N2Mgl KT - 3) Sin am — 5 €0S A Aa
= 2(N — 1)N2MglAa (1 point) - Eq. (41)
The displacement of C(m,n) point is
- . n
Axcimn) = — [(Zm + n) sin a;, — sin (§ + am)] [Aa
= Gt DVS o (0.5 points)
. T
Aycemn) = — [\/gn sin ay, — cos (§ + am)] [Aa
= B"Z—J’l)lAa (0.5 points)
For C(N-1,N-1), Ar = /(Ax)? + (Ay)2 = (3N — 2)(lAa) . (1 point)
Hence
AEp(am)  3(N-1)N? .
Fin = Aprmix = 4( (3N_)2) Mg (1 point) - Eq. (42)
and
A —1N-
Op . =tan™? [—yC(N Ly Dl + 7
Axcn-1,n-1)
= —tan 2+ 7 =T (1 point) - Eq. (43)
[Remarks: This @F__ is not perpendicular to the C(N-1,N-1)-A(0,0) direction because
of the constraints of the tunes, e.g. A(1,0), A(2,0), A(3,0), ---, are also the holding
points.]




Marking Scheme - T1

Asian Phy5|cs Olymplod 2016 Page 10 of 15
Appendix 1: N/A
(a) Calculation of the exact E,, E\ and f¢ in Parts (C), (D) and € for arbitrary N
Under a small perturbation, the potential energy change is

E 1 dzE Ag)?
b wro)
:aE
1 3v3N — 2v3 3 (Ax)?
_ _ N2 OV T avy 1oy 2 '
—3N Mgl( > cosaE+zsmaE> >
= 3GV N2 a6l (Aa)? - Eq. (44)

12

triangles is
Ey = Zm,n Ec.m.(m,n) + Zm,n Er.c.(m,n)
where
1 Ml? .
Er.c.(m,n) 2 12 (A )2 - _Mlz(Aa)z
and
M 2
Ec.m.(m,n) = ?Uc.m.(m,n)
— M(Ad)z [(dxc.m.(m,n))2 + (dygm.(m,n))z]
2 da da a=af3
Since
V3l
Xem.(mn) = XA(mn) +— cos( + a)
V3l
=(2m+n)lcosa +§cosa — Tsma
and
V3l m
Yem(mmn) = YA(mn) — 3~ SN (g + a)

The kinetic energy of a triangle includes the translational energy of its center of mass and
the rotational energy around its center of mass. Hence the total kinetic energy of the N?

- Eq. (45)

- Eq. (46)

- Eq. (47)
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V3l .
= —x/?nl cosa — ?cosa —Esma
Hence,

da 1 V3
cm.(m,n) =|—-2m+n)sina —=sina ——-cosa|l
da 2 6

dy cm.(m,n)

V3 1
P =l—\/§nsina+—sina——cosall

6 2
We have

) (4m? 4+ 4n% 4+ 4mn + 2m + 2n) sin? ag
Ec.m.(m,n) = EMIZ(Ad)Z

2v3 . 1
+T(m—n)sma,’3cosa,’5 +3

and

E, = 2 Ec.m.(m,n) + Z Er.c.(m,n)
mmn mn

1 5
- [g (11N — 1)(N — 1) sin? a + ﬁ] NZMI2(Ad)?

_ [@in-DWV-1)

ST A2a112 0 A 402
2(3N-2)2+6 +24 N°MI”(Ad)

With Eqgs. (44) and (50), we have

J3(BN —2)2+9
f,zi 12
E7 o2 [[AIN-D(IN-1) 5
2BN—-2)2+6 +ﬂ]

N2Mgl

N2MI?

_ 1 2y3(3N-2)%+9 g
T om [12(11N—1)(N—1)+5] l

(3N-2)2+3

(b) Center of mass movement of the whole system
According to Eq. (48), we have

Zm,n xc.m.(m,n)

Xc.m.(sys.) (a) = N2

- Eq. (48)

] - Eq. (49)

- Eq. (50)

- Eq. (51)
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Ymn l(Zm +n)lcosa + %cos a— @sin a
3N —2 V3l
= ( > )lcosa—Tsma
and
Ymn Yem.(mn)
YC.m.(m,n)(a) = W
Ymn [\/gnl cosa + @ cosa + %sin o
= — NZ
= — (—3N6_2) V3lcosa — lSizna - Eq. (52)

Eqg. (52) is the trajectory of the center of mass for the whole system, which is not a straight
line.

Appendix 2: Calculation of the moment of inertia of a triangular plate

An equilateral triangle with lateral length | can be divided into four small equilateral
triangles with lateral length I/2. For the central small triangle centered at c,, its moment of
inertia is

I = ,BMG)Z _Eq. (53)

4

For the non-central small triangle centered atc,, c;and c;',
M ;2
where d = v/31/6 is the distance between the centers of triangles 1 and 2. The second term

is from the parallel-axis theorem. The moment of inertia of the whole triangle is the sum of
the moment of inertia of the four sub-triangles:

N/A
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2
BMI2 = 4x B2 (5) +3x2a? - Eq.(55)

Thus

p== - Eq. (56)
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Appendix 3: The minimum force corresponds to the maximum displacement of the

exerting point of this force.

Consider the position of vertices A, B, C of a triangle (m,n) :
Xamm) = (2m +n) cosap
Yamn) = —/3n cos amy L
Xgmm) = Zm +n+ 1) cosap !

YB(mmn) = —(\/§n COS ay, + sin am)l

Xcmm) = [(Zm + n) cos ay, + cos (g + am)] l

Yemn) = — [\/gn coS @y, + sin (g + am)] l - Eq. (57)
Taking derivatives on a on the above coordinates we get

(2m + n)V3 IAq

Axpmny = —(2m +n) sinay lAa = — >

) 3n
AYaimn) = V3nsina,, (1Aa) = > [Aa

(2m+n+1)\/§l

A
> a

Axgmny = —(Cm +n+ 1) sinay, lAa = —

n—1

Aypmn) = —(—\/gn sin ay, + cos am)lAa = [Ax

2m+n+1)V3
> [Aa

Axcimn) = [—(Zm + n) sin a;, — sin (g + am)] A= —

Aycimn) = — [—\/§n sin ay, + cos (g + am)] A = @ [Aa - Eq. (58)

For Ar = /(Ax)2 + (Ay)?2, we have
Arpamm) = V3m? + 3n2 + 3mn(lAq)

Argemn) = V3m? 4+ 3n2 + 3mn + 3m + 1(lAa)
Argammy = V3m?2 + 3n? + 3mn + 3m + 3n + 1(I1Aa) - Eq. (59)

N/A
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Thus we find
Arcimny > ATgmny > ATammm) - Eq. (60)
Therefore, we should choose point C of the triangle (N — 1, N — 1) to obtain
At = (BN — 2)lA - Eq. (61)

so that the force is minimal.
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(Full Marks: 20)

Part Model Answer Marks

A | The physical volume is 2
V, = a*(t)V. (0.5 points).

The comoving number density is a constant, thus the physical number density is

nt) _ (a(to))> :
it (—a(t)) . (0.5 points)

The kinetic energy for non-relativistic particles are negligible, thus the energy density is
Pm(t) = mn(t), (0.5 points)
where m is the mass of a particle.

Thus

a(ty 3 .
pm(0) = pmto) (%) (05 points)

[Remarks: It is acceptable if the student just writes p,, « 1/a3 and full points will be given.]

B The Einstein’s energy relation for a massless particle is 2
E = pc. (0.5 points)
From de Brogile’s relation:
p < 1/4p «1/a(t). (0.5 points)
[Remarks: No point if only 4, o a(t) is written because already given.]
Thus
E «1/a(t). (0.5 points)
Physical number density isn o« 1/a3.
Energy density isn E.

Thus

a(tlo 4 -
pr() = pelto) (53F) (05 points)

[Remarks: It is acceptable if the student just write p, < 1/a*.]




Marking Scheme — T2

Page 2 of 4
C | The photons in thermal equilibrium satisfy Boltzmann distribution 2
_ E(a)
n(E(a)) < e kT@, (1 point)
where E o1/a(t).
Condition of being non-interacting implies that there is no energy transfer. Thus the energy
distribution must be stable.
To be explicit, for two different comoving wavelengths,
nEi (@) = elE2(0)~-E1()]/[kB T(A)] = const.
n(Ez(a)
[Remarks: All the above steps can be replaced by the intuition of E < T, if the students
realize it, the above 1 point can be given.]
Thus
T(a) x1/a,i.e.y = —1. (1 point)
D | The 1% law of thermodynamics is 4

dEx = —pxdl},. (1 point)

Here no entropy term appears, because S =const. No chemical potential appears, because
of particle number conservation.

Here |}, = a’V.
dV,, = 3a®*Vda. (1 point)
Ex = pxVp. (0.5 points)
dEx = d(pxVp) = a*Vdpx + 3pxa*Vda. (0.5 points)
Thus

dpx + 3 (%a)(px + px) = 0. (0.5 points)

px +3 (%)(px + px) = 0. (0.5 points)

[Remarks: 0.5 point for relating variation and time derivative no matter in which step it is
being used.]
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E

With lens area A, we only receive part of the starlight. The area ratio is 4
A/(4ma’(ty)r?). (1 point)

The wavelength of each photon emitted from the star gets stretched. Thus energy per
photon is lowered, contributing a ratio

a(ts)/a(ty). (1 point)

The separation among the photons also increases due to cosmic expansion, contributing a
ratio

a(te)/a(to)- (1 point)
As a result, the power that the telescope receives is

_ A a? (te)
T 4ma4(ty)r?

X P,. (1 point)

The kinetic energy and gravitational energy of the shell adds up to a constant: 5
-1 - )2 _ GMm -
E = S m (") m— (2 points)
where
4T .
M= »3p, (1 point)

(Note: energy conservation without evolving pressure requires the assumption of non-
relativistic matter.)

1, = a(t)r, (1 point)

[Remarks: The point is given because the student understand that the shell is not pulled
gravitationally from the outside, because the force due to the mass outside cancels.]

Thus

2E

mr2

= q? —%paz. (1 point)

Alternative Solution:

For the gravitational force due to the mass inside:

GMm
2
p

mi, = — = —%"Gmprp, (2 points)

where m is mass of shell.
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1, = a(t)r, (1 point)

[Remarks: The point is given because the student understand that the shell is not pulled
gravitationally from the outside, because the force due to the mass outside cancels.]

and p = p(to)a’(to)/a®(t).

Thus
i = == Gp(te)a (to)a™2. (1 point)

Integrate the above equation. One gets

c= %az - %p(to)a‘1 = %dz —%paz , (1 point)

where c is an integration constant.

(b) decelerating. This is because gravity is attractive for the matter that we are considering
here. As a result, da(t)/dt is a decreasing function of ¢.

Appendix: Notes about the physics behind this set of problems:

To reduce students’ reading load, we have not mentioned in the problems, that those
problems set up the framework of researches in modern cosmology:

A theory of gravity (especially Einstein’s general relativity) contains two aspects: Gravity
tells matter how to move (kinematics of matter motion in a gravitational field); and matter
determines the gravitational field (dynamics of the gravitational field). Parts (A)-(E) are
about kinematics and part (F) is about dynamics in this sense. The two key equations in
cosmology are derived in part (D) (this is known as the continuity equation, containing
parts (A) and (B) as special cases) and (F), upon which the whole theory of modern
cosmology is built.

The equation derived in part (F) is known as the Friedmann equation, which is

. . a\> k _ snG . . .
conventionally written as (Z) —— =— p. This equation governs the dynamics of

a? 3
cosmic expansion and actually not only applies for non-relativistic matter but also for
general matter components (which needs general relativity to derive). The constant k is

related to the curvature of 3-dimensional space, which is observed to be vanishingly small.

Part (C) indicates that the universe was hotter at earlier ages. The hot universe in local
thermal equilibrium determines the whole thermal history of our universe, which answers
questions such as where the light elements come from, and when the universe becomes
transparent for light. Part (E) defines the luminosity distance, which relates the telescope
observations to the cosmic reality.

N/A
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Part

Model Answer (Full mark = 20)

Marks

Al

The angular momentum should be

N N N ~ (27 my A oL
L=ré Xp=ré X e(PJO 2—rdq) (1 point for the definition of angular momentum)
rr

Here ¢ is the unit vector pointing from the center of the ring to the mass point on the ring

and é(P Is the unit vector parallel to the direction of the linear velocity at the mass point.

We know that v = wr, so finally we can get

L= ma)rzé'z, with & =¢é X é¢. (1 point for the correct answer: 0.5 points for the

magnitude and 0.5 points for the direction)

A2

For a current loop, the magnetic moment is defined as
M=IA

The current can be expressed as
w . .
I=-¢ef =- e% (1 point for the current expression)

Finally

M= —eﬁﬂrzéz
2 (1 point for the answer)

—

el

2m

A3

For a current loop, under a uniform magnetic field the total torque should be

7=MxB (0.5 point for the torque definition)

The work done by the magnetic field on the torque should be

W=|,7-d¢
2
4
= |.—|7|de’ .
7 (1.5 points for the work on the torque)
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U=-W
—_i1-B

(0.5 point for the answer)

1
= Eea)rsz cosf

A4

We assume that the magnetic field is along z direction such that B = Bé_, then in general
U=-M-B=-M_B
The magnetic torque of an electron should be

Mz :__esz
2m

e

(0.5 points for the electron torque)

Thus

(0.5 points for the answer)

Here 1, :2e_h is the Bohr magneton.
m

e

Uy =5.788x107°eV T

A5

. 1
Thus for spin parallel state S_ = Eh’ we have
U = 5.788 x 10>V (0.5 points)

: . 1
For spin anti-parallel state S_ = _Eh’ we have

U = —5.788 x 10~5eV (0.5 points)
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Bl

In the superconductivity state, electrons forming a Cooper pair have opposite spins, thus
the external magnetic field cannot have any effect on the cooper pair. Thus the energy of

the Cooper pair does not change.

2 2
E =P P Hp ( 1 point for the answer)
2m 2m

B2

In the normal state, the two electrons will align their magnetic moments parallel to the
external magnetic field. Therefore we have

EN :p_]_2+p_22+ 2zuBSlex + 2:UBSZXBX
2m  2m h h

Here the potential energy of electrons should be twice as the classical estimation

. . 1 :
according to quantum mechanics. Because S, =S, = _Eh can make the magnetic
moment aligned along x direction, eventually we have

X

(1 point)

Py, P
E, =—2+—"2%2-21.B
N om om He
:p_12+p_22_e_hB
2m  2m m,

X

B3

E, <ES:>Zan% >2D:>Bx >R
m,

Thus B, :AZZm_;IA (1 points)
e

Hg '

Note: The above simple consideration for the upper critical field Bp over estimates its
value. The strict derivation considering the Pauli magnetization and superconductivity
A
"

e

A m
condensation energy will give B, = =2
\/ZUB e

C1

Method 1:

Page 3 of 7
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1
Substituting "[/(X):(%T e intothe F (y),we have
T

7 2p2y2
:\/ﬁf e {—aewz —4i( 2267 + 423 )+ L EBX e }dx
T me
[2,1 H J 520 {e B2 h AZJXZE_MZ} "
m, m,

WA (e B? h}f] 1
=-a+ —
4

2m, m,

WA e°B’
=—o+—+

4m, 4Am,

(1.5 points for the correct expression of F(y )as a function of /)

We can treat F(y) as a function of / . Thus we have

WA e°B? dF  #* e°B’
Fly)=—a+—+ ,and —=——-— 5
4m, 44Am di  4m, 4mA

e

d’F

F(y) takes the minimum value when d—F=O and — >0, thus
dA dA

W e’B’ : I

— £ =0 (0.5 point for the way to minimize F'

am,amz 0 (0°F y W)

Finally, we can get

eB .
A= hz (1 point for the correct answer)

2

We can check that Z/Ij (y) takes the

B
>0 when A= ehz,

eBz

minimum value when A =

Method 2:
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+o0 hZ le// eZBZXZ
F(y)=[v|-ay- Xy |d
) J;z//[ “w 4m, dx? i m, V/j X

+o0 2 2 2p2.,2
:Jy/(—a— WA EBX ]z//dx (1 point)

4m_ dx?® m

€ e

In this way, for normalized wave function y the F (1//) is simply the energy expectation

<H> , the eigenvalue of the Hamiltonian

2 2 22
he d +eBZX2

A=t &
4m, dx® m,

-

The first two terms correspond to the quantum simple harmonic oscillator Hamiltonian.
Thus the ground state energy should be

1
F =—ho-o
min 2

eB .
Here @ = —= and ground state wave function becomes
m

1
(ZeBZ ]4 ey
= e 7
7h

Therefore, we have

B
A= ehz . (1 point)

C2

_ heB,
2m

e

From Part (C1) we know F, (v) —a . At the critical value for B_, it makes the

energy difference zero. It means that the critical value B_ satisfies

heB,
2m

e

—a =0. (1 point for this equation)

Consequently,
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2m o .
B = e . (1 point for the correct answer)
D1 E| — p—12+p—22—2A— 2:uBSlz Bz + 2IUBSZZBZ 1
2m 2m h h
1 1
Here S, =—n, S, =——h
2 =2
E| =p—12+p—22—2A— 2/”lesz + ZIUBSZZBZ
2m  2m h h
:2p_12+2p_22_2A_ Z:UZBZ _ Z#SBZ
m 2m :
pz pz (1 point)
=L +2_2A-2u,B
2m  2m He =
2 2
— & + & —2A — % Bz
2m  2m m,
In the normal state, the electrons will align the magnetic moment parallel to the total
D2 magnetic field, thus 2
E, = pi + p3 + ZﬂB§1'§1+2#B§2'§2
1= 2m 2m h h
For electron 1, B, = (Bx,O,—BZ)
For electron 2, B, =(B,,0,8.)
~ B -B ~ B B
Therefore, S, :—lh L0, = and S, :—lh .0, Z
2B+ BB 2 \{B+B BB
can make the their magnetic moments parallel to the total magnetic field respectively.
(1 point for the correct expression of spins: 0.5 points for each respectively)
Finally
2 2 2 2
E, = 5_;1 + ;—; — 2up/B2 + B2 = ;—;1 + Zp—; — Z—hw/B,% + B2 (1 point for the answer)
VA% + 2AugB
D3 Ey < Eiging = 2ugy/BZ + B2 > 21 + 2138, = B, > - B2z (1 points) 1
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Another correct expression is: B, >

2m, /AZ +@ABZ
me

eh




